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nnHE plan upon which this work was originally commenced, 

. is continued in this second part of the course. As the 

single object is to provide for a class in college, such matter - 

as is not embraced by this design is excluded ; with the ex- 

UJ ception of a few things in the notes. The mode of treating 

£* the subjects, for the reasons mentioned in the preface to Al- 

** gebra, is, in a considerable degree, diffuse. It was thought 

better to err on this extreme, than on the other, especially 

in the eaiiy part of the course. A more concise method 

5 may be adopted in the succeeding numbers. 

The section on right angled triangles will probably be con- 
sidered «s needlessly minute. The solutions might, in all 
cases, be effected by ihe theorems which are given for ob- 
lique angled triangles. But the applications or rectangular 
trigonometry are so numerous, in navigation, surveying, as- 
tronomy, &e. that it was deemed important, to render famil- 
iar the various methods of stating the relations of the sides 
and angles ; and especially to bring distinctly into view the 
principle on which most trigonometrical calculations are 
founded, the proportion between the parts of the given tri- 
angle, and a similar one formed from the sines, tangents, 
&,c. in the tables. 

The solutions of oblique angled triangles are made by the 
common methods. The propositions which are used in partic- 
ular cases, principally by astronomers, are inserted in a note 
at the end. On the subject of Trigonometrical Analysis y 
nothing more than a few of the first principles could be ad- 
mitted, in a Work upon so limited a plan. 

This number begins with a view of the nature and use of 
Logarithms, as preparatory to the calculations in Trigonom- 
etry. 
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LOGARITHMS. 



SECTION I. 



NATURE OF LOGARITHMS* 



Art 1 HP^E operations of Multiplication and Division, 
■*■ when they are, to be often repeated,, become 
so laborious, that it is an object of importance to substitute, 
in their stead, more simple methods of calculation, such as 
Addition and Subtraction, If these can be made to perform, 
in an expeditious manner, the office of multiplication and 
division, a great portion of the time and labour which the 
latter processes require, may be saved. 

Now it has been shown, (Algebra, 233, 237,) that powers 
may be multiplied, by adding their exponents, and divided, 
by subtracting their exponents. In the same manner, roots 
may bo multiplied and divided, by adding and subtracting 
their fractional exponents. (Alg. 280, 286.) When these expo- 
nents are arranged in tablgs, aad. applied to the general pur- 
poses of calculation, they are called Logarithms. 

2. Logarithms, then, are the exponents of a series of 
powers and tqoU^ 

In forming a system of logarithms, some particular num- 
ber is fixed upon, as the radix or first power, whose logarithm 
is always 1. From this, a series of powers is raised, and the 
exponents of these are arranged in tables for use. To ex- 
plain this, let the number which is chosen for the first power, 

* Maskelyoe's Preface to Taylor's Logarithms. Introduction to 
Button's Tables. Keil on Logarithms. Maseres Scriptores Loga- 
rithmici. Briggs' Logarithms. Dodson's Anti-logarithmic Canon. 
Euler's Algebra. 

t See note A. 

B 
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s nature: op 

be represented by cu Then taking a series of powers, both; 
direct and reciprocal, as in Alg. 207 ; 

a 4 , a s , a*, a 1 , a , dr\,a~*,.cr*, at 4 , fac. 
The logarithm of a* is 3, And the logarithm of «~Ms —1, 
Of a 1 isl, of<T*iB -2, 

of a is 0, of cr* is — 3,ftc. 

Universally, the logarithm of a* is a?. 

3. In the system of logarithms in common use, called 
Briggs* logarithms, the number which is taken for the radix, 
is 10. The above series then, by substituting 10 for a, be- 

• comes 

io 4 , io y , io», io r , io«, lo-s 10-*; 10- 3 , &c. 

Or 10000, 1000, 100, 10, 1, T V, T fa> tvVtt> **\ 
Whose logar ithms are 
4, % 2, !y 0,. ~1^ -2, -3» to. 

4. The fractional exponents of roots, and of powers 6f 
roots, are converted into decimals, before they are inserted in 
the logarithmic tables. See Alg. 255. 



The logarithm of a* or «••• • s 3 , is 0.3333, 
of a 7 ,or a -"", is 0.6666; 
.. .. " \ \ .' of a^w.a - 4285 „is0^28^ . > 

of a £; or a«* ••*; h'KMStf fiee. ■; 

These decimals are carried to a greater of teminntiMrtf 
places, according to>ffae degree of accuracy required. 

5. In forming a system of logarithms, it is necessary to 
obtain the logarithm of each of the numbers in the natural 
series I, 2, 3, 4, 5,&c.; so that thejogarithm of any number 
may be found in the tables. For this purpose, lb© rtftfir of 
die system must first be determined upon; and thten every 
other number may be cohsidored as some power -Of Met r of 
this. If the radix is 10, as in the common system, every 
other number is to be considered as some power of Ilk 

That a power or root of 10 may be found, wbkfh shall be 
equal to any other number whatever, or, at least, a very near 
approximation to ft, is evident from this, that the exponent 
may be endlessly varied; and if this be increased or dimin- 
ished, the power will be iucreaied or diminished! 
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LOGARITHMS. 3 

If the exponent is a fraction, and the. numerator be increas- 
ed, the power will be increased: but if the denominator be 
increased, tile power will be dimiaished. 

6. To? obtain fthfn the- lonritbm of any number, accar- 
diqg to Srign'. system, we have tq find a power or root of 
10 which snail be equal to the proposed number. The ex- 
ponent of that power or root is the logarithm required. Thus 



30=»10*<"" 
400=10 8 -« 02 « 



therefore 4he 
logarithm 



of 7 is 0,84$1 
of 20»1,8Q10 
of 30 k 1.4774 
of 400 is 2.6O20^fec * 



7. A logarithm generally consists of two parts, an integer 
and a Jiedmah Thus the logarithm 2.60206, or, as it is-some- 
times written, 2 +.6 0206, consists of the integer 2, and the 
decimal .60206. The integral part is called the clyiracteris- 
#c or indevf of the logarithm; and is frequently omitted, In 
the common tables, because it can be easily supplied, when- 
-ever the logarithm is to be used in calculation. 

By art. 3d, the logarithms of 

10000, 1000, 100, 10, 1, .1, .01, .001, fee. 
are 4, 3, \ 2, 1, 0, — 1, -2, — 3, fcc. 

As the logarithms of 1 and of 10 are Oand»l,it is evident, 
that, if any given number be between 1 and 10, its logarithm 
will fe* hfttwgen and i, that is, it will be greater than 0, but 
less than 1. It will therefore have for its index, with a de- 
cimal annexed* 

iThus the logfttMtatt of 5 is OJ080*, 

For the same reason, if the given number be between 

10 and 100, ) (be log. ( 1 and 2, i. e. 1 +the dec. part' 
400 and 1000, > wiUh* 2 2 and 3| 2+tbe dec. part. 
10W and 10000, > between ( 3 and 4, 3+lhe dec. part. 

We have, therefore, when the logarithm of an integer Or 
- mixed number is to be found, this general rule, 

*For the method of calculating Logarithms, see Fluxions. 

t Toe term index, as it is used here, may possibly lead to soma con- 
fusion in the mind of the learner. For the- logarithm itself Is the in- 
dex or exponent of a power. The characteristic, theftfera, la the in- 
dex of an index. 
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4 NATURE OF 

. 8* The index of the logarithm is always am ks$> ikon the 
number of integral figures, in the natural number whose <Ugu~ 
rithm is sought : or, the index shows how far the first figure of 
the natural number is removed from the place of units. 
Thus the logarithm of 37 is 1.56&4& 
Here, the number of figures being two, the index of the 
logarithm is 1. 

The logarithm of 253 is 2.40312. 

Here, the proposed number 253 consists of three figures, 
the first of which is in the second place from the unit figure. 
The index of the logarithm is therefore. 2. 

The logarithm of 62.8 k 1.79796. 

Here it is evident that the mixed number 62.8 is between 
10 and 100. The index of its logarithm must therefore be I. 

9. As the logarithm of 1 is 0, the logarithm of a number 
less than 1, that is, of any proper fraction, must be negative. 

Thus by art. 3d 

The logarithm of T *y or .1 is — 1, 
of T U or .01 is -2, 
of TT V* or .001 is —3, fee. 

10. If the proposed number is between T ^ and j^, its log- 
arithm must be between —2 and —3. To obtain the loga- 
rithm, therefore, we must either subtract a eertam fractional 
part from —2, or add a fractional part to —3; that is, we 
mtist either annex a negative decimal to —2, or a positive one 
to —a ■ • 

Thus the logarithm 

of .006 is either — 2— .09M1, or -3+.90309 * 

The latter is generally most convenient in practice, and is 
more commonly written &90309. The line over the index 

♦That these two' expressions are of the same value will be evident, 
if we subtract the same quantity, +,90909 from each. The remain- 
ders will be equal, and therefore the quantities from which the sub- 
traction is made must be equal. 

From -2— .09691 ' From -3+.90309 

Subtract +.90309 Subtract +.90309 



Remainder —3 Remainder —3 



See note B. 
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LOGARITHMS. S 

* denotes, that that is negative, white die decimal part of the 
logarithm k positive.- •• 

*r.of 0£, bL4T712, 

Thelogaritte|of 0.06, ia 2.97815, 

lof 0.009, is 3^05424, 

And universally, 

11. TAc negative index of a logarithm shows how Jar the 
first significant figure of the natural number, is removed from 

the place of units, on the right ; in the same manner as a pos^ 
itive index shows how far the first figure of the natural num- 
ber is removed from the place of units, on the left. (Art. 8.) 
Thus in the examples in th§ last article, 

The decimal S is in the first place from that of units, 
6 is in the second place, 
9 ifr in the third place; 

And the indices of the logarithms are 1, 2, and 3. 

12. It is often more convenient, however, to make the in- 
dex of the logarithm positive, as well as the decimal part. 
This is done by adding 10 to the index. 

Thus, for —I, 1 9 is written ; for —2, 8, &c. 
Because— 1 + 10=9; — 2+10===8, &c. 

. With this alteration, 

/T.90309) / 9.90309, 

Hie logarithm < 2.90309 > becomes 1 8.90909, - » 
I l$.903O9 ) .'( 7.9030(9, fee. 

This is making the index of the logarithm 10 too great. 
But with proper caution, it will lead to no errour in practice. 

13. The sum of the logarithms, of two numbers, is the log- 
arithm of the product of those numbers; and the difference 
of the logarithms of two numbers, is the logarithm of the 
quotient of one of the numbers divided by the other: (Art. 1.) 
in Briggs' system, the logarithm of 10 is 1. (Art. 3.) If 

. therefore any number be multiplied or divided by 10, its log- 
arithm will be increased or diminished by 1 : and as this is an 
integer, it will only change the index of the logarithms with- 
out affecting the decimal part. 
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NATURE OF 

Thus the logarithm of 4790 » 3.67486 
And the logarithm of 10 is 1. 



The logarithm of the product 47300 is 467486 

And the logarithm of die ^uetient 473 JS2.6748B < 

Here the index only is altered, while the decimal part re* 
mains the same. We have then this important properly, 

14. The decimal part of the logarithm of any number h 
the same, as that of the number multiplied or divided by 10, 100, 
1000, &c. 

"Thus the log. of 45670, is 4.65963, 

4567, 3.65963,' 

456.T, 2.65965, 

45.67, 4.65963, 

4^67, 0.65963, 

.4567, JL65963, or 9.65963, 
.04567, 2.65963, 8.6596^ 
.004567, 3.65063, 7.65063. 

This property, whieh is peculiar to Briggs' system, u df 
great use in abridging the logarithmic tables. For when w* 
nave the logarithm of any number, we have only .to chatge 
the index, to obtain the logarithm of every other number, 
■whether integral, fractional, or mixed, consisting of the mme 
significant figures. The decimftft part of the logarithm of a 
fraction fond hi this way, -is 'always ffotitkt. Jfarit isitbe 
same as the decimal part of the logarithm of a whole nam* 
ber. 

15. In a series of fractions continually decreasing, the neg- 
ative indices of the logarithms continually increase. Thus 

In the series 1, .1, .01, .001, .0001, .00001, &q« 
The logarithms sure 0/ —1,-2,-3, -4, —5, &c. 

If the progression be continued, till the fraction is reduced 
to 0, the negative logarithm will beoome greater than any 
assignable quantity. The logarithm of 0, therefore, is in/f- 
nite and negative. (Alg. 447.) 

16. It is evident also, that all negative logarithms belong 
to fractions which are between 1 and ; while positive loga- 
rithms belong to natural numbers which are greater than 1, 
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LOGARITHMS. ? 

As the whole range of numbers, both positive and negative, 
is thus exhaastedin supplying the logarithms of integral and 
fractional positive quantities; ttere can be no edhfcr numbers 
to furnish lo gari t hm s for negative ouantities. On this account, 
the logarithm of a negative quantity is, by some writers, said 
to be impossible, h appeirs to be move proper, however, 
to consider the l og a r ithms of negative quantities, as being the 
smne with the logarithms of positive quantities. Logarithms 
are the exponents of powers and roots.. (Art. 2.) But an 
exponent may be applied to a negative power or root, as 
well as to a positive one. 

Thus the cube of —a is — u* ) A1 _ ^\q 



And the cube of +a is +a 9 



]AIg. 



Though these two powers are one positive, and the other 
negative, yet their exponents are die same. So also, the log- 
arithm of a, or of any power of a, is the same as the logarithm 
of the same power of — «. Positive and negative quantities, 
therefore, can not be distinguished from each othdr by their 
logarithms. 

17. If a series of numbers be in geometrical progression* 
their logarithms vhU be in arithmetical progression. For r 
in a geometrical series ascending, the quantities increase by 
a common mvkiptkr? (Alg« 436*) thai is, each .succeeding 
4ftru»'i*-the product <*( the ^preceding term into the ratio* 
-Btt'tko logarithm of this pt*4u<$ is the sum of the logarithms 
cf the preceding ten* md the ratio; that is, the logarithms 
increase by a common addition, and are, therefore, in aritb- 
<iittieri*pK^s4Joifc (Alg. 432.) In a geometrical progres- 
&*fdmen&ng 9 >ito* ttms decrease by a common divisor, and 
their higsrithm^, by a common difference* 

Thus the numbers 1, 10, 100, 1000, 10000, &c. are in ge- 
ometrical progression* 

And their logarithms 0, 1, 2, 3, 4, &c. are in arith- 
metical progression. 

Universally, if '*& any geometrical series, , 

aacthe least tens, ravthe ratio, 

JWito logarithm) J»its logarithm * 

Then the logarithm of ar is i+i, (Art 1.) 

- -■ of at* itL+Qly "• *' 

• of «t*w>LL+5li*n. 
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8 LOGARITHMIC 

. Here,, the quantities s a 9 ar 2 r wr 3 ,, *r 4 , to. we* 
in* geometrical progression. (Alg. 4SG*) 
< And their logarithms L, L+l, L+21, L+3l~ &ci ate 
m arithmetical progression. (Alg. 4£3.)* 

18. Hyperbolic logarithms. Although the system of log- 
arithms which has now been explained, is far more conven- 
ient than any other, for the common purposes of calculation, 
and is the only one in general use, at the present time; yet 
it is not that which wag first proposed, by the celebrated in- 
ventor of logarithms Lord Napier.f For particular reasons, 
he made the radix of his system 2.718281828459, instead of 
10. This produces a change throughout the whole series, 
except the logarithm of 1, which, in every system, is 0. Na- 
pier's logarithms are also called hyperbolic logarithms, from 
certain relations which they have to the spaces between the 
asymptotes and the curve of an hyperbola; although these 
relations are not, in fact, peculiar to Napier's system. These 
logarithms have some particular uses, to which the common 
tables are not adapted. 



THE LOGARITHMIC CURVE. 

19. The relations of logarithms, and their corresponding 
numbers, may be represented by the abscissas and ordinates 
of a curve. Let the line XC (Fig. 1.) be taken for unity. 
Let AF be divided into portions, each equal to AC, by the 
points 1, 2, 3, &c. Let the line a represent the radix of a 
given system of logarithms, suppose it to be 1.3; and let 
a 2 , a 3 , he. correspond, in length, with the different pow- 
ers of a. Then the distances from A to 1, 2, 3, he. will 
represent the logarithms of a, a*, a 8 , &c. (Art. 2.) The line 
CH is called the logarithmic curve, because its abscissas are 
proportioned to the logarithms of numbers represented by its 
ordmates. (Alg. 527.) 

20. As the abscissas are the distances from AC, on the line • 

* See note C. 

t It may not be correct to ascribe to Napier the original discovery 
of the principle of logarithms. But he was the first who constructed 
logarithmic tables, and adapted them to the methods of computation 
to which they are now so extensively applied. These tables were 

fiublished in 1614. For a particular History of logarithms, see the 
ntroduction to Hutton's Mathematical Tables. 
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CURVE. • . 9 

&F, k is evident, that the abscissa of the point C is f>, *hich 
is the logarithm of 1 « AC. (Art. 2.) Thfe distance from A 
to 1 is fhetogarithib of the ordinate «, which » tbt N*fcr of 
the system. For Brigga' logarithms, thb otight ft* he itn 
times AC. The distance from A 'to 2 is the logarithm of 
the ordinate a* $ from A to 3 is the logarithm of a*, fee. 

21 f The logarithms of numbers less than a unit are negw* 
five. (Art. 9.) These may be represented by jJbrtions of 
the line AN, on the opposite side oi AC. (Alg. 507.) The 
ordinates cr 1 , a" 5 , a""*, &c. are less than AC, which is taken 
for unity ; and the abscissas, which are the distances from A 
to — 1, —2, —3, &c. are negative. 

,22, If the curve be continued ever so far, it will never 
meet' the axis AN. For, as the ordinates are in geometrical 
progression decreasing, each is a certain portion of the pre- 
ceding one. They will be diminished more and more, the 
farther they are carried, but can never be reduced absolutely 
to nothing. The axis AN is, therefore, an asymptote of thef 
Curve. (Alg. 545.) As the ordinate decreases, the abscissa 
increases; so that, when one becomes infinitely small, the 
other becomes infinitely great. This corresponds with what 
has been stated, (Alt. 15<) that the logarithm of is infinite 
and negative. 

« 38. To find the ^qmtion of this curve, 

Let as=the radix of the system, 
■ fc=xany one of the abscissas, 

, y 5= the corresponding ordinate. 

Then, by the nature of the curve, (Art. 19.) the ordinate 
to any point, is that power of a whose exponent is equal to 
the ototssa of the same poigt; that is (Alg. 528.) , 

♦For other properties of the logarithmic curve, gee FJraions. * 
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SECTION Ifc, 



I 



JHREieTTONS WMfc TAKING LOG^WtfeMS' AW>? 
TH&R NintfBERS FROM THE, TABLES * 



An 24 THHE putpose which logarithms ttre intended to* 

f T# \ * answer, 13 to enable u> jtq perf^**JHtlHnet|<pal 
operations with greater expedition^ than by the coaunop m«th"h 
ods» , Before any one can avaif hiniself x)f this adfWtitgfe, 
he must become so faujuliar witMtie ta^lf ^.th^t ta c^n^t}* 
ily Had the JagvLthjp of any.mwnberi 9M, 4 ;Q^,^;i«tlp^r * 
hand, the number to which any logarithm belongs,, ., M 

In the common tables, the indices to the logarithms of \ifci 
first 100 numbers, are inserted. But, for aH other number^ 
the; decimal part only of the logarithm is gnren; while the ifr*- 
dex.is left to be supplied, according to die principles in arts*. 
Band 11. , »,', ^ 

25. To find the logarithm of any, number betip&n 1 got^ • 
100- r . ■''.'.'"•» 

'Look for the proposed numbe?, on the left; wdqgftinst 
it; in the next column^ will he ^ t h>g^o^» s wi^b to.indsx^ • 
Thus l . . . ...-., 

The log; of -IS is L45&7.. ThViog. of 73 is L883P2. ; 

26, To ^nd f&e logarithm of any number between 100 «n/T 
1000 ; or of any number consisting of loot more than, three/ 
significant iigures^wkh ciphers, annexed. 

lit tbe smaller tables, the three first figures df each num- 
ber, are generally placed in the feft hand fcoftririn; and the 
fourth'figure is placed at the head of the other columns. 

An7»iu«ab€r,'tket«fdr«; between 100 and fOOO, maybe 
found on the left hand ; and directly opposite, in the next* 
column, is- the decimal ppjt of its logarithm. To tbi* &4 
index must be preikect, according tQ tw.rul&ia art. 8. . «• 

*The best English Tables are ^Button's k) 8fq, and Taylor's ta4tot « . 
In these, tbe logarithms' are carried to seven places of decimals, and : , 
proportional parts are placed in the margin. The smaller tables are 
numerous ; and, when accurately printed* are sufficient for commoa. 
calculation*. M •« ' ' 
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THE J^OAKrrHMlC TABLES, Xi 

The log, of 456 fe 2.66067, The tog. of 835 is 1070B1, 
9f 796 2.9W91*- . .{ > j of 386 2.58659. 

If there are i^ribr* annexed t& the significant figttres, the 
'logarithm may be found in a similar manner. For, by art. 
14, the decimal part of the logarithm of any number is the 
W a* fyf^f .t^e ^mb^rmu|lip|ie*m^ ltyl«0) 8*ft : Aft 
the duffejanc^y^ tain ti^^fi^cf ^jhis«^^ b P Wf¥^* 
by the same general nile. 

The log. of 4580 is 3.66087, The teg. of 326000 is 5.51322, 
, : .,. crfr7196iOp ^WOaji . • ' ' <rfi80'|a«e0, 6j.?0363 r 

-9P. * ,! S% find ihe logarithm dfditjf number' consisting ofv9yu 
J^pbwj either tMh y w without, ciphers annexed. r 

r.LdMt- for the three first figures, outhe left hand, andfor 
the fourth figure, at the head of one of the columns. The , 
logarithm wfflbe founfl, opposite the three first figures, ancl 
in the column whicib, at the Mead, is marked with the fourth 
fi&ate* * 

Tie Jq S ,of6234k3.79477, TJife log. of 783400*! &39386, 
..,'., ." t . flfr'sgl 3,71858, off 881 000 6X9M& 

26* TofinS the logarithm of ; a number containing -#lo$& ihyn 
vii^ slgrttjkani figures. ., 

By turning to the tables, it will be seen, that if the tfiffey- 
•enfc&'b^fweefa several mroibers be small, in comparison with 
thenu*ttb€/rs Ibienfirtfeh^s; Hie diflferetices df the* logarithm?^ 
vnSL be nearly proportioned to the differences of the, num- 

V^fi^'of }0qo» 3.00000, Hew > ^ ^ iferertces In ; 

of 1001 3.00043, tbevwi«i>crBarei^,S,4,ftNu 

■ . flf J002 3.00087, and Ihe corresnomfcig 4i£ 

\ . of 1003 3.Q0130, ferences in thelogari|hms, - 

^ li \: '5n004' 3,00173;^ I are43V8T,lS0,m,^ i 
ITefy^l^fl^ty hajf qf 87, ^pe^tbird; of 130, 6ne fowth 
■rf^taj fey ,.; _. ..,.,.,:.!■•' ! ' ' •:- - ■ 

W^bii &is<|£ineijf>le, *we Inay fin£ the logarithm of a num- 
ber which is- -tfef#6en two Bihernttmbers who^e Ibgarithms 
are eiven by the tables. Thus the -logarithm of 21716 is npt 
to J9& ftnmfl; in those tables which give, the numbers to four 1 
plafeesplf/fjgupespnly./ .'..'•. . 

* In Taylor's, Hutton's and other tables, four figures are pfeced in 
*he Jeft band column, and the J[/7ft at the top of the page. 
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Bat by the table, the log. of 2t*fc4 fc 4*99*86 

and the log. o£ »m0 is 4.330*6 . * 

The difference of the two numbers is 10 ; and that of the 
logarithms 20. 

Also, the difference between 21710, and the proposed 
number 21716 i»«. * 

If, "then, a deference 6f 10*in <be ftumbers * ' 

make a difference of 20 in the logarithms: 

A difference of 6 in the numbers, \ftll - l • 
make a difference of 12 in the logarithms. 
That is, 10:20::6:12. 

If, therefore, 12 be added to 4.33666, the log* of 21TI0; 
Th* sum will be 4,33678, the log., of 21716, 

, We hare, then, this 

RULE. 

' To find the logarithm of a number consisting of more tb^n 
four figures.; 

Take out the logarithm of two numbers, one greater, and 
4he other, kss, than the number proposed : Find the djflfer- 
eaoe df fh$ two numbers, and the. difference of their loga- 
rithms: Tftke also the difference between the least of the 
two numbers, and the proposed number. Then say, 
As the difference of the two numbers, 
To tin? difference of their logarithms ; 
. So is the difference between the least of the 
i two numbers, and the proposed number, 

To the proportional part to be added 

to the least of the two logarithms. 
It will generally be expedient to make the four first fig- 
ures, in the least of the two numbers, the same as in the pro- 
posed number, substituting ciphers, for the remaining figures; 
and to make the greater number the same as the less, With 
the addition of a unit to the last significant figure. Thus 

For S6&&3, i take 36340,,; aw} 36850; 
. . Fo? 7P2674fc . , 792600,. 792700, 
F0E.6537S2S, ■ 6537000, 6538000,' &c. , 

The first term of the proportion will then be 10; ot 100, 
Of 1000, .fcc. . •, 
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* Thetogari&m of 362«H> is 5:5594* 
. of 36^50Q 5.55Q31 ; 

?■ The differences are 100,, and 12. / ,JI , 4 

Then 100: 12:: 72:8.64, or 9*ewrty;. . » , . << 
And the log. 5,i5§8*-^=»5^6M0, th^Ocg;, required. » 

Ex. 2. The log. of 78264 ., ia 4.89356 . . 

3. The log, of. 148542 is 5.15698 ; 

4. The log. of 112953$ is 6.05290. 

' By a Uttte practice, such a f ieiKty, in abridging 4bes^cal- 
culation*, may be acquired; that the logarithms may be taken 
out, in a very short time. When great accuracy is not re- 
quired, it will be easy to make an allowance sufficiently near, 
without formally stating a proportion. In die larger tables, 
the proportional parts which are to be added to the loga- 
rithms, are already prepared, and placed in the margin. 

29. To find the logarithm of a decimal fraction. 

The logarithm of a decimal is the same as that of a whole 
number, excepting the index. (Art. I4.)' M "Tb- k find then the 
logarithm of a decimal, take out that of a whale number 
consisting of the same figures j observing to make the negative 
index equal to' the distance of Hht 'first significant figure of fke 
JrfLSfiori from the jrtace of units 1 . (Art. II.) 

The log. of 0.07643, is £88326, or 8,88326, (Art. 12.) 
of 0.00259, 3.41330, or 7.41330, 

of 0.0866278, 4.79782> or 6.79782. ; 

30* To find the logarithm of a Mipsp decimal number. 
. Find the logarithm* ii the same manner as if all the' fig- 
ure* were integers; and thqn preflx the. index which belongs 
to the integra/part, according to art. 8. 

The, logarithm 6f 26.34 is 1.420&2. 

The index here is 1, because 1 is the index of the loga- 
rithm of every numhfer gteater than 10, and less than 100. 
{Art. 7.) . . 

The log. of 2.36 is 0.37291, The log. of 364.2 is 2.56134, 
pf 27.8 .1.444.04,. . of 0942 1.84148, 
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31.. 3^> JwA^pgo f&m vf. *Mrm***i>lrtkMxtom> 
Fjtqip the Qfftwifr af* a, wdgar, faotioa, the tromerator ftiftjr 
twp considered *P ft&wferMl, and th* denominator as a ili>&*f? 
pother wrode, t))ti y*hte of tie fraction i» equal to tb« MqfdK^- 1 
tient, of the numerator divided by the denominate*. ^A%J' 
135.) But in logarithms, division is performed by subtrac- 
tion; that is, the difference of -the logarithm* icrf <#<* num- 
•bens, is the iogarithw of, the quotient a£ ihogfc numlfrerg. (Art 
1.) To firfcl men tfite logarithm of a vulgar fraction, subtract 
the legalism 4ft the'tiitumintitot frdm mat bf the rivkfoetator. 
The difference will be the logarithm of the traction, Or tije 
logarithm ib*y fceieiuid, by first reducing the vulgar fracttoa 
tt, a d$amal.v, If ike numerator isles^ than the denominator ' 
ifejMQ^tftheita^^ vfcl-' 

m>tf< timitimt»mM tew than * outit. (Art; 9.) ' ; ") 

Required the logarithm of $$. 

The log. of the numerator is 1.53146 

of the denominator 1*89962 ■ • , 



■* ,! t Ml of the* fractiorf 1_.59196, or 9.59T96. 



j i 



32, Jf the ^g^tW o(<* ffM nmnberi* required, reducte 
it to jap improper fractjoa, aawl then proceed jw before. •-. - " " 

Thbl«atMml.of^=iV fc w<>-W724. ' "' 



"33. Toffia* %e t*£Tujt:iL Nui«BS» belonging to any loga- 
rithm. ' . - -i '- » — • ^ 

In computing by logarithms,, it .fe jpeqeesary, in the first 
place, to take from the tables' the logarithms of the numbers 
which enter intp the calculation-; and, on the othfr hwvd^aft 
the ^ose'of'rae operation, to find the number belonging to 
the taggritbro dbtamtd .fa the resttiti "fhfe kr evidently done, 
bj -rtpmwg tiwn&thodz fa tbtpftce&ng articles. ' >l ' 

Where .great accuracy 4s-net reauired; rook in the tables for . 
the logarithm which is Adarest to tne rit*efti one ; and tHr'ectly' ' 
opposition the left haedy will be found tmnirccjir^iig- 
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«m, Kidtata*¥*tftff<*» teg^fap; lW$*r<£ i%u«< of 
tfce. wmbw requimd. Tbk taupher, bypctoiring off detihi-* 
als* or by adding cipbart, if necessary, wast be made to dot* 1 
rqsppnd m\h ti# wdtxoi tiegivwi logarithm, Bccordrn^ ttv 

The **6mt amber btimsging • \ ' :l •'; ■' " - 
'' to 3.8(5493 is 7327** to ^625721^4X34, ' • '; 
"; v tP&9QMl 796,9, *osC89H5 OQW83. 

T^ the last example,, the index rtduinm that the first jAgfrifi^ 
cant figure should bo in Uhe teamd place frbm units, an* 4 
t^erefor^e «. cipher must be prtfateri* in abet icaante*, - h i* 
necessary to annex <oipher» >c*iitf>r^j^i»»tois^e*th±- 
Mtmbee of figures exceed the index by 1'. 

The natural number bflengiqg ■ ~ . • » 

to 6.7155? k 5196000, to $65877 is a<M»4537, 
to 4.67062 46840, to 4.59802 «00©896& 



f 



34* lSQhto-gr^at'aecnrft6y is required, ^nrf the given toga- 
rithm is, not *x*otiyy.orwwy nearly | fatuid in the tables, fc 
will be necessary to reverse the rule in art. 28. 

%iJbsvfiiMft . ^ <taM^ 
the othejvtfae next bss> tfcfrn the grr*ft logarithtri. tfitod'the 
difference of the two logarithn^s, and the difiei^Ace ofthelf 
natural numbers; also the difference between the least of the* 
twa 'logarithms, and the given logarithm. Then say, 

As- the difference oF ffie two logarithms, 
To the difference of their numbers ; 
So ks the difference between the given 
-i : 4 logarithm and the least of the other two r 

To the proportional part to ,be added to ' 

the leasVtrf the two numbers. ( 

tte^riredthe tamberbelo^mg^to the fogaritjup j2.67325^ 

Next grpat tog, $Q733a»lta muah. 4Til*8. £Kmt log. 2.67325: ' 
Next less ^732iJUiHWki47i.^Next4es3 3.6732T. 

Differe^si, . .. ., ?.',,. -, -t ,.* w,.Ai : .*. ■■ -' • 4 * 
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THE LOGARITHMIC TABLES. 

Then 9:0.1 ::4 :0.044, which is to be added 
to the number 471.2 



The number required is 471.241. 
The natural number belonging 

to 3.69479 4952.08, to 1.09214 is 0.123635. 



35. Correction of tie tables. The tables of logarithnfa 
have been So carefully and so repeatedly calculated, by the 
.ablest computers) that there is no room left to question their 
general correctness. They are not, however, exempt firona 

} of the press. But an errour of 
ed, by comparing the logarithm 
ose sum or difference it ought to be 

3=12x4=8x6. Therefore, the 
o the sum qf . the logarithms of M 

r 8 = y , 8tc. . Therefore, the loga- 
difference of the logarithms' of 6 



Digitized 



by Google 



SECTION III. 



METHODS OP CALCULATING BY LOGARITHMS. 



Art 36 TH^* arithmetical operations for which logarithms 
A were originally /contrived, and on which their 
great utility depends, are chiefly multiplication, division, in- 
yolution, evolution, and finding the term required 19 single 
and compound proportion. The principle on whjch ajl these, 
calculations are conducted, is this; 

ff fhe logarithm of two numbers pe pdded, the su^c yijM it 
the logarithm of the product of the numbers; and 

If the logarithm of one number be subtracted Irom that' of 
another , the difference vnll be the logarithm of the quotient 
of one of the numbers divided by the other. 

In proof of this, we have, only to call to mind, that loga- 
rithms are the exponents of a series of powers and roots* 
(Arts. 2, 5.) And it has been shown, that powers and roots 
are multiplied, by adding their exponents; and dfoicfed, Ifjr 
subtracting their exponents. (Alg ? 233, 237, 280, 286.1 ' 



multiplication by logarithms. 

3*7. Add the logarithms of the factors : the %pn will be 
the logarithm of the product. 

In making the addition, 1 is to be carried, for every 10, 
from the decimal part of the logarithm, to the index. ( Art.7.) 

Numbers. Logarithms. Numbers. Logarithms. 

Mult- 36.2 (Art. 30.) 1 .55871. Mult. 640 2.60618 
Into 7.84 0.8943& Into 2.316 0.36474 



prod. 283.8 2.45303 Prod. 1482 3.17092 

The logarithms of the two factors are taken from the ta? 
D 
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MULTIPLICATION BY 



bles. The product is obtained, by finding, in the tables, the 
natural number belonging to the sum. (Art. 33.) 



Mult 89.24 
Into 3.687 

Prod. 328. 



1.95056 
0.56667 

2t51723 



Mult. 134. 
Into 25.6 



2.1271* 
1.40824 



Prod 3430. 3.53534 



38. When any or all of the indices of the logarithms are 
negative, they are to be added according to the rules for the 
addition of positive and negative quantities in algebra. But 
it must be kept in mind, that the decimal part of the loga- 
rithm is positive. (Art. 10.) Therefore, that which is carri- 
ed from the decimal part to the index, must be considered 
positive alsoi 



Mult. 62.84 

Into 0;682 



L79824 
1.63376 



Mult. 0,0294 
Into 0;8372 



2.46635 
1.92283 



Prod. 42.86 1,63202: 



Prod; 0.0246 2.39118 



In each of these examples, +1 is to be carried from the 
decimal part of the logarithm. This added te — J , the low- 
er index v makes it 0; so that there is nothing to be added 
to the upper index. 

If anv perplexity is occasioned, by the addition of posi- 
tive ana negative quantities, it may be avoided, by borrow- 
ing 10 to the index. (Art.. 12.) 



Mult. 62.84 
Into 0.682 



1.79824 
9.83378 



Mult. 0.0294 
Into 0.8372 



8.46635 
9.92283 



Jfrod. 42.66 1.63202 



Prod: 0.0246 8.39118 



Here 10 is added to the negative indices, and afterwards 
rejected from the index of the sum, of the logarithms. 



Multiply 26.83 
Into 0,00069 



L42862 1.42862 
4.83885 or 6.83885 



Product 0.018* 



2.20747 



8.26747 
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Here +1 carried to —4 makes it — 3, which added to the 
otpper index -f l f gives —2 for tbeinde* of the sow. 



Multiply .00845 
Into 106U 



Product 9.0246 



3.92686 
3.02851 

0.95543 



or 7.92686 
3.0285* 



0.95543 



. The product of 0.0362 into 25.38 is 0,9188 
of 0.00467 into 348.1 is 1.626 
of 0.0861 into 0.00843 is 0.0007368 

39. Any number of factors may be multiplied together, by 
adding their logarithms. If there are several positive, and 
several negative indices, tbjese are to be reduced to operas 
in algebra, by taking the difference between the sum of tnose 
which are negative, and the sum of those which are positive, 
increased by what is carried from the decimal part. of the 
logarithms. (Alg. 78.) 



Multiply 6832 
Into 0.00863 
And 0.651 
And 0.0231 

And 62.87 


3.83455 
3-93601 
1.81358 
2.36361 

4.79844 


&$3455 
or 7.03601 

0.81358 
or 8.36361 

1.79844 


Prod. 5&T* , u. 


1.74019- - 


r 2.74619 



Here the sum of the positive in$C£&\is . .. ■* 4'; 

To which, adding what is carried from the-dee.'part 3 



And subtracting the sum of the negative- indices 

The remainder is 

index of the turn of the logarithms; 



5 

2 the 



Or, if 10 be added to each df the tfwp negatrje indices; 
20 must be taken from. the index uf the sum, and the answer 
will be the same, as by the other.method. 
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Ex. 2. The prod, of 36.4 x 7.82 x 68.91 x 0.3346 is 7544. 

3. The prod, of 0.00629 x 2.647 X 0.082 X 278.8 x 0.00063 
is 0.0005861. 

40. Negative quantities are multiplied, by means of loga- 
Hthms, in the same manner as those .which are positive. (Art. 
16.) But, after the operation is ended, the proper sign must 
be applied to the natural number expressing the product, ac- 
cording to the niiet for the multiplication of positive and ! 
negative quantities in ateebra. The negative index of a/ffg- *. 
nnthm, must noj be confounded with the sign which denotes 
that the natural number is negative. That which the index. ' 
of the logarithm is intended to show, fe not whether the nat- 
ural number is positive or negative, but whether it is greater 
or less ifi&n a Unit. (Art 16.) ' 

Mult. +36.4!$ 1.56134 Mult. -2.681 0,42830 * 
Into -67.31 1.82808 Into +37.24 1.57101 



Prod. -2451 3.38942 Prod. -99.84 1.99931 



. In thdse examples, the logarithms are taken from the ta- 
bles, and added, in the same manner; as if both factors were 
rsitive. But after the product is found, the negative sign 
prefixed to it, because + is multiplied into — . (Alg. 105.) 



Mult. 0.263 
Into 0.00894 



L41996 
3.95134 



Mult. 0.065 
tnto 0.693 



&81291 
1.84073 



J Prod. 0.002351 3,37130 Prod. 0.04504 2.65364 



Here* the indices of the logarithms are negative, but the 
(product is positive, because the factors are both positive. 

Mult. -62.59 i.79650. Mult. -68.3 L83442 

into -0.G086S 3.93601 Into -0.0096 3.98227 



Prod. +0.5402 "i.73251 Prod. +0.6557 1.81669 
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Division by LoGARitHMs. 



■ r 



41. From the logarithm of the dividend, subtract the log- 
AriihrA df the divisor ; the difference iriS be the logarithm 
of the quotient." (Art. 36.)' 



NtHntaro. 
Divide 6238 
By 



Logarithm*. 
3.79506 
3.47451 



Quot- 2.092 0.32054 



• * Numbers. Logarithms*. 
Divide 696.3 2.9524$ 
By « 0.847 0.09330 

■ - W , i 

Quot. 91.02 1.95915 



4&. The decimal part of the logarithm may be. subtracted 
is in common arithmetic. But for the indices, when either of 
them is negative, or the lower one is greater than the upper 
one, it will be necessary to make use of the general rule for 
subtraction in algebra ; that is, to change the signs of the 
subtrahend, and then proceed as iri addition. (AIg.82.) Whw 
1 is carried from the decimal part, this is to be considered 
affirmative, and applied to tne index, before the sign is 
changed. 



.Divide 0.S697 
By 98.65' 



1.93937 or 9.93937 
1.99410 1.99410 



Quot. 0.00S816 3.94527 



7.94527 



In this example, the upper logarithm being less than the 
lo\ver oite, it is necessary to borrow . 10, as in other cases, ^f 
subtraction; and therefore to carry 1 to the lower index, 
which then becomes +2. This changed to —2, and added 
to — 1 above it, makes the index of the difference of the 
logarithms —3. . 

Pivide 29.76 J. 47363 1.47363 

By 6254 ' 3.79616 ' 3.70610 

~, — , ■• ■ ■■■ • 

Quot. 0.00476 3.67747 or 7.67747 
Here*; i carried to the lower index, makes it +4. This 
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changed to —4, and added to 1 above it, gives —3 for the in- 
dex of the difference of the logarithms. 



Divide 6.832 
By 036? 



0.83455 
2.55871 



Divide 0.00634 
By 62.18 



3.80209 
1.78365 



%ot. 188.73 2.27584 



Quot. 0.0001 02 4.00844 



The quotient of 0.0985 divided by 0.007241, is 13.6. 
The quotient of 0.0621 divided by 3.68, is 0.01687. 

T 43. To divide negative quantities, proceed in the same man- 
lier as if they were positive, (Art. 40.) and prefix to the quo- 
tient, the sign which is required by the rules for division in 
algebra. 



Divide +3642 


3.56134 


Divide -0.657 1.81757 


By -23.68 


1.37438 


By +0,0793 2.89927 



Quot. -153.8 2.18696 $uat -8.285 0.9183Q 

I» these examples, the sigu of the divifcor being different 
Ikuu that of the dividend, the sign of the quotient must be 
.negative. (Alg. 123.) 



Divide -0.364 
By -2.56 



1.56110 Divide -68.5 L83569 
0.40824 By +0.094 2.97313 



Qpot. +0.1422 1.15286 Quot. -728.7 .2.86256 



• Involution by Logarithms. 

44. Involving a quantity is multiplying it into itself. By 
*means of logarithms, multiplication is performed by addition. 
If, then, the logarithm of any quantity be added to itself, the 
logarithm of a power of that quantity will be obtained. But 
adding ja logarithm, or any other quantity, to itself, is multi- 
pticatio?u The involution of quantities, by means of loga- 
rithms, is therefore performed, by multiplying the logarithms. 
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Thus the logarithm, 

of 100 ____ is 2 

Of 100 X 100, that is, of 100* is 2+2 =2xt. 

of 100 x 100x100, T00*is 2+2+2 =2x3L 

oflOOxlOOx 100X100, 100*is2+2+2+2=;2x4t 

On the same principle, ' the logarithm of 100*is2x«- 
And the logarithm of x n , is (log. x) x n+ Hence, 

45. To involve a quantity by logarithms. Multiply tfe 
logarithm of the quantity, by the index of the power required. 

The reason of the rule is also evident, from the consider- 
ation, that logarithms are the exponents of powers and root^ 
and a power or root is involved, by multiplying its index m~ 
to the index of the power required. ( Alg. 220, 288.) 

Ex. 1. What is the cube of 6.297 ? 
Root 6.296, its log. 0.79906 

Index of the power 3 

Power249.6 2.3971& 



2. Required the 4th power of 21.32 

Root 21.32 log. 1.32879 

Index 4 



Power 206614 5.31516 



& Required the 6th power of 1.689 

Root* 1.689 log. 0.22763 

Index 6 



Power 23.215 1.36578 



4. Required the 1 44th power of 1.003 

Root 1.003 log. 0.00130 

Index 144 



Power 1.539 0.18726 



46; It must be tfbstorvfcd, as in the case of multiplication, 
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(Art. 38.) that what is carried from the decimal part of the 
logarithm is positive, whether the index itself is positive or 
negative. Or, if 10 be added to a negative index, to ren? 
der it positive, (Art. 12*)*bU will be .multiplied, as well as 
the other figures, so that the logarithm, of the square, will 
be £0 toa great; of the cube, 30 too great, fec^ * 



Ex. 1. Required the cube of 0.0649 . 



Root 0.0649 



* log. 2.81224 
Index' 3 



Power 0.0002733 



*4.43672 



or 8.81224 
3 

6.43672 



The ifidex —2, niulttolied by 3, becomes --6, But +2 
carried from the decimal part, reduces it to —4. " " 

Or, if 10 be added to the index, so as to make it +8 ; 
when this is multiplied by 3, and the product increased by 2 
carried from the decimal part, it becomes 26, which is 3Q 
too great. Leaving oCT the first figure, it still rcmaiip 10 too 
great, +6 instead of —4. 



2. Required the 4th power of 0.1234 

Root 0.J23A . . log.T.0Qi32 

In^ex 4 



Power 0.00023U9 



4.36528 



or.0.09132 

4 

G.3G628 



3. Required the 6th power of 0,9077 

Root 0.9977 Iog.L990OO or 9.99900 

Index 6 6 



Power 0.9863 



1.99400 9.9?400 



v4.*Required the cube of 0.08762. ••»• 

Root 0.087C2 log. "2.94260 or 8.942S<1 ' 

Index 3 /« 



Power 0.0006727 



4.82780 6.82780 



ji/The 7tb power of 0.9061 is 0.5015. 
6. The 5th power of 0.9&4 is 0.7123. 
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Evolution bt Logarithms. 

47. Evolution is tke opposite of involution. Therefore, 
as quantities are involved, by the multiplication of logarithms, 
roots are extracted by the division of logarithms ; that is, 

To extract the root of a quantity by logarithms, Divide 
the logarithm of the quantity, by the number expressing the root 
required. 

The reason of the rule is evident also, from the fact, that 
logarithms are the exponents of powers and roots, and evo- 
lution is performed* by dividing the exponent, by the number 
expressing the root required. (AJg* 257.) 

1. Required the square root of 648.3. 

Numbers. Logarithms. . 

Power 648.3 2)2.81176 * 

Root 25.46 1.40589 

2. Required the cube root of 897.1. 

Power 897.1 3)2.95284 

Root 9.645 0.98428 

In the first of these examples, the logarithm of the given 
number is divided by 2 ; in the other, by 3.. 

3. Required the 10th root of 6948. 

Power 6948 10)3.84186 
Root 2.422 0.38418 

4. Required the 100th root of 983. 

Power 983 100)2.99255 

Boot 1.071 042992 

The division is performed here, as in other cases of decim- 
als, by removing die decimal point to the left. . 

5. What is the ten thousandth root of 49680000 ? 
Power 49680000 10000)7.69618 

Root 1.Q0179 0.00077 

We have, here, an example of the great rapidity with which, 
arithmetical operations are performed by logarithms. 
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26 EVOLUTION m 

48. If the index of the logarithm is negative, and is nof 
divisible by the given divisor, without a remainder, a difficulty 
will occur, unless the index he altered. 

Suppose the cube root of 0.0000692 is required. The 

logarithm of this is 546036. If we divide the index by 3, 
die quotient wfll bfe — 1, with —2 remainder. This remain- 
der, if it were' positive, might, as in other cases of division*, 
be prefixed to the next figure. But the remainder is nega- 
tive, while the decimal part of the logarithm is positive; so 
that, when the former is prefixed to toe latter, it will make 
neither +2.9 nor —2.9, but — 2+.9. This embarrassing in- 
termixture of positives and' negatives may be avoided, by 
adding to the index another negative number, to make it ex- 
actly divisible by* the divisor. Thus, if to the index —5 
there be added — 1, the sum — 6 will be divisible by 3. But 
this addition of a negative number must be compensated, by 
the addition of an equal positive number, which may be pre- 
fixed to the decimal part of the logarithm. The division 
may then be continued, without difficulty, through the whole. 
Thus, if the logarithm 7.95036 be altered to "5+ 1.95036 

it may be divided by 3, and the quotient will be ~2.65012. 
We have then this rule, 

49. Add to the index, if necessary, such a negative number 
as will make it exactly divisible by the divisor, and prefix) an 
equal positive number to the decimal part of the logarithm. 

1. Required the 5th root of 0.009642 

Power 0.009642 jog. &98417 

or 5 + £98417 

Root 0.3952 L59683 

2. Required the 7th root of 0.0004935 

Power 0.0004935 Jog. 4.69329 

or 7)7 + 3.69329 

Root , 0.337 1.52761 

50. If, for the sake of performing the division conveniently,. 
the negative index be rendered positive, it will be expedient 
to borrow as many tens, as there are units in the number de- 
noting* the root* 
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Ii)GARITHMS. » 

*Wh*l is the fourth root of 0.03608 ? 

Power 0.03698 4)2756797 or 4)38.56797 
Root 0.4385 1.64199 9.-64190 

Here the index, by borrowing, is made 40 too great, that 
4s, +38 instead of —2. When, therefore, it is divided by 4, 
it is stiH 10 too great, +9 instead of — 1. 

What is the 5th root of 0*008926 ? 
Power 0.008926 5)^95066 or 5)47.95066 

Root X).389*16 1.59013 9.59013 

51. A power of a root may be found by first multiplying 
the logarithm of <the given quantity into the index of the 

Eower, (Art. 45.) and then dividing the product by the num- 
er expressing the root. (Art. 47.) 

1. What is the value of (53)% that is, the 6th power of 
the 7th root of 53? 

Given number 53 log. 1 .72428 

.Multiplying by 6 . 

Dividing by 7)10.34568 

Tower required 30.06 1.47795 

J2L What is the 8th power of the 9th root of 654 ? *< 



Proportion bt Logarithms. 

*52. In a proportion, when three terms are given, the fourth . 
is found, in common arithmetic, by multiplying together the 
second and third, and dividing by the first. But, when log- 
arithms are ufeed, addition takes the place of multiplication, 
and subtraction, of division. 

To find then, by logarithms, the fourth terra in a propor- 
tion, Add the logarithms of the second and third terms, and 
from the sum subtract the logarithm of the first term. The 
"remainder will be the logarithm of the term required. 

Ex. L Find a fourth, proportional to 7964, 378, and 27960. 



Digitized 



by Google 



28 



ARITHMETICAL 



Second term 
Third term 


Numbers. • 

378 
27960 

7964 
1327 


Logarithms. 
2.57749 
4.44654 


First tcna 


7.02403 
3.90113 


Fourth term 


3.12290 



2. Find a 4th proportional to 768, 381 and 9780. 

Second term 381 2.58092 

Third term 9780 3.99034 



First term 
Fourth term 



768 

4652 



6.57126 
2.88536 

3.68590 



Arithmetical Complement. 

53* When one number is to be subtracted from another, 
it is oftep convenient, first to subtract it from 10, then to add 
the difference to the other number, and afterwards to reject 
the 10. 

Thus, instead of <*— i, we may put 10— b+a—lQ. . 

In the first of these expressions, h is subtracted from a. In 
the other, b is subtracted from 10, the difference is added to 
a, and 10 is afterwards taken from the sum. The two ex- 
pressions are equivalent, because Jhey consist of the same 
terms, with the addition, in one of them, of 10—10=0. The 
alteration is, in fact, nothing more than borrowing 10, for the 
sake of convenience, and then rejecting it in the result. 

Instead of 10, yre may borrow, a* occasion requires, 100, 
1000, &c. 

Thus a-&r*lOO^i+a-lQ0=lOOO-4+€r- 1000, &c. 

54. The difference between a given number and 10, or 
100, or 1000, fyc. is ceiled the arithmetical complement 
of that number. 

The arithmetical complement of a number consisting of 
one integral figure, either with or without decimals, is found, 
by subtracting the number from 10. If there are two inte- 
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COMPLEMENT. .29 

gral figures, they are subtracted from 100 ; if three, from 
1000, be- 
Thus the arithmetical compPt of 3.46 is 10—3.46=6.54 

of 34.6 is 100-34.6=65.4 
of 346. is 1000- 346^=654. &c. 

According to the rule for subtraction in arithmetic, any 
number is subtracted from 10, 100, 1000, be. by beginning 
on the right hand, and taking each figure from 10, after in- 
creasing aU except the first, by carrying 1. 

Thus, if from 10.00000 

We subtract 7.63125 



The difference, or arithl comp't is 2.36875, which is ob- 
tained, by taking 5 from 10, 3 from 10, 2 from 10, 4 from 10, 
7 from 10, and 8 from 10. But, instead of taking each fig- 
ure, increased by 1, from 10; we may take it without being, 
increased, from 9. 

Thus 2 from 9 is the same as 3 from 10, 

3 from 9, the same as 4 from 10, &c. Hence, 

55. To obtain the arithmetical complement of a num- 
ber, subtract the right hand significant figure from 10, and each 
of the other figures from 9. if, however, there are ciphers 
on the right hand of all the significant figures, they are to be 
set down without alteration. 

In taking the arithmetical complement of a logarithm, if 
the index is negative, it must be added to 9 ; for adding a 
negative quantity is the same as subtracting a positive one. 
(Alg. 81.) The difference between —3 and +9, is not 6, 
but 12. 

The arithmetical complement 

of 6.24897 is 3.75103 of 2".70649 is 1 1.29351 

of 2.98643 7.01357 of 3.64200 6.35800 

of 0.62430 9.37570 of 9.35001 0.64999. 

56. The principal use of the arithmetical complement, is 
in working proportions by logarithms ; where some of the 
terms are to be added, and one or more to be subtracted. In 
the. Ride of Three or simple proportion, two terms are to be 
added, and from the sum, the first term is to be subtracted. 
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ARITHMETICAL COMPLEMENT. 



But if, instead of the logarithm of the first term, we suhptir 
tute its arithmetical complement, this may be added to the 
" sum of the other two, or more simply, all three may be ad- 
ded together, by one operation. After the index is dimin- 
ished by 10, the result will be the same as by the common 
method. For subtracting a number is the same, as adding 
its arithmetical complement, and then rejecting 10, 100, or 
1000, from the sum. (Art. 53.) 

In the following proportion, .the calculation is made in 
both ways. 

If* the profit on 2625 dollars employed in trade, is 831 dol- 
lars ; what is the profit on 536 dollars ? 



By the common method. 
-fid term 831 2.91960 
3d term 536 2.72916 



By the Arith'I Compjemejit 
2d term 2.91060 

5d term 2.72916 



5.64876 
1st term 2625 3.41913 



5,64876* 
1st term a. c. 6.58089 



Ath term 169.68 2.22963 



4th -term 



2.22963 



The second method here, after rejecting 10, gives the same 
result as the first. But it is unnecessary, first to add two of 
flie terms, and then the arithmetical complement of the oth- 
er. The three may be added at once ; and it will generalir 
be expedient, to place the terms in the same order, in which 
,*hey are arranged in the statement of the proportion. 



Thus, As 2625$ stock, 
Is to 831 profit 
So is 536 stock 



a. c. 6.58087 
2.91960 
2.72916 



To 169.68 profit 



2.22963 



2. As 6273 o. 
Is to 769.4 
So is 37.61 



c. 6.20252 
2.88615 
1.57530 



As 253 a. c. 
Is to 672,5 
So is 497 



7.59688 
2.82769 
2.69636 



'To 4.613 0.66397 



To 1321.1 3.12083 
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COMPOUND PROPORTION. 



31 



4. As 46.34 a. c. 8.33404 
Is to 892.1 2.95041 
So is 7.636 0.88298 



To 147 



2,16743 



5. As 9.85 a. c. 9.00656 
Is to 643 2.80821 

So is 76.3 1.86252 



To 4981 



3.69729 



Compound Pboportion. 

57. In compound, as in single proportion, the term requir- 
ed-may be found by logarithms, if we substitute addition for 
multiplication, and subtraction for division- 
Ex. 1. If the interest of $365, for 3 yfws and 9 months, be 
$82.13 ; what will be the interest of $9940, for 2 yean and 
6 months ? 

In common arithmetic, the statement of the question is 
made in this manner, 

3.75 years > v £ 2.5 years > 

And the method of calculation is, to divide the product of 
the third, fourth, and fifth terms, by the product of the two 
first.* This, if logarithms are used, will be to subtract the 
sum of the logarithms of the two first terms, from the sum of 
the logarithms of the other three. 

Two first terms $ *** ,d * * 5 * 229 
xwo nrsi terms j Mfi 0#57403 



Sum of the logarithms 3.13632 

Third term 82.13 

8940 



Fourth and fifth terms < 



2.5 



1.91450 
3.95134 
0.39794 



Sum of the logs, of the 3d, 4th, and 5th 6.26378 
Pp. 1st and 2d 3.13632 



Term required 



1341 



3.12746 



* Set Webber's Arithmetic 



&': ) 
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32 COMPOUND PROPORTION. 

58. The calculation will be more simple, if, instead of 
subtracting the logarithms of the two first terms, we add their 
arithmetical complements. But it must be observed, that each 
arithmetical complement increases the index of the logarithm 
by 10. If the arithmetical complement be introduced into 
two of the terms, the index of the sum of the logarithms 
will be 20 too great 5 if it be in three terms, the index will be 
30 too great, &c. 

Two first terms \ 365 * c ' 1M111 
lwo nrst terms £ 3 ?5 Q c 9.43537 

Third term 82.13 1.91450 

■n .a. ,i<uvw $8940 3.95134 

Fourth and fifth terms < ^5 0.39794 

Term required 1341 23.12746 

The result is {the same as before, except that the index of 
the logarithm is 20 too great. 

Ex. 2. If the wages of 53 men for 42 days be 2200 dol- 
lars ; what will be the wages of 87 men for 34 days? 

53 ™ en Laarn. J 87 men) 



w 



42 days 5 : <" w:: { 34 days J 

t,™ ««♦ f-^ fl S 53 *• «• 8.27572 

Two first terms j 42 fl c MWW 

Third term 2200 3.34242 

Fourth and fifth terms | *J }"SJS 



Term required 2923.5 3.46589 



59. In the same manner, if the product of any number of 
quantities, is to be divided, by the product of several others ; 
we may add together the logarithms of the quantities to be 
divided, and the arithmetical complements of the logarithms 
of the divisors. 

Ex. If 29.67 x 346.2 be divided by 69J24 X 7.862 X 497 5 
what will be the quotient ? 
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Climbers to be divided y t 

•-fftiltf* . f ... 



i23<67 


1.47230 


346.2 


3.5393$ 


6&24 


a. c. 8 J 5964 


im% 


a,c. 9,10443 


497 


«*. c. 7130864, 



Quotient 0.03797 8.57949 

In thie-way, the calculations in Conjoined Proportion may- 
be expeditiously perfdntoed. • . 

Compound Interest. 

60. In calculating compound l inte re st, tbe araotiirt* for tht 
Xrstyear, is made 4he principal for the second year; the 
amount for the second year, the principal for the tnird year ? 
&c. Now t&e im'otfrtf &t the end of each year, mast be pro- 
portioned to the principal at the beginning of the .year. If 

the principal for the first year be 1 dollar, and if the amount 
of 1 dollar for i year t=«; then, {AJg. 377.) 

C a :ct* =the am't for fte 2d y'r, ortheprin. for the 3d; 

Jr. a:: < a 2 : a* =the arii't Tot the 3d y'f, or the prin. for the 4th; 

(a* : a* =the im't for'the 4th y'r, or the prln. for the 5th, 

That is, the amdunt of 1 dolkr'for any number of years is 
■ obtained, by finding the amount for 1 year, and involving thi^ 
*to a power whose index is equal ,tp the number of years. 
And the amount of any other principal, for the given timo, 
is found, by multiplying the amount of 1 dollar, into the 
number of dollars, or the fractional par^ of a dollar* 

If logarithms are used, the multiplication required here may 
be performed by addition; and the involution, by Multiplica- 
tion. (Art. 4 , 

61. To cj He amount of 
I dtffttfi for he number of 
yeati ; ( anS\ he principal. 
Tlfe'&ini wi >r the given 
time. From the amount subtract the principal, and the re- 
mainder will he the interest. , . t% { . 

If tBe interest becomes due half yearly or quarterly; fina 
♦the amount of one dollar, for the half-year or quarter, and 
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multiply the logarithm, by the number of balf-jre&rs or quar- 
ters in tie given time. 

Ex* 1. What is the amount of 2Q dollars, aj^fc per. fen t 
compound interest, for 100 years? 

L Amount of 1 dollar for 1 year 1.06 log. 0.0253059 
M^Wpiyaigby WO , 

. . . 3153059 ., : 
Gto» piincipd . 20 4.301.03, , 

y • ■ I " 

Amount required '$6186 3.83162 j 

' :ft!j . * What &&a aipount of 1. cent, at 6. per cent compound 
iateMgtj.m^OOjtara? 

jlmoiint of 1 dollar for 1 year LOS " log. 0.02*3060 
c Multiplying by 500 ? 

12.65295 
Ourea principal 0.01 -2.00000 

Amount $44,973,000,000 10.65295 



. More exact answers may be obtained, by using^ftgariihms 
-of. * jreater number of decimal places. 

3. What is the amount of 1000 doQais, at 6 per cent com- 
ptund, interest, for 10 years? Ans. 1790.80. 

Exponential Equations- l 

4& An Exponential equation is one in which the letter 
4*bttessing the unknown quantity is an exponent. 

Thus a* s=rA, and a? =6c, are exponential equations.* These 
-are most easily solved by logarithms. As the two members 
' of an equation are equal, their logarithms must also be equal. 
If the logarithm of each side be taken, the equation may 
-then' be reduced, by the rules given in algebra. 
* • * •* ' 

Ek. What is the value of ^ in the equation 3* =243? 



Digitized 



i by Google 



* ■ 

. Tatyog the typritjuna of M* sides log. (3*)^log, 243 
But tbe logarithm of a power is equal to the lo^anmtti of 
the root, multiplied into the index of the power. (Art. 4ft)' 

Therefore (log. 3) xisslog. 243 ; and dividing by log; 3, 
log. 243 2.38561 

63. The preceding is an exponeirtiai equation of the sim- 
plest form. Other cases, after the logarithm of each side is 
taken} may be solved by Trial and Errour An the same man- 
ner ait affected equations. (Alg. 503.) For this pwrppse, 
make two suppositions of the value of the unknown quanti- 
ty, and find tneir errours ; then say, * 

As the difference of the errours, to the dif- 
- m ference of the assumed numbers ; 

So is the least errour, to the e*rrecti*a required 
in the corresponding assumed tiamer. 
Ek. 1, Find th£ value of « in the equation x* =r25Q. 
Taking the logarithms of both sides (log. x) X a? =log.366 
Let x be -supposed equal to 3.5, or 3.6. 

By the second supposition. 
2=3.6, atad log,#*4MIJ630 
Multiplying by 3.6 

in<i ■ 
(log. x) xx =2.00268 
log. 256=2.40824 



IJy fbe first supposition. 
* a 3.5, and log. x =0.54407 
Multiplying by 3.5 



^log. x) x*s= 1.90424 
tyg, 256=2.40824 



Errour -0.50400 Errour' ML40W6 

"DHfiteiice tif the errourr <fcQB844 

Then 0.09844 : 0.1 : : 0.40556 : 0.41 19, the Correction. Wis 
added to 3.6, the second assumed number, makes the value 
of a?— 4.0119. . r 

To correct this farther, suppose a; =4.011, or 4.012. 

By the first supposition, By the seflond sOjfpojMon, 

a?=^.Oll,andtog-r=0.6O325 «=4;Oia,andlagur=O^)0336 



Mufcifrtyfogby 4,011 

M ' (Tog. *Tx»'=2.419lB3 
' -' * teg. &56*»2.4082ft 

\_ .*. tn ii Win 

k . Errour " +0.01139 
Difference of the errours 



Multiplying by 4.012 

■■ ■ i m i ■ 

(tog.«)X<*»»3U2868 
log. af«=fiUMI824 



Errour 
6.00105 



+0.01244 
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ar exponehtiai; equations; 

Tim 040165 : (fcOOl : : QM 139 : 0.01 1 ray aeaiiy. 

Subtracting this correction from the first assumed number 
4*011, we have the value of a?=4, which satisfies the condi- 
tions of the proposed equation ^ fcr 4* =^256. 

2. Reduce the equation 4r* = I00a? 8 . Ans-a?=5.- 

3, Reduce the equation x x =9^, 



Digitized 



by Google 



'TBIGOiroSCETRt:. 



SECTION I; 



SINES, TANGENTS, SECANTS, he. 



A 71 ^MGONOMETRY treats, of the relation* <sf the 
. w<fe» and ang-Je* of triangles. Its first object 
is, to determine the length of tbe sides, and the quantity oT 
the arises* In addition to this, from its principles are deriv- 
ed risany interesting methods of investigation in the higher 
branches of analysis, particularly in physical astronomy.. 
Scarcely any department of mathematics is more important^ 
or more extensive in its applications. By trigonometry, the 
mariner traces his path on the ocean ; the geographer deter- 
mines the latitude- and longitude of places, the dimension* 
and positions of countries, the altitude of mountains, the 
exxtrses of rivers, &c. and' the astronomer calculates the dis- 
tances and magnitudes of the heavenly bodies, predicts the 
eclipses of the sun and moon, and measures the progress of 
light from the stars. . , 

72; Trigonometry is either plant or spherical. The for- 
mer treats of triangles bounded by right Hues; the latter, of 
triangles bounded by arcs of cirdes. 

Divisions of the Circle* 

73. In a triangle there are two classes of quantities whicl* 
are the subjects of inquiry, the sides and the angles. For 
thepurpose of measuring the latter, a circle is introduced. . 

The periphery of every circle, whether great or small, is 
supposed to- be divided into 360 equal parts called degrees, 
each degree into 60 minutes^ each minute into 60 secondly 
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m TRIQiDPIOMETRT, 

each f second kto HW f Ai'rdEr', -fee* marked with tfc* chngnrftra 
•, ', ", "', be. Thus 32° flt' IS" SBf" ifl 32 degrees 24 nun* 
utes 13 second £2 thirds*' 

A degree, then, is not a magnitude of a given length; bat 
a certain portion of the whofc circumference of any circle. 
It is evident, that the 386th part of a large circle is greats, 
than the same part of a small one. On the other bandy the 
number of degrees, in a small circle, is' the same as in a large 

The fourth part of a circle is called a quadrant, and con- 
tains 90 cl^rees. 

74. Tb measure an angle, a circle is so described that its 
centre shall be the angular point, and its periphery shall cut 
the two hn^s^fciph include tfctt apgfo Toe axe betwe^the 
tw$ liqts is considered a measxart^f the angle, because, by 
Euc. 33. 6, angles at the centre of a given circle, have the 
sarfie ratio to each other, as the *rcs on *bich th«j! stand. 
Vkm the arc AB t (Fijp. fc) is & mei&tk ©f th* rtgle ACB. 

It is immaterial what is the size of the circle, provided it 
'eutrtbe lines whieh instate : the. angle. < Thus the angle 
r AGD (Tig.4.) .is measured! by eitiwr of the axes > AG* «S- 
iWACD tatoACH^»(A&to,AH,oraft4F^to«^. (Eao. 
«&."&>• ■■■ i.- ■> ..•••• .' '. « . . . . •. . -i ..; . . -.. . 
' vW* In the. circle ADGH (Kg.-3t) let ttaiwotfhMBftfM 
AG and DH be perpendfrwdarjto each other. . The angles 
AGO, DCO, GCH, andrUQAifwiH/beiiight an^bs > add the 
periphery of the circle wiU jbedmitajk into ioar equal p^rts, 
earth containing 00 degrees. < As* tight, angle «& subtended 
^jT an. are of 80*, the angie itself iaaaid 4n contain; ^(W. 
i*eiiae T hfr tore right angles, these am lBQ^.infoer right aft- 
"gle*3GQ* ; sad in any other sagte, a* jmanyi Agrees, as in 
the arc by which it is subtended. . .. i : . * .« 

76. The sum of the three angles of any triangle being 

3|ual to two right asgfos, {Em. 82.. li) k eqwi to 160*. 
ence, there can never he more than one obtuse angle in a 
triangle. For the sum of two obtuse angles is more 'than 
WO< ^ ■ . i . ■ . . . •. .-a 

'' 77. The complement of an are or an angle, is the differ- 
ence between the atb wrangle 0flrf •§&*£/■«*.•' J " " / 

The complement of the are A» V F%. «.) 4s D8j arid die 
^ortiplement of thean^te ACB b£K)B/ 'Hb<? co***pteih*ht 
•f the arc BDG is also DB. -» • . 

"« » «« .» »'i -f '•«: -• >-. . I .\t ,1 I: '/- r* i. i 
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- * ' of 9V h 70% of 120 i«30% * 

of 50* is 40% ■«. of !Tfc is 80\«ee, 

!*Hence,aii acute angle and its complement are qlwayi 
equal to 99*. ^Tbe angles ACB and DCB are, tosethqr 
fequal to a right 7 angle* , The two acute angles of a rij^it 'atf- 
<gjed tri&igle are eqqal to 90° : therefore each is the comple- 
ment of the other. 

-f 78, The s wpleveht Kff an arc or an qnghis thfi $ffer« 
ehce between the arc or angle and 180 degrees. 

The supplement of the. spc BDG (Fig, 2.J is AB j . and the 
supplement of the angle BCG is BCA. , . 

y: 'lbe supplement of HPfc 170* of 120° is 60% * 

V f - of 90«ift'100», of ISO* is 3&% &6.' 

• • • 1 

1 Hence ^Ln angte and its -luppiemeiit are always equal .to 

ISO*. The angles BCA »d BGG are together equal to tttd 

*i£te angles. ■ - • - ■* ■«• • •' 

.- 79. Ger< -.44 the tbre«.ai^e^0f>a,plaiie'im^le ( atoteqtiel 

to< MA right angle*, tbatds, ta WW (Euc. 3&1.) thtf-shln 

ofaoy teaof the^iediafi^ptetnontiof ihe othen )Sotbtft 

the third angle may be found, by subtracting the sum- of tltfe 

uethertwo Aom 180°. Or the sum of any two may he found, 

by.SBbtracting the third from ISO . . ...i .- .-* 

-<^&L A straight lice drawn/ fk)*i the eentre ef fttt&dto/lQ 

. my . part of the periphery, is, called a radix* \ of the* «jnri#. 

Jn many calculations, k «i& convenient to oonttdenthe radius, 

whatever he kg length, as a unit. (Algi 610;) To. thi* mvrft 

he referred the numbers expressing the lengfchsef etfier lioti. 

Think 20 mil' be twenty times < the radius, a«d 0.75 v tfa1«e 

fourths of the radius. v ,,--.......♦ 

. • Definitions t>f^Sints t Tangemtz, Secants, $c»t .*■»,. 

81. Tp facilitate the calculations in trigonometry, liw* 
are drawn, within and about the circle, a number of straight 
lines, Oifed Sine*, Tangent*, Secant, $c< With, these; the 
learner should make, himself perfectly familiar. • • . s 
>■ $& Wp f>**c of wane is a straight line dwym frwone 
md\<^^ nrc^perpendic^mt^ adiemtterivhickpcwmthrti^ 
the other end. ti , . ; . ., 

Thus BG (Fig. 3.) is the sine of the arc AG. For BG is 
a line drawn from the end G of the arc, perpendicular to the 
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diataetflr AM which passes through the other end A oTIbe 

ItfC. 

*Ooi». • *Tbe sine is hedf the chord of double the arc. r fhe 
«ine BG is half PG, which is the chord of the arc PAG, 
dotibte the arc AG. * ' ' 

83; The versed smc of an are is that part of the diameter 
tafcicfc is between' the sine and the arc. 

Thus BA is the versed sine of the arc AG. 
•"S4>. The tangent of an arc, is a straight line drawn per- 
pttodicutar from the extremity of the diameter which passes 
Jhrtugh one end of the arc, and extended till it meets a link 
drawn from the centre through the other end. 

Thus AD (Fig. 3.) is the tangent of the arc AG. 

85. The Secant, of an orchis a straight line drawn from the 

^centre, through one end of the arc y and extended to the tangent 

jwhich is drawn from the other end. 

* Thus OD (iHg. 3:) iff the secant of the arc AG: " ' 

'86. In Trigonometry, the terms ttingent and secant have a 

more limited meaning, than in Geometry. In both, indeed, 

the tangent touches the circle, and the secant cuts it. But in 

Geometry, thefcte lines are of no determinate length; whereas, 

in Trigonometry, 4hey extend from the diameter to the point 

in ; 'which they intersect each other. ' 

; @7; The 4ines just defined are sines, tangents and sec&nfs 
of arcs, BG (Fig. 3.) is the sine of the arc AG. But this 
^fo-feu&tends the' angle GCA. JJG is then the sine of the arc 
*w!rieh subtends the angle GCA. This is more concisely ex- 
£>refcsed,* by saying that BG is the »ne of the angle GCA. 
And universally, the' sine, tangent, and secant-of an »*fc, are 
-said to be the sine, tangent, and secant 6f the angle which 
stands at the centre of the circle, and is subtended by the arc 
Whenever, therefore, the sine, tangent, or secant of an an- 
;gle is spoken of; we are to suppose «, circle to be drawn 
whose centre is the angular point; an v d thait the fines men- 
tioned belong to that arc of the periphery which subteads 
the angle. 

88» The sine, and tangent- of an aciAe angle, are opposite 
to the angle. But the secant is one of tlie lines which include 
the angle. Thus the sine BG, and thetangent AD (Fig/ &| 
are opposite to tlie angle DC A. But the secant CD is pne 
of the lines winch include the angle. 

89. The sine complement or cosine, of an angle, is the sine* 
of tie complement of that angle. Thus, if the diameter 
Ht) tFig/3^) be perpendicular to MA, ttie angle HCG i&the 
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cftwplc^aeptof ACG ; (Art 77.) and LG» *r Us eqi»t€Bt 

-is the sine of HOG. (Art. 82.) It is, therefore, the cosine of 

WA. On the other hand GB is the sine oC GCA, and the 

- cosine of GCH. 1 

So also the cotangent of an angle is the tangent *f the 
*>m»feme* of the angle. Thus W ia the eotangeat of GG A. 
And the cosecant of an angle is the secant, of ih&oitapkmm* 
<trf the angle. Thus CF is the cosecant of GCA, 

Hence, as in a right angled triangle, one of the acute -an* 
jles is the. complement ot -the other ; (Art 77.) the sine, tift* 
gent, and secant of one of these angles, «se the cosim, «** 
tangent, and cosecant of the other. 

90. The sine, tangent,. and secant of the supplement of an 
angle, are each equal to the sine, tangent, and secant of the 
angle 'itself. It will be seen, by applying the definition (Art. 
82?) to the figure, that the sine of the obtuse > angle GCM is 
BG, which is also the sine, of the acute angle. GO A* . ' It 
should be observed, however, that the sine of an acute ««gle 
is opposite to it; while the sine of an obtuse angle fiUU with- 
out the angle, and is opposite* to its supplement. Thus BG, 
the sine of the. angle JMCG, is, not oppose to MCG, but to 
its supplement A.CG. 

The tangent of the obtuse .angle MCG Is SIT, or its equal 
AD,, which is also the tangent of ACG. And the secant of 
MCG is CD, which is also the secant of AGG. 

91. But th.e versed sine of an angle is not the same, -a&ihat 
of its supplement. The versed sine of an acute angle is eqpal 
tQ the. difference between the cosine and radius. But the 
versed sine of an obtuse angle is equal to the svm of the co* 
sine and radius. Thus the, versed sine of ACG is AB—AC 
— BC. (Art, 83 t ) #«* $m versed sine of MCG is MBssMC 
+BC. 

Relations of Sines, Tangents, Secants, fyc~tp each other. 

U& The relations of tbe sine, tangent, secant, cosine, &c- 
to each other, are easily derived from the proportions of tbe 
sides of similar triangles. (Euc. 4. 6.) In the ouadrant ACH, 
(Fig. 3.) these lines form three similar triangles, vi«. ACD, 
BCu or liCG, and HCF. For, in each of these, there is one 
right angle, because the sines and tangents are, by definition, 
perpendicular to AC; as the cosine and cotangent are to 
CH. The lines CH, BG, apd AD are parallel ^because ;C A 
makes a right angle with each. |[£uc. 27. !.) For the dppp 
G 
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reason, CA, LG, and Hf are parallel. The alternate angles 
GCL, BGC, and the opposite angle CDA are equal* (Sue. 
29. 1.) as are alsb the angles GCB, LGC, aad HFC. The 
triangles ACD, BCG, and HCF are therefore similar. 

It should also be observed, that the line BC, betweenHhe 
sine and the ceritre ol the circle, is parallel and equal to the 
cosine; and that LC, betweea the- cosine and centre, is par- 
allel and equal to the sine ; (Euc. 34. 1.) so that one may be 
taken for the other, in any calculation. . . * 

• m. Ftoto- thgde simitar triangles, are derived ^following 
proportions ; in which R is put for radios, 

sin for sine, 4 cos for cosine, *• 

tan for tangent, tot for cotangent, 

sec for secant, cosec for cosecant. 

6y comparing the "triat^tes CBG aad CAD, 

* 1. AC :B£ t: AD:BG, that is; -R:\09t ittdh isin. 
.% CG:CD::BG:AD ft: sect: sin: tan. 
.3. CB:CA::CG:CD cos :R::R: sec. / 

Therefore R*«€0*x*ec. 
By comparing the triangles CLG and CHF, 
. 4. CH;CL::HF:LG, that is, R:sm: :coi: cos. 

5. CG:CF:;LG:HF R:cesec;:cos:aot. 
fe. CL:CH::CG:CF n»:R::R:etf<fc. 

Therefore R* —sin x cosec. 

' By comparing the triangles CAD and CHF, . 
7. CH : AD : :CF : CD, that is R: tan i; msec: sec. 

6. CA:HF::CD:CF R r cot : : see : costc* 
9- AD:AC::CH;HF tan :R::R: cot., 

Theuefoie R 2 xztan x cot. 

It will not be be necessary for the learner to eomiaait these 
propofrtions to memory. Brit he ought' to make himself so 
Samdiar with the manner of stating them from the %lire, as 
to b$ able to explain them, whenever they are referred- to. 

94.' Other relations of the shte, tangent, &c. may be de- 
rived from the proposition, that the square of the hypothe- 
nuse is equal to the sum of the squares of the perpendicular 
sides. (Euc. 47.' I.) 

In the right angled triangles CBG, CAD, and CHF, 
{Fig. 3.) 
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SINES, TANGENTS, &e. & 

A ,. £F* =<?H* +HF f cosec* =R* +««* . 

And, extracting the root of both eides, (AJg, 296.) 
. ,l \ R=^co* E +5tn a , &c. 

95. The sine of W} * 

TTic <?Adrrf of 60° > are, in any circle, aaeh equal 1b the 
And the tangent of 45° ) 
raiius, and therefore equal to each other. 

Demonstration. 

1. In the ouadrant ACH, (Fig, 5.) the arc AH is 90°. 
The sine of this, according to the definition, (Art 62.) it 
CH, the radius of the circle. 

2. Let AS he an arc of 60°. Then the angle ACS, be- 
ing measured by this arc, will also contain 60° ; (Art 75.) 
and the triangle ACS will be equilateral. For the sum of 
the three angles is equal to 180°. (Art. 76.) From this, 
taking the angle ACS which is 60°, the sum of the remain- 
ing two is 120°. But these two are e qual, because they are 
subtended by the equal sides CA and CS, both rada of the 
circle. Each, m therefore, is equal to half 120 Q , that is, to 
60°. All the angles being equal, the sides are equal, and 
therefore AS, the chord of 60°, is equal to CS the radius. 

3. Let A R be an arc of 45*. AD will be its tangent, and 
the angle ACD subtended by the arc, will contain 4fi Q . The 
angle CAD is a right angle, because the tangent is, by defi- 
nition, perpendicular to the radius AC. (Art, 84.) Subtract- 
ing ACD, which is 45°, from 90°, (Art. 77.) the other acute 
angle ADC will be 45° also. Therefore the two legs of the 

' trjangjte ACD are equal, because they are subtended t>y equal 
•• angles; (Euc. 6. 1.) that is. AD the tangent of 45°, is equal 
to AC the radius. 

Cor. The cotangent of 45° is also equal to radius. For 
the complement of 45° is itself 45°. Thus HD, the cotan- 
gent of ACD, (Fig. 5.) is equal to AC the radius. 

96, The sine of 30° is equal to half radius. For the sine 
of 30 Q is equal to half the chord of 60°. (Art. 82. cor.) ' 
• * 

* Sine 2 is here put for the square of the Sine, cos* for the square of 
the cosine, See. 
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But, by the preceding article, the chord of 60° is equal to* 
radius. Its half, therefore, which is the sine of 30° is equal 
to half radius. 

Cor. The cosine of 60 * is etjtral tcf half radius. For the 
cosine of 60° is the sine of 30°. (Art 89,) 

97. The chord of any arc is a mean proportional, between 
the diameter of the circle, and the versed sine of the arc. 

Let ADB (Fie. 6.) be an arc, of which AB is the chord, 
BF the sine, a%a AFthe versed &ih& Hie angle ABU is a 
right angle, (Euc. 31. 3.) and the triangles ABH and ABF 
are similar. (Euc. 8. 6.) Therefore, 

AH:AB;:AB:AF. 

Thai is, the diameter is to the chord, as the chord to the 
versed sine.* 



* See note E. 
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Art 98 HP*"* f acu< * tate ^ le operations in' trigonometry, the* 
ft * -T sine, tangent, secant* fac^have been edcuJated,/ 
for every degree and minute, and, in some instances, for dv* > 
ery second j of a quadrant, and arranged in tables. These 
constitute what is called the Trigonometrical Canon.* It is 
not necessary to extend these tables beyond 90^; 'because 
the sines, tangents, ancT secants, are of the same magnitude, 
in one of the quadrants of a circle, as in the others. Thus 
the sine of 30* is equal to that of 150*. (Art. 90.) 

99. And in any instance, if we have occasion for the sine,* 
tangent, or secant of an obtuse angle, we- may obtain it, by- 
footing for its equal, the sine, tangent, or secant of the sup- 
pltmentttry, acute angle. 

100. The tables are calculated* for a circle whose radius 
is supposed to be a unit. It may be an inch,, a- yard, a mile, 
or any other denomination of length. But the sines, tan- 
gents, &c. must always be understood to be of the same de- 
nomination as the radius. 

MI. All* the sines, except that of 90°, are less than the 
radius, (Art 82, and Fig. 3.) and axe expressed in the tables 
bjr decimals. 

Thus the sine of 20* is 0.34202, of 60* is 0.86603, 

of 40* is 0.64279, of 89° is 0.99985, &c. 

When the tables are intended to be very exact, the deci- 
mal is carried to a greater number of places. 

The tangents of Si angles less than 45 a are also less than - 
radius. (Art 95.) But the tangents of angtes greater than* 
45 A , are greater than radius, and are expressed by a whole 
number and a decimal. Itis evident that all the secants also 

* For the construction of the Canon, see ene of the following see— 
Hon*. 
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must be greater than radius, as they extend from the centre, 
to a point without the circle. 

102. The numbers in the tables here spoken of, are called 
patural sines, tangents, &b. They express the lengths of the 
several lines which have been defined In arts. 82, 83, fee- 
By means of them, the angles and sides of triangles may be 
accurately determined. But the calculations must be made* 
by the tedious processes of multiplication arid division. To 
avoid this inconvenience, another set of tables has been pro- 
vided, in which are inserted the logarithms of the natural 
sines, tangents, &c. By the use of these, addition and sub- 
traction are made to perform the office of multiplication and 
division. On this account, the tables of logarithmic, or as 
they are sometimes called, artificial sines, tangents, &c. are 

.rouph more. valuable, for practical purposes, than the natural 
siqes, &c* . Still it must be remembered, that the former are 

\ idenved from the latter. The artificial sine of an angle, is 
the logarithm of the natural sine of that angle. The artifi- 
cial tangent is the logarithm of the natural tangent, &c. 

103. One circumstance, however, is to be attended to, in 
, cojqp^rinjg the two sets of tables^ The radius to which the 
, natural sines, &c. are calculated, is unity (Art. 100.) The 
j^ec^ts! a#cl a part of the tangents are, therefore, greater ihpxt 

a unit; while tne sines, and another part of the tangents, are 
less than a unit. When the logarithms of these are taken, some 
of the indices will be positive, and others negative; (Art. 9.) and 
the throwing of them together in the same table, if it does, 
not lead to errour, will at least be attended with inconve- 
nience. To remedy this, 10 is added to each of tbe indices. 
(Art. 1,2.) They are then all positive. Thus the natural • 

sioeof 20° is 0.34202. The logarithm of this isT.53405, 
But the index, by the addition of 10, becomes 10—1=9. 
The logarithmic sine in the tables is therefore 9.53405.* 

Directions for taking Sines, Cosines, fyc. from the tables* 

104. The cosine, cotangent, and cosecant of an angle, are 
the sine, tangent, and secant of the complement of the angle. 
(Art. 89.) As the complement of an angle is, the difference 
between the angle and 90°, and as 45 is the half of 90; if 
any given angle within the quadrant is greater than 45°, its 

* Or the tables maybe supposed to be calculated to the radius 
10000000000, whose logarithm is 10. 
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nplement is less;' 'and, on the' ofhef band, if the angle is 
kss wan 4£°, itts complement is greater. Hence, every co- 
sine, cotangent, and cosecant of an angle greater than 45*, 
Jiaa its .equal, among the sines, tangents, and secants of an- 
gles less than 45°, and v. v. 

JJW, to bring the trigonometrical tables within a small 
compass, the sajne column is made to answer for the sines 
of. a number, of angles above 45°, and for the cosines of an 
equal number below 45°. 

Thus 9.23967 is the log.nneotf 10*, and the cosine ot 80* f 

9.53405 th* sine of 20°, and the cosine of 70% fc*. 

. The tangents and secants are arranged in a similar man- 
ner. Hence, 

. 105. ^.Tofind the Sine, Cosine, Tangent, fyc. of any nuni- 
ber of. degrees and minutes. 

If the given angle is less than 45°, look for the degrees at 
the top of the table, and the minutes on the left; then, oppo- 
site to the minutes, and under the word sine at the head of 
the column, will be found the sine ; under the word tangent, 
will be found the tangent; &e. 

Thelog.sin of 43* 25'is 9.83715 The tan of 17* 20'is9.49430 
of!7°20' 9.47411 of 8*46' 9.18812 

The cos of 17° 20' 9.97982 The cot of 17* 20* 10.50570 
of 8° 46' 9.99490 of 8*46' 10.81188 

The first figure is the index ; and the other figures are the 
decimal part of the logarithm. 

106. If the given angle is between 45° and 90° ; look for 

the degrees at the bottom of the table, and the minutes on 

the right ; then, opposite to the minutes, and over the word 

. sine at the foot of the column, will be found the sine ; oyer 

the wprd tangent, will be found the tangent, &c. 

Particular care must be taken, when the angle is less thian 
45°, to look for the title of the column, at the top, and for 
the minutes, on the left ; biit when the angle is between 45° 
and 90°, to look for the title of the column, at the bottom, 
and for the minutes, on the right. 

ni ' ! ' The log. sine of 81° 21' is 9.99503 

The cosine of 72° 10' 9.46607 

The tangent of 54° 40' 10.14941 

, The cotangent qf 63 p 22' 9.70026 
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107. If the ,gn&e» angle if gremter than 90?, hxdfcfor the 
sine, tangent, fac. of its supplement (Art. 98, 99.) 

The log. sine of 96° 44' is 9.99699 
Th* cosine of 171* 16' 9.99494 
Thetaagfctft of 130* fi6' 10.06952 
The eetangent of 156° 22' 10.35894 

108. To find the sine, cosine, tangent, (ft. iff any number 
<q£ degrees, vjmvXes, and seconds. 

In the common tables, the sine, tangent, Sec. *are given, onr 
iy to .every minute of a-degpee.* But they majr be found to 
-seconds, by taking proportional parts of the difference of the 
numbers as they stand in tie table*. For, within a single 
minute, the variations in the sine, Jaagent, &c* are near|y pro- 
portional to the variations in the angle. Jlence, 

To find the sine, tangent, &c. to seconds : Take out the 
number corresponding to the given degree and minute ; antf 
also that corresponding to the next greater minute, and find 
their difference. Then state this proportion $ 
'As 80, to the given number of seconds : 
So is the difference found, to the correction for the seconds. 

This correction, in the case of sines, tangents, and secants, 
is to be added to the number answering to the given degree 
.and minute ; but for cosines, cotangents, and cosecants, die 
^correction is to be subtracted. ( . 

For, as the sines increase, the cosines decrease. 

: &x. 1. What is the logarithmic sine <rf 14* 43' lif't ' 

The sine of ;14* 43' is 9.40490 '! 

of 14* 44' '9.40538 :, 



Difference 48 



is 



: Here it is evident, that the sine oT the requirefl angle „ 
greater than that of 14* 43', but less than that of 14° 44\ 

And as the difference corresponding to a whole minute or 
<6CT is 48? the differenee-for 10" must be a proportional part 
*>f 48. That is, 

60": 10":: 48: 8 , the correction to <be*4- 
ded to the sine of 14* 43'. . 

.* fothe very vaturtble taMes %( Mieftfal Vwflor, ft* nines and tan- 

$e»tt are €*&*<$ ^my.Mcp^:, . ; * ' V • ♦ . 

.1 
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Tht&fbiei the sine of 14* 4i'10" is 9,4049$ / 

2. What is the logarithmic cosine of 32* 16' 45" ? 

The cosine of $2* 16'. is 9.92715 

of 32*17' S.92307 . 



Difference 



Then 60" i 45" : : 8 :B the correction to be* snivel* 
id from the cosine of 32° 16'. 
Therefore the cosine of 32* 16' 45" is &92709 '"'*'' 

The*tangent of 24* 15< IB" is 3.65376 « - * 

- " The cotangent of 31° W 5" is 10.20700* 

. .The sine of 58° 14' 32!' is 9.92956 . , ; 

\,- The cosine of M* 10' 26" is 9.75670 

If the given number of seconds be wy even part of 60, 
as £, -J, £, &c. flie correction, inay be founds by taking a like 
part of the difference of the numbers. 4n the Ubles, without 
stating afproportion in form*.. x ^ 
, 109. To find the degrees a,nd minutes tejonging to any giv- 
en sine, tq,ng'entl fyc. '^ , 

This is reversing the method of finding the sine, tangent, 
&C. (Art. 105,6,7,), 

Look in the column of the same name, for the sine, tan- 

fe&, &te. whicji is nearest to the given one j and if the title 
e at the head of the column, take the degrees at the top of 
the table, and the minutes on the left; but if the title be at 
the foot of the column, take the degrees at the bottom, and 
the minutes on the right. 

Ex. 1. What is the number of degrees and minutes be- 
longing to the logarithmic sine 9.62863 ? 
^ The nearest sine in the tables is 9462865.- The title, of 
sine is at the head of the column in which these numbers are 
found, The, degrees at the top of the page are 25, and 
ihe minutes on thp left are 10% •. The .aj^roquyed is, there- 
fore, 25o 10' 

'The angle belonging to " ' 

the sine 9.87993 is 49* 20' the cos 9.97351 is 19° 48' 

the Un 9.97966 43P 3T the cotan 9.75791 60* 12' 

the sec. 10.65396 77* 11 the cosec 10.49066 18° 51* 
H 
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110. To find the degree, imnUtes, and evcon** belonging 
to any given sine, tangent, fyc. 

This 1 is reversing the method of: finding the sine, tangent,- 
fi*c„ to seconds* . (Art; 108.) 

First find the difference between the sine, tangent, &c. 
pext greater than the given one, and that which is next less y 
^0^ the difference between this less number and the giveii - 
one; Then 

As the difference first found, is to the other difference ; 

So are 60 seconds, to the number of seconds, which, in the 
case of sines, tangents, and secants, are to be added to the' 
degrees and minutes bdonging to the least of the two num- 
bers taken from the tables; but .for cosines, cotangents* and 
cosecants, are to be subtracted. 

- ' -Ex. 1. Wbat are the degrees, minutes, and seconds* be- 
longing to tfete logarithmic sine 9*40498 ? 

Sine next greater 14° 4& 9.40538 Given sine 9.40498 
Next less 14* 43' 9:40490 Next 1m 9.40480 



Difference* 48 Difference 



Then 48 :8V: 60" : 10",' which addfed to 14° 43' 
gives 14 Q 43' 10" for the answer.. 

„ 3. What is the angle belonging to the fcosfiiie 9*09775 ? 
Cosiiie ijex't greater 82° 48' 9.09807 Given cosine $.09t13 
, Next less ' 8*2*49' 9.09707 Next less 9:0970* 



Difference ,100 Difference 68 



Then 1 00 : 66 ; ; 60'' : 40", . wbiph subtracted from 
82° 49', gives 82° 48' 20" for the answer. 

It must be observed here, as in air other cas£s, tli&t 6f the 
two angles, the less has- the greater cosine. 

The angle belonging to 
the sin 9.20621 is 9° 15' 6" the tan 10.43434 is 69° 48' 16" 
the cos 9.98157 16* 34' 30" the cot 10.33554 24°47'*6" 

Method of supplying the Secants and Cosecants. 
111. In some trigonometrical tables,, the secants attd eo* 
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•4pe*pf* aire *&t> inserted. Bat they may. be easily obtained 
from the sines and cosines. For, by art. 93, proportion 3d, 

That is, the product of the cosine and secant, is equal t£ 
>the square of radius. But, in logarithms, addition takes the 
place of multiplication; and, in the tables of logarithm** 
sine?, tangents, &c 4 the radijis is . 1 0. (Art. 108.) Therefo? *, 
:in these tables, 

cos+sec=s2Q. . Or-sec=20— cos. ' 

Again, by act 93* proportion 6, 

sihxeosecsrR*. 
Therefore, in the tables, * 

sin+cosec=20, Or cosec==20— sin. .Hence, x 

112. To obtain the secant, subtract the c#9ttie from 20; 
&nd to obtain the, c<w«c«m*, subtract the sine from 20. 

* These subtractions are most easily .performed, by taking 
,the right band figure fawn 10, a,nd the others from 9, as in 
&M&ig~.the arithmetical complement of a logarithm; (Art. 
55.) (Aserrin^ -however,: to add 10 to theindeat of the secant 
or cosecant. Jn fact, the secant is the arithmetical comple- 
^meaijtofthe cosing, with 10 added to the index. 
For the secant =^Q---cos 

And 4he ar.- comp. of cos = 10 — cos (Art* 54.) * 

Sodao the cosecant is the arithmetical qomplamept of. 
, the sine, with 10 added to the index* The tables of secants 
\ qrA cosecants are, therefore, of use, in furnishing the aritjb- 
.:JB.etical complement of the sine .send cosine, in the following 
simple manner; 

113. For the arithmetical complement of the sine, sub- 
tract 10 from the index of the cosecant; and for the arith- 
metical complement of the cosine, subtract 10 from the in- 
dex of the secant. 

., By this, we may save the trouble of taking each pf the 
j figures from 9. 
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SECTION HI. 



SOLUTIONS OF RIGHT ANGLED TRIANGLES. 



Art 114 T" a t ™ n S' e » tb^rc are **# P&rt*> three sides, 
-"- and three angles. . In every trigonometrical 
calculation, it is necessary that some of these should be. 
known, to enable us to find the others. The number, of part* 
which must be given is three, one of which must be a side- 

If only two parts be given, they will be either two sides, a 
side and an angle, or two angles; neither of which will limit 
the triangle to a particular form and size. 

If two sides only be given, they may make any angle with 
each of her; and may, therefore, be the sides of a thousand 
different triangles. Thus the two lines a and b (Fig. 7.) may. 
"belong either to the triangle ABC, or ABC, or ABC". So* 
that it will be'hnpossiMe, from knowing two of the sides of 4 
triangle, to determine the other parts. 

Or, if & side and an angle only be given, the triangle will be 
. indeterminate. Thus, if the side AB (Fig. 8.) and the ande 
af A be given; they maybe parts either of the triangle ABC r , 
or ABC, or ABC". 

Lastly, if two angles, or even if all the angles be given, they 
Will not determine the length of the sides. For the triangles 1 
ABC, A'B'C', A"B"C", and a hundred others which might 
be drawn, with sides parallel it these, will all have the same 
angles. So that one -of the parte given must always be a 
side. If this and op? o^her two parts either sides or angles 
be known, the other three may be found, as will be shown, m 
this ami the following section. 

J15w Trilogies art either right angled or oblique angled. 
The. calculations of the former are the most simple, and 
those, which we. have the most frequent occasion to make. 
A tfpeat portion of the problems in the mensuration of heights 
ana distances, in surveying,' navigation and astronomy, are 
sqhreji by rectangular trigonometry, Any triangle whatever " 
may be divided into two right angled triangles, by drawing a 
perpendicular Drum one* of the apgle* to the opposite aide. 
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RIGHT ANGLED TRIANGLES. Si 

If 6. One of the six parts in a right angled triangle, is al- 
ways given, viz. the right angle* This is a constant quantity; 
'while the other angles and the sides are variable. It is also 
to be observed, that, if one of the acute angles is given, the 
other is known of course. For one is the complement of the 
other* (Art. 76, 77.) So that, in a right angled triangle, sub- 
tracting one of the acute angles from 90? gives the bther. 
There remain then, only four parts, one of the acute angles, 
fend the three sides to be sought liy calculation. If any two 
of these be given, with the right angle, the others may be 
found. * 5 

J17. To illustrate the method of calculation, let. a esse fefe 
supposed in * which a right angled triangle CAD (Fig. 1Q,)| 
h&s One of its sides equal to the radius tu which the trigonor 
metrical tables are adapted. 

' In the' first place ; let the base of the triangle, be equal t*> 
tfifc tabular radius. Then* "if a circle be d^sjcritad, with thi* 
radius, about the ajigle C as a centre, DA will be the tangent, 
rittd DC the secant of that angle. (Art. 84, 85.) So that the* 
rkdras, the tangent, and the secant of the aiigle atC, consli* 
itite the three" sides of the triangle. The tangent, taken 
frbm the tables' of natural sines, tangents, &c, will be the 
length bf the perpendicular ; and the secant will be the length 
of the hypothenuse. If the tables used be logarithmic, they 
wifl^ife the logarithms of the lengths of the two sides. . •• 

'tirpife sam£ manner, any right angled triangle whatever, 
tvhfase base is equal to the radius of the tab le$, will have ite 
other two sides found ara.o$g the tajigjen^s and secants. Th«s, 
if'tfce quadrant AH (Fig. II.) be divided iaty portions of 
1^* "eacli : then, in the triande . - :,.- 

. v CAD, AD will be the tari, and CD the sec of 15°, 
'fa- CAD*, AD' will be the tan, and CD' the sec of 30*;* 
~J*.€A2)ft AD* *fllte the tan, add CB'*the stfc of 45* 
,,.;■■ ;,.-.• •' t&c. 

118. In the next place, let the hypothenuse of a right an* 
gled. triangle CBF (Fig. l&).be equal to the radios of the. 
tables. ! .Then, if a ciTcle,be.4ew»ibed, with th* given radi- 
us^ $nd ^bout the angle C as »oentre; BF will be the sine, * 
&ij^TC.the cosine of that angle- (Art. 82, 69.) Therefore 
the^in^ pf the angle* at C taken from the tables, will be the 
lej^^af the perpendicular,, and .the cosine will be the length 
of, %J*we, , . . . 

Aii^jny .right angled triangle whatever, whose iypothe- : 
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J& TlICfHT ANGLED 

.©use Is equal to tie tabular radius, will have its dther fcwa 
aides found among the sines and cosines. Thus if the quad- 
rant AH (Fig. 13k) be divided into portions of 15° each, hi 
«the points F, F', F n , &c. ; then, in the triangle 

CBF, FB Trill be the sin, and CB the cos, of 15°, 
InGB'F' F'& wiilbeihesin,andCB' the cos, of 30*, 
fa CB"F M , F»B" wilfbe the sin, and CB » the<n>s, of 45<>, &* 

119. By merely turning to the tables, then, we may finS 
tthe paijt&of any right angled triangle which has one 6f its 
sides equal to the radius of the tables. But for determining 
#he parts of triangles which have not any of their sides equal 
jto the tabular sadius, the following proportion is, used: 

Asthe radius of one circle, } 

To the tadius of any other ; 
v So is a mne', tangent, or seoant, in one, * 

To the aineytangeni 9 or semnt, of the same number <jf 

degrees, in thzethtx. . 

In the two -concentric -circles AHM, ahm, (Fig. 4.) the 
.-arcs AG and ag. contain the same number of degrees. \Afi. 

74.) The sines of thess arcs are BG and bg, the tangents 
* AD and ad r and the secants CD and cd* The four triangles 

.CAD, CBG, Cad, and Cbg, are simitar. For each of theni, 
Jrom the nature of sines and tangents, contains one right an- 
4$e; the an^le at C is common to them all; and the bther 
r&cute angle m each is the complement of that at C: (Art. 

J77,). We have, then, the following proportions. (Euc. 4. 8/) 

1. CG:Cg>::BG:6£. 

That is, one radius is to the other, as one sine to the other. 

.2. CA:Ca;:DA:<Za. ' - ; 

Wba$ is, *ae lading » toufche other, a* we tengw* to the otfa&. 

3. CA:C«::CD:Crf. 

"Th*t is, we cwliu^is to the Ather, as one secant to tjbe other. 

'Cor. ''BQ~.bjgt:DA*4aiiCIhQd> 

That is, as the sine in one circle, to the sine in th£ other ; 
so is the tangent in one. to the tangent in the Other ;" and so 
is the secant in one, to tne secant in the other. ' 

This is a general principle, which may be applied to mbjrt 
trigonometrical calculations. 'If one of the sides of the pro* 
posed triangle be maderadiuij each* of the other sWea wUl 
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Ue the jfce, Uyagent, or secant, of aq are described by thi»> 
O^dius. Proportions are . then stated, between these lines, 
mid the tabular radius, sine, tangent, &c. 

120. A line is said to be made radius, ^h^n a circle is de J 
scribed, or supposed to be described, whose semidiameter U 
equal to the line, and whose centre is at one end of ll. / 

121. 61 any right angled triangle, if the h^potHeotsi: to 
mode radkp,* one of ihelegsurUl b&a sinv cf iH opposite am* 
gle,and the, other leg a cosine 0/" tie *qme angle* 

Thus, if to the triangle ABC (Fig. 14.) a circle be appli- 
ed, whose radius is AC, and whose centre is A, then BC will 
be the sine, and B A the cosine, of the angle at A. (Art.82,89.) k 

If, while the same line is radius, the other end C be hiade 
the centre, then BA will be the sine, and BC the cosine, of 
the angle at C. 

122. If either of the legs be made radius, the other leg wilt 
be a tangent of its opposite angle, and the hypetkenuse will 
be a sbcant cf the same angh; that* is, of tilt aagle between 
the secfcntandube radius, 

. Thus, if, the base AB (Fig* 15.) be made radius, the centre 
being at A, BC will be the fangcnt, and AC the secant, of 
the angle at A. (Art 84, 85.) 

But, if the perpendicular BC (Fig. 16.) be made radius r 
yrith the pentre at C, then AB will' be the tangent, and AG 
tihesecant^of the angle at C. 

. \ 123, As the side which is the sine, tangent, or secant or 
pne of the acute angles, is the cosine, cotangent, or cosecant 
of the other; (Art. 89.) the perpendicular BC (Fig. 14.) & 
the sine of the angle A and the cosine of the angle C; while 
the base AB is. the sine of the single C, and the cosine of the 
aagte A* 

If the base is made radius, as in Fig. 15, the perpendicular 
BC is the tangent of the angle A, and the cotangent of the 
*ngle C ; tvhite the kypeth&nuse is timt seemi of the angla- A, 
and the cosecant of the fcngle C. 

If the perpendicular is made radius, as in Fig. H5, the base 
AB is the tangent of' the angle C, and the cotangent of the 
angle A ; white the KypitihmiMe js the s&&n£ of tbe angle C, 
and the cosecant of the angle A. ~ 

, ,lij4. Whenever a right angled triangle is proposed", whose 
sides or angles ar$ required; a. similar triangle may be fornx- 
^4t (i 10 ^ the sines, tangents, &e, of the tables. (Art. 1 17, 1 18.) 
.,3tye perjs required are than found, by stating proportions 
it? tWQqp thft ypailar 4}{ffff,Q{ tbqtwo triangles., If the trian- 
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gte pMp*teckb* ABC, (Fig. 17.) another dk ofay fee tf**tK 
ed, having the^ame angles with the iicst* but diferiogijDOBft 
it in ^e l^ngtb-.of Us rides, so as to correspond with, the num- 
bers in the tables. Jjf similar sides be made radius in both, 
the remaining similar sides will be lines of the same name p 
fbftti^i£*fce perpefcdicttiar in ode of tbe.tciangfos bea#Aie r 
the perpendicular im the other wfll be a sine ; if the hose, in 
one be a cyme, the base in the other wfll be a cosine, &c. 

If the hypotk&nwe in each triangle be made radius, as in 
Fig. 14, the perpendicular be will be the tabular sine of the 
angle at a; and the perpendicular BC will be a sine of the 
equal angle A, in a circle of which AC is radius* 

Jf the base in each triangle be made radius^as 19 .-Fig* I5 i 
then the perpendicular be will be the tabular tangent of the 
angle at a; and BC wiH be a tangent of the tfqual angle A* 
in a circle of which AB is Tadkfe, &c. •• 

125. From the relations of the similar sides of these tri- 
Aglfcs, are derived the two following theorem, which are suf* 
fieient for calculating the pprts of any right angled triangle 
whatever, when the requisite data are furnished.. 0n$ is used, 
when a s^de is to be found ; the other, when an angle is to be 
found. " ' 

Theorist h 

126/ When a side is required ; " * 

As the tabular sine, tangent, 4r. of the 
same name wiih the given side, 
.'• "» r. -To thpgivfn side; . , :# 

. , $* w the tabular sine, tangent, fye*.of the 
lame name with the required side, 
. ■■' '•'• • T^ the required sUe^ • ' 

t Jt will he, Readily seen, that tbis^ is nothing more than a 
Sjajement, in^general terms*, of the proportions between the 
junflair sides 0? .two triangles,. one proposed for. solution, and 
the other formed from the numbers in the tables. . ( „ 
1 . Tijup .i( thejhyppthenMse.b* .given, and the base^' or "per- 
pendicular be required; then in Fig.. 14, where* oq is t tbi5 tab| 
uUr radius, be the t tabiuV sine of, a or its equal A. md/ib the 
%bobrnneof C; (Art..ll&) , '.-..' ... .*' '..,, 

«c:AO^rfte:BC,thttti^ ft* AO:*Sin A:BC. 
aciACrtittAB^ - • RtJtC«;8frC:AB. 
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TRIANGLES. « 

In Fig. 15, where ab is the tabular radius, a* the tabula* 
secant of A, and Ac the tabular tangent of A; 

«c : AC:: be: BC, that is, Sec A : AC : : Tan A : BC. 
ac:AC::ab:AB Sec A:AC::R:AB. 

In Fig. 16, where be is the tabular radius, ac the tabular 
secant of C, and ab the tabular tangent of C ; 

ac:AC::bc:BC 9 that is, SecC: AC ::R:BC. 
cc:AC::aft:AB Sec C:AC::TanC :AB 

Theorem II. 

127. When* an angZe is required; 

As the given side made radius, 

To the tabular radius ; 

So is another given side, 

To the tabular sine, tangent, fyc* of the same name* 

Thus if the side made radius, and one other side be given, 
then in Fig. 14, 

AC : ac : :BC : be, that is, AC :R : : BC : Sin A, 
AC:ac:tAB:a& AC:R::AB:Sin C. 

In Fig. 15, 

AB:aft::BC:6c, that is, AB:R::BC:TanA. 
AB:a6::AC:ac AB:R::AC : Sec A. 

In Fig. 16, 

BC : be :: AB : ab, that is, BC :R :: AB:Tan C. 
BC:Jc::AC:ac BC :R:: AC:Sec C. 

It will be observed, that in these theorems, angles are not 
introduced, though they are among the quantities which are 
either given or required, in the calculation of triangles. But 
the tabular sines, tangents, &c. may be considered the repre- 
sentatives of angles, as one may be found from the other, by 
merely turning to the tables. 

128. In the theorem for finding a side, the first term of 
the proportion is a tabular number. But, in the theorem for 
finding an angle, the first term is a side. Hence, in applying 
the proportions to particular fcases, this rule is to be observed. 

To find a side, begin with a tabular number, 
To find an angle, begin with a side. 
Radius is to be reckoned among the tabular numbers. 
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« RIGHT ANGLED 

- 1204 Iti the theorem for finding *n angles the first term is- 
a side made radius* As in every proportion, the three first 
terms must be given, to enable us to find the fourth, it is ev- 
ident, that where this theorem is applied, the side made radi- 
us must be a given one. But, in the theorem* for finding a 
side, it is not necessary that either of the terms should oe 
radius. Hence, 

130. To find a side, any side may be made radius. 

To find an angle, a given side must be made radius* 

It will generally be expedient, in both cases, to make ra- 
dius one of the terms in the proportion ; because, in the ta- 
bles of natural shies, tangents, &c. radius is 1, and in the log- 
arithmic tables it is 10. (Art. 103.) 

T3-U The proportions in Trigonometry are of the same 
nature as other simple proportions. The fourth term is 
found, therefore, as in the Rule of Three in arithmetic, by 
multiplying together the second' and third terms, and dividing 
their product by the first term* This is the mode of calcula- 
tion, when the tables of natural sines, tangents, &e. are used. 
But the operation by logarithms is so much more expedi- 
tious, that it has almost entirely superseded the other method. 
In logarithmic calculations, addition takes the place of mul-* 
tiplication; and subtraction the place of division. 

The logarithms expressing the lengths of the sides of a 
triangle, are to be taken from the tables of common loga- 
rithms. The logarithms of the sines, tangents^ ^c. are found 
in the tables of artificial sines, &c. The calculation is then- 
made, by adding the second and third terms, and subtracting 
the first, (Art. 52.) 

132. The logarithmic radius 10; or, as it is written in the* 
tables, 10.00000, is so easily added and* subtracted, that the 
three terms of which it is one, may be considered as, in ef- 
fect, reduced to two. Thus, if the tabular radius is in the 
first term, we have only to add the other two terms, and- 
then take 10 from the index ; for this is subtracting the first 
term. If radius occurs in the second term, the first i? to be 
subtracted from the third, after its index is increased by 10. 
In the same manner, if radius is in the third term, the first i* 
to be subtracted from the second. 

133. Every species of right angled triangles may be sol- 
ved upon the principle, that the sides of similar triangles- 
are proportional, according to the two theorems mentioned 
above. There will be some advantages, however,, in giving 
the eromptea ia distinct classes. 



Digitized 



by Google 



TRIANGLES. ** 

There must be given, in a right angled triangle,. tw*<it the 
pwrt^ besides the right angle. (Art. 116.) These may be ; 

L The hypothenuse and an angle ; or 
2. The hypothenuse and a leg ; or 
-3. A leg and an angle ; or 
4. The two legs. 

Case!. 

i *a n:^„ f Th e hypothenuse, > . * A (The base and 
434. Given J ^ ^^ . j to find [ Perpendiculan 

Ex. 1. If the hypothenuse AC (Fig. 17.*) be 45 miles, 
and the angle at A 32° 20', what is the length of the base 
AB, and the perpendicular BC ? 

In this case, as sides only are required, any side may be 
made radius. (Art. 130.) 

If the hypothenuse be made radius, as in Fig. 14, BC will 
be the sine of A, and AB the sine of C, or the cosine of A. 
(Art. 121,) And if abc be a similar triangle, whose hypoth- 
enuse is equal to the tabular radius, be will be the tabular 
.sine of A, and ab the tabular sine of C. (Art. 124.) 

To find the perpendicular, then, by Theorem I, we have 
4his proportions 

. ae: AC ::bc :BC. 
Or R:AC::SinA:BC. 

Whenever -the terms Radius, Sine, Tangeat, &c. occur ia 
.a proportion like this, the tabular Radius, &c. is to be under- 
stood, as in arts. 126, 127. 

The numerical calculation, to find the length of BC, may 
be made, either by natural sines, or by logarithms. See 
;art. 13L 

By natural Sines. 
1 : 45:: 0.53484: 24.068 =BC. 

Computation by Logarithms. 

As Radius 10.00000 

To the hypothenuse 45 .1.65321 

So is the Sine of A 32° 20' 9.72823 



To the perpendicular 24.088 1.38144 



* The parts which are given are distinguished by a mark across the 
line, or at the opening of the angle, and the parts required, by a cipher. 
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Here, the logarithms of the second and third terms are 
added, and from the sum, the first term 10 is subtracted. 
(Art. 132.) The remainder is the logarithm of 24.06&=BC. 

Subtracting the angle at A from 90°, we have the angle at 
0=57° 40'. (Art. 116.) Then, to find the base AB • 

ac: AC nab: AB 
Or R;AC::SinC:AB 

By natural. Sines. 
1 : 45 : : 0.84495 : 38.023= AB 

Computation by Logarithms. 

As Radius 10.00000 

To the hypothenuse 45 1.65321 



tiyp 

s Si 



So is the Sine of C 57° 40' 9.92683 



To the base 38.023 1.58004 



Both the sides required are now found, byjttakmg the hy- 
pothenuse radius. The results here obtained; may be verified, 
oy making either of the other sides radius. 

If the base be made radius, as in Fig. 15, the perpendicu- 
lar will be the tangent, and the hypothenuse the secant of the 
angle at A. (Art. 122.) Then, 

Sec A:AC::R:AB 
>R:AB::Tan ArBC 

By making the arithmetical calculations, in these two pro- 
portions, the values of AB and BC will be found the same 
as before. 

. If the perpendicular be made radius, as in Fig. 16, AB will 
be the tangent, and AC the secant of the angle at C. Then, 

SecC:AC::R:BC 
R:BC::TanC:AB 

Ex. 2. If the hypothenuse of a right angled triangle be 
250 rods, and the angle at the base 46° 30'} what is the 
length of the base and perpendicular ? 

An* The base is 172.1 rods, and the perpendie. 181.95. 
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TMANGLE& •» 

C/A8K II. • I 

Ex. 1. If the hypothenuse (Fig. 18.) be 35 leagues, and 
the base 26; what is the length of the perpendicular, and the 
quantity of each of the acute angles? 

To find the angles it is necessary that one of the given 
sides be made radius. (Art. 130.) 

If the hypothenuse be radius, the base and perpendicular 
will be sines of their opposite angles. Then, by Theorem II; 

AC:R::AB:SinC 

As the hypothenuse 35 1.54407 

To radius 10.00000 

So is the base 26 1.41497 



. To the Sine of C 47° 58 J' 9.87090 

Here, the first term is subtracted from the third, after the 
index is increased by 10. (Art. 132.) The remainder is the 
logarithmic sine of 47° £8£' y which subtracted from 90°, 
gives the other acute angle 42° 1£'. 

Then to find the perpendicular by Theorem I ; 

R:AC::SinA:BC 

As Radius 10.00000 

To the hypothenuse 35 1.54407 

So is the Sine of A 42° U' 9.82572 



To the perpendicular 23.43 1.36979 

If the base be radius, the perpendicular wfll be tangent, 
and the hypothenuse secant of the angle at A. Then, 

AB:R::AC:SecA 
R:AB::TanA:BC 

In this example, where the hypotheimse and base are gir- 
en, the angles can not be found by making the perpert&iwUar 
radius. For to find an angle, a given side must be made ra- 
dius. (Art. 130.) .,.;.. 
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136. Ex. 2. If the hypolbennse (Fig. 19.) be 54 miles, 
and the perpendicular 48 miles, what are the angles, and the 
*base ? 

Making the hypotkenuse radius. 

ACrRrrBCsSinA 
R;AC::SinC:AB 

The numerical calculation will give A =62° 44', and 
AB=24.74. 

Making tjie perpendicular radius. 

BC:R::AC:SecC 
R:BC::TanC:AB 

The angles can not be found by making the base radius, 
when its length is not given. 

Case III. 

in* n:^ n S The angles, ) . - A (The hypothenuse, 

137. Given J ^ on | ^ J to find J And th f other leg . 

Ex. 1. If the base (Fig. 20,) be 60, and the angle at the 
*ase 47° 12', what is the length of the hypothenuse and the 
perpendicular ? 

In this case, as sides only are required, any side may be ra- 
<dius. 

Making the hypothenuse radius. 

SinC:AB::R:AC 

As the Sine of C 42° 48' 9.83310 

To the base 60 1.77815 

So is Radius 10. 



To 4he hypothenuse «8.3i 1.94600 

To find the perpendicular. 

R:AC::SinA:BC 

As Radius TO. 

To the hypothenuse 88.31 1.94600 

So is the Sine of A 47* 12' 9.86554 



To the perpendicular 64.8 1.31 154 
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Making the bate mdiua. 

R:AB::SecA:AC 
R:AB::TanA:BC 

Making the pirpendtcuiar radius, 

TanC:AB::R:BC 
R:BC:;SecC*AC 

T38. Ex. 2. If the perpendicular (Fig. 21.) be 74, an* 
the angle C 61° 27', what is the length of the base and the 
hypothenuse ? 

Making the AjfptrtAenttse radius. 

SinA:BC::R:AC 
R:AC::SinC:AB 

Making the base radius. 

TanA:BC::R:AB 
R:AB::Sec A:AC 

Making the perpendicular radius. , 

R:BC::SecC:AC 
R:BC;:TanC:AB 

The hypothenuse is 154.83 and the base 136. 

Case IV. 

tqh >: w *w $ Tlie base > mA \ t„ * n A f The hypothenuse, 
I3&. Given Jp^^j^ J to find J And ^g^ 

Ex. 1. If the base (Fig. 22,) be 284, and the perpendic- 
olar 192, what are the angles, and the hypothenuse ? 

In this case, one of the legs must be made radius, to find 
an. angle; because the hypothenuse is not given. 

Making the base radius. 

AB:R::BC:Tan A 

As the base 284 2.45332 

To radius * 10. 

So is the perpendicular 192 2.28330 



To the tangent of A 34° 4' 9.82998 
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: To Sad the hypothenuse. 

H:AB::SecA:AC 



As Radius 




10. 


To the base 


284 


2.453S& 


So is the Secant of A 


34«4' 


10.08177 



To the hypothenuse 34184 2.53509 

Making the perpendicular radius. 

BC:R::AB:TanC 
R:BC::SecC:AC 

Ex. 2. If the base' he 640, and the perpendicular 480, 
what are the angles and hypothenuse? 

Ans. The hypothenuse is 800, and the angle at the base 
36° 52' 12V v 

Examples for practice. 

1. Given the hypothenuse 68, and the angle at the base 

39° 17'; to find the base and perpendicular. 

2. Given the hypothenuse 850, and tne base 594, to find 

the angles, and the perpendicular. 

3. Given the hypothenuse 78 and perpendicular 57, to find 

the base, and the angles. 

4. Given the base 723, and the angle at the base 64 p 18', 

to find the hypothenuse and perpendicular. 

5. Given the perpendicular 632, and the angle at the base 

81° 36', to fold the hypothenuse and the base. 

6. Given the base 32, and the perpendicular 24, to find 

e, and the angles.* 

; solutions are all effected, by means of 
ints, and secants. But, when any two 
triangle are given, the third side may- 
aid of the trigonometrical tables, by 

the proposition, that the square of the hypothenuse is equal to 

the sum of the squares of the two perpendicular sides. (Euc. 

47.1.) 
If the legs be given, extracting the square root of the sum 

«f their squares, will give the hypothenuse. Or, if the hy- 

* See note F. 
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pothenuse and one leg be given, extracting the square root 
of the difference of the squares, will give the other leg. 



Let A = the hypothenuse 
athe perpendii 
sthe base 



ossthe perpendicular > of a right angled triangle. 
6=*thebase ) 

Then A 2 =& 2 +p 2 , or (Alg. 296.) A= V6 2 +j»* 

Bytransp. & 2 =A 2 — p 2 , or ft=a Vh* --p % 

And jp 2 =A 2 -J 2 , or p= Vh*' = 4* 

Ex. 1. If the base is 32, and the peipendicular 24, what 
is the hypothenuse ? 

The square of 32 is 1024 
of 24 is 576 

The sum of the squares is 1600 

The root of this sum is 40, the hypothenuse. 

2. If the hypothenuse is 100, and the base 80, what is the 
perpendicular? 

The square of 100 is 10000 
of 80 6400 



The difference of the squares is 3600 

The root of which is 60, the perpendicular. 

3. If the hypothenuse is 300, and the perpendicular 220, 
what is the base ? 

. Ans. 300* —220* =41600, the root of which is 204 nearly. 

141. It is generally most convenient 
of the squares by logarithms. But this 
subtraction. For subtraction, in logaritl 
ft.ce of division. (Art. 4L) If we subl 
A 2 from the logarithm of A 2 , we shall 
not of the difference of the squares, t 
There is, however, an indirect, thougl 
od, by which the difference of the 
tained by logarithms, It depends or 
the difference of the squares of two' < 

J 
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M RIGHT ANGLED* TRIANGLES. 

Ae product of the sum and difference of the quantities. (Alg- 
235,) Thus 

A*-6»=(A+A)x(A-6) 

as will be seen at once, by performing the multiplication; 
The two factors may be multiplied by adding their loga- 
rithms. Hence, 

142. To obtain the difference of the squares of two quanti* 
ties, add the logarithm of the sum of the quantities^ to the log' 
arithm of their difference. After the logarithm of the differ- 
ence of the squares is found ; the square root of this differ- 
ence is obtained, by dividing the logarithm by %. (Art 47.) 

Ex. 1. If the hypothenuse be 75 inches, and the base 45, 
what is the length or the perpendicular? 

. Sum of the given, aides 120 log. 2,07918 

Difference of do. 30 J.47712 



Dividing by 2)3.55630 
Side required Gft k77815 

2. If the hypothenuse is 135, and the perpendicular 108 f 

what is the length of the base ? Ans. 81. 
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SECTION IV. 



SOLUTIONS OF OBLIQUE ANGLED TRIANGLES. 



Art 14&. TH^' s ^ es an( * angles of oblique angled trian- 
■*■ gles may be calculated by the following the- 
orems. 

Theorem €. 

In any plane triangle, the sines of the angles are as their op- 
posite sides. 

Let the angles be denoted by the letters A, B, C, and their 
opposite sides by a, b, 6, aft in Fig. 23 and 24. From one 
of the angles, let the line p be drawn perpendicular to the 
opposite side. This will fall either within or without the tri- 
angle. • 

1. Let it fall within as in Fig. S3. Then, in the right an* 
gled triangles ACD and BCD, according to art. 126. 

R:6::SinA:p 
R:a::Sin B:p 

Here, the two extremes are the same in both proportions. 
The other four terms are, therefore, reciprocally proportion- 
al: (Alg..387 .*) that is, 

iz:&::Sin A: Sin B. 

2. Let the perpendicular^ fall without the triangle, as in 
Fig. 24. Then,*in the right angled triangles ACD and BCD; 

R:6::SinA:j? 
R : a : : Sin B :p 

Therefore as before, 

a:i::Sin A:SinB. 

Sin A is here put both for the sine of D AC, and far that 

*Euclid£S.5. 
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©f BAG. For, as one of these angles is the sappfcweA; of 
the other, they have the same sine. (Art. 90.) 

The sines which are mentioned here, and which are fised 
in calculation, are tabular sines. But the proportion will be 
the same, if the sine* be adapted to any ot^er radius. (Art.l 19.) 

Theorem II 

144. In a plane triangle, 

As the sum of any two of the sides, 
To their difference; 

So is the tangent of half the sum of the oppo- 
site angles, 
Xo the tangent of half their difference. 

Thus the silm of AB and AG (Fig. 25.) is to their differ- 
ence ; as the tangent of half the sutn of the angles ACB 
. and ABC, to the tangent of half their difference. 

Demonstration. ' 

Extend CA to G, making AG equal to AB; then CG is 
the sum of the two sides AB and AG. On AB, set off AD 
equal to AC; then BD is the difference of the sides AB and 
AC. 

The sum of thfetwo angles ACB and ABC, is equal to 
the sum of ACD and ADC; because each of these sufas is 
the supplement of CAD. (Art. 79.) But, as AC=AD by 
construction, the angle ADC = ACD. (Euc. 5. 1.) There- 
fore ACD is half the sum of ACB and ABC. As AB=AG; 
the ancle AGB=ABPotDRE. AfcoGCEor ACD=ADC 
=BDE. (Euc. 15. 1.) Therefore, in the triangles GCE 
and DBE, the two Remaining angles ' DEB and CEG are 
equal ; (Art. 79.) So that GE is perpendicular 'to BO. (Euc. 
Def. 10. 1.) If then CE is made radius, GE is the tangent 
M GCE, (Art. 84.) that is, the tangent, of , half the sum of the 
angles opposite to A3 and AC. 

If from the {greater of the two angles ACB and ABC, 
there be taken ACD their half sum ; the remaining angle 
ECB witt be their half difference. (Alg. 341.) The tangent 
of this angle, CE being radius, is EB, that is, the tangent of 
keif the difference *>f the angles opposite to AB and AC. We 
have then, 
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CGsdethe sum of the sides AB and AQ ; 

DB= their difference; 

GEssthe tangent «£ half tbe sum of the. opposite angles ; 

EB*=the tangent of half their difference^ 

But, by similar triangles, ! 

CG:DB::GE;EB Q. E. D. 

Theorem HI. 

145. If upon the longest side of a triangle, a perpendicu- 
lar be drawn from the opposite angle; 

As the longest side, 
To the sum of the two others ; 
So is the difference of the latter, 
To Ae difference of the segments made by the 
perpendicular. 

In the triangle ABC (Fig. 26.) if a perpendicular be 
drawn from C upon AB;. ^ 

AB:CB+CA::CB-CA:BP-PA* 

Demonstration. 

Describe a circle, on the centre C, and with the radius 
BC. Through A and C, draw the diameter LD, and extend 
BA to H. Than by Euc. 35, 3, . 

ABxAH=ALxAD * 

And conrerting the equation into a proportion, 

AB:AD::AL:AH 

But AD«CD+CA=CB+CA 
And AL=CL-CA*=CB-CA 
And AH=HP~PA^BP-PA (Ew< 3. 3.) 

If then, for the three last terms in the proportion,* we sub- 
stitute their equals, we have, 

AB:CB+CA::CB--CA:PB--PA ." .\. t 

146. It is to be observed, that the greater segment is next 
the greater side. If BC is greater than AC, (Pig. 26.) PB 
is geater than AP. With the radius AC* describe the arc 

* Sec note O. 
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W CfBUqUE ANB&ED > 

AN. The segment NP=AP. (Euc. 3. 3.) But BP is great- 
er than NP. 

147. The two segments are to each other, a* the tangents 
of the opposite angles, or the cotangents of the adjacent an- 
gles. For, in the right angled triangles ACP and BCP, 
{Fig. 26.) if CP be made radius, (Art. 126,) 

R:PC::TanACP:AP 
R:PC::TanBCP:BP 

Therefore, by equality of ratios, (Alg. 384.*) 

Tan ACP: AP::Tan BCP:BP 

That is, the segments are as the tangents of the opposite 
wangles. And the tangents of these angles are the cotangents 
of th& adjacent angles A and B. (Art. 89.) 

, Con The greater segment is opposite- to the greater an- 
gle. And of the angles at the base, the less is .next the 
grater side. If Br is .greater than AP, the angle BCP is 
greater than ACP; and II is less than A. (Art. 77.) 



148. To enable us to find the sides and angles of ^an ob- 
lique angled triangle, three of them must be given, (Art. 
414.) 

These may be* either 

1. Two angles and aside, or 

2. Two sides and an angle opposite one of them, or 
.& Two sides and the included angle, or 

4. The three sides. 

The two first of these cases are solved by theorem 4, 
$ArL 143.) the third by theorem H, (Art. 144.) and the 
fourth by theorem III, (Art. 145.) 

149. in making the calculations, it must be kept in mind, 
that the greater side is always opposite to the greater angle, 
(Euc. 18) 19. 1.) that there can be only one obtuse angle in a 
triangle, (Art 76.) and therefore, that the angles opposite to 
Ihe two least sides must be acute. 

* Euc. 11. s. 
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Case I. 

1501 Given, 
is* 
A side, 



Two angles, and ) . » A ( The remaining angle*,, and 
. . . K J to find J The other ^ J^\ 



The third angle is found, by merely subtracting the sum of 
&e two which are given* from 180°; (Art. 79.) 

"The sides are found, by stating, according to theorem I, 
the following proportion;. 

As the sine of the angle opposite the given side, 
To the length of the given side; 
Sp is the sine of the angle opposite the required side, 
* To the length of the required side. 

As a side is to be found, it is necessary to begin with a 
tabular number. 

Ex. 1. In the triangle ABC (Fig. 27.) the side b is given 
32 rods, the angle A 56° 20', and the angle C 49* 10', to 
find die angle B, and the sides a and c. 

The sum of the two given angles 56*20'+49*10'=a05*30'; 
which subtracted from 180 Q , leaves 74° 30' the angle B. 

Then, 

■»■■»»{£&: 

Calculation by logarithms. 

Affthe Sine of B 74* 30' a. c. O.0I609 

To the side b 32 1.50515 

So is the Sine of A 56* 20' 9.92027 



To the side a 


27.64 

74*30' 
32 
49* 10' 

25.13 


1.44151 

i 


As the Sine of B 

To the side b 

So is the Sine of C 


a. e. tf.01609 
1.50515 

9.87887 


To the side c 


1.40011 



The arithmetical complement used in the first term here, 
may be found, in the usual way, or by taking out the cosecant 
of the given angle, and rejecting 10 from the index. (Art.l 13.) 
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72 OBLIQUE ANGLED 

Ex. 2. Given the, side b 71, the angle A 107° 6', and the 
angle C 27° 40'; to find the angle B, and the sides a and c. 
The angle B is 45° 14'. Then 

q- r* x CSin A:ax=95.58 
SinB:6::J SinC:c=4643 

When one of the given angles is obtuse, as in this example, 
the sine of its supplement is to be taken from the tables. 
(Art. 99.) 



Case II. 



161. Given 



Two sides, and ) . - ■« ( The remaining side, and 
An opposite angle, ) \ The other two angles. 

One of the required angles is found, by beginning with a 
side, and, according to theorem I, stating the proportion, 

As the side opposite the given angle, 
To the sine of that angle ; 
So is the side opposite the required angle, 
To the sine of that angle. 

r The third angle is found, by subtracting the sum of the 
other two from 180°; and the remaining side is found, by 
the proportion in the preceding article. 

152. In this second case, if the side opposite to the given 
angle be shorter than the other given side, the solution will 
be ambiguous. Two different triangles may be formed, each 
of which will satisfy the conditions of the problem. 

Let the side 6, (Fig. 28.) the angle A, and the length of 
the side opposite this angle be given. With the latter for 
radius, (if it be shorter than 6J describe an arc, cutting the 
line AH in the points B and B'. The lines BC andB'C will 
be equal. So that, with the same data, there may be formed 
two different triangles, ABC and AB'C. 

There will be the same ambiguity in the numerical calcu- 
lation. The answer found by the proportion will be the sine 
of an angle. But this may be the sine, either of the acute 
angle AB'C, or of the obtuse angle ABC. For, BC be- 
ing equal to B'C, the angle CB'B is equal to CBB'. There- 
fore ABC, which is the supplement of CBB' is also the sup- 
plement of CB'B. But the sine of an angle is the same, as 
the sine of its supplement (Art. 90.) The result of the 
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CalcuktiOit will, therefore, bq ambigttyus* In practice, how- 
evc*f,'tftfefer will %M*»lft be* sime djrtfuto^afflte Whfch'WiU 
dtft&rrhiite wfcetHef tfitf an£fe l^quhjed fc aciite or obtu A. ; > 1 lt 
If the side opposite the ghtentiogte* be jorijrjr than IhcJ 
other given side^ tfc dMgtaw&ieh is subtended T>y the latter, 
will necessarily b$ acute. JFo* there cnrbcf but dne obtuse 
angle in a triangle, and this is always subtended by the long- 

etfta'^ ^> ■<■■'<" ^ 

^rmep^^l^l^fems^tlf* Af&i^ttWFw!*, 6f fctttfrsei: 
be acute. There can, therefore, be no ambiguity in the 'so- 
lution. 

^ Ex. 1. Given the angle* ' A{f% 28.) 35* 20', the oppo- 
site side a 50, and the side b 70; to find the repJunin^side, 

^Ihitftfi^ anp^posite to^ («rt. *«!;)'«' 'A 

As the side a 50 a. c. 8.30103 

To the Sine dfc A <"3S? fl# > : .< o J, 9l7«tl8 

So is the side b 7Q j!*^ t .jii i > lK >£j84ll0 

. ,:>[$."* h.)iii»jii»i udi *j;ii ><i<n> »hi? v !.*-*-«*— 

To the Sine of B' orB 54°3'0v^lite^56^'^i^OS5l 

J^CS^3'5d ; S 
>e lBme'lO" 

')H/ f,nn 'jha .-:■ ■i-,,-i,. ru nnvtiu l * n 

■il .f..?ft.*fe#4« Ml ill V.,®4»« *:- ..It - ' M*3«iT 

lP?Wf AM V»,l; ,i, nt; i.. •»!«, tilt U«H U h')"Vt i»i» <. <lq 

*d« >•• 'li..«iiil|LtCB«:5iSlh!C.vA» t tiMB*45J) i- t- ->U 
K 



Digitized 



by Google 



M OBLIQUE ANGLED 

Ek. £ Give* the angle at A 63« 35' {Fig. 29.) the safe' 
% W^and the side a T2; to fad the side e, and fhe.*ng}A & 
todC. ' .■•■.,. \ .- ■■ ..:.v- 

n:SihA::J:SmB=52«>4^^ : ' ?; "'" " 
Sia A: a : : Sb'CT; c«72.Q5. f , . 

, Tte sum of the angles A and B is 1 16* 20VSS' V** sup- 
plement of 'which 63^39* 35" is the attgte*C^ * « «' • 

In this example the solution is *## <t*ft£«Mft, tecawfce *dte 
side opposite the gjiven angle is longer than the other given 
side, 

Ex. $;> Inn triangle of rWhieh the urates ^reA^ Bt and C, 
aqd the ojroosite sides a, 6, aiwj c, as* before; if the angle A 
Be 121.° 4(r, the opposite side a 68 rods, and the side b '4ft 
jrods; what are the angles B ajid C„ and what is the length of ttie 
side c ? Ans. B is &5« 2' 4", C 22* IT W, *rtd * Bfc& * 

Itrthis examples; ateo, tfie tfhition is not ftjnbqQiouft iff* 
c au s e the given, angle is obtuse. 



Case fflt 



X ' 



453*. Given 

Two; sides, find >" t -. f The remaining side, ^pcf 
The included angle, > ( The other two angles. 

th tins' «ase, the anrifes are found bytfceortm H. <^&rt 
144'.)' Thfe required side may be found by theorem I. 

In making the solutions, it will be necessary to observe; 
that by dtfttfoeting the gives angle from 160°, the sum ef the 
other two angles is (bund f (Art; TO*) and; that adding, krif 
the difference of two quantities to their half sum gives the great" 
er quantity, aMmswatity the half 

sum gives the less* (Alfi^ 341,) Tfce letter proposition may 
be geometrically demonstrated thus;' 

Let AE {Fig. 32.) be the gteater of • tw* rapgiutiid*;, an<T 
BE the less. Bisect AB in I), and make AC eq)*l to BE. 
Then- ' '. -r .-•-,..; t -i 

^ .XB-is the sum of the two magnitudes; 
CE their difference ; •! 

DA or DB half their *um ;' 
DE or DC half their difference ; 
, *• ButDA+DEWAEth^j^^ft^illwk; .t ' 
AndDB-DttsBfi the fc*.> ! ; * ..•<«.** .,-... .. • 
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triangles: * Vs 

«.'i-. «»i'] ,.■':* .-.; {■'■■■■ ■ ) I :■■ .'• -... .,;; -v::< .'• /{ 

-' I «Riil.»<iIi.i A* trferf* A»C,'(Fijf. .3(h) % We A » 
.given 26* 14', the side 6 39, and the side c 53; to .find .th* 
juiglkp B and£, wm} the nde,a. ;% ^ « 

The«t»of the^ef&ande'fe • '■• rt+ftfc»«B, 

he sum of the fcaglea B. and -$»«eQ»-r9ft» 1A'=IS3* 46 
AdWb$t^«*tf&«id€»» ... .j , , 16^53 



^Chen, by theorem II, • 
^Ith^dramee.. • ;, W-fcV- .14 1.14613 

*«w*f teffi?*M t ' * . ! W+pV iv -*9 ; "., iQ<*326* 

>*»«©■<*£«« &f- •■' f."'|#^C l ).MI»8'»«ir' : >' 9*4§98 

'-.d( ". » .. •*• nil ■■ "Ml ' J 

To and from *e half Alh • ' % 76° 53' 

Adding and subtracting the half difference 33 8 50 

* ?, 1^6iaW^^ter^- " , ' '110 1 -«tf 



JiMnd*eda»*^ '.i. ^ ., , - * ...43. M # 

Sin IT ;«o sJ pm A:rf . . '* 

So k the Sine of A 26° 14' 9.6454* ,. : r 

To the side a 24,9*, . i : : J ?9682 

the side c 109; to find th$ w%lr^8l|iri<J4anA»f)^« «• 
9 is30r57|f, C m° 32f, and a 144.8. 
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J Cufc IV. 

154. Given the three sidfes, to find the angles. 

In this case, the solutions may be made, by drawing apetv 
pendicukr to the longest side, from the opposite angle* This 
will divide 4ke given triangle into two right angled triangles, 
The two segments, may be found by theorem HI.. (Art. 145.) 
There will then be given, in . each of the right angled trian- 
gles, the hypothenuse and one of the legs, from • which the 
angles may be determined, by rectangular trigonometry, 
(Art. 135,) . . . ..:>■. 

Ex, 1. In the triangle ABC (Fig. 31.) the side AB i* 39, 
AC 36, ami BC 27. What tteithe angles? , . , 

Let a perpendicular be drawn from C, dividing the long- 
est side AB kto the two segments AP and BP* TJiea by 
th e o r em III, 

AB:A€+B€::AC-BC:AP-BP 

As the longest side ~ 39 a. c. 8.40894 

To the sum of the two others 62 1.79239 

So is the difference^ the latter 8 0.90309 



To the diflerence of the segments 12.72 1.1044?. 

The greater of the twp segijaents is AP, because it is neit 
th£ side AC,' which is greater than BC. (Art. 146.) 

To and from half the sum<-of tkfe segments 19.5 

Adding and subtracting half their difference, (Art.153.) 6.36 

We have the greater segment AP 25.66 

And the less i BP 13.14 



Then, in each of the right angled triangles APC and BFC, 
we have given the hypothenuse and base ; and by art. 135, 

AC:R'::^P:Cos A =42* 21' $T ' 
BC : R : : BP ; Cos B=60* 52' *2" 
And subtracting the sum of the angles A and B froii) 
160°, we have the remaining angle ACB=76° 45' 21". 

Ex. 2. If the three sides of a triangle are 78, 96, and 
104; what are the angles f 

Ans. 45° 41' 48", 61? 43' 27", and 72° 34' 45"* 

* See note H. 
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Examples for Practice. 

J. Given the ancle A 54° 30', the angle B 63° IV, and the 

aide a 164 rods; to find the "angle C, and the sides i aAd c. 

2. : Given the angle A 4&+ 6' the opposite side a 93, and the 

side ft 108 ; to find thfe atogles B and C, and the side t. 

\ &* Given the angle A 67° 24', the opposite side a 62, and the 

•< * «de 6 46 ; to find the angles B and C, anil the side r. 

4. Given the angle A 127 Q 42', the opposite side a 381, and 
\ i the side 6 184 ; to find the angles B and C, and the side c. 

5. Given the side & 58, the side c 67, and the included arigle 
*.' A*=36°; *to find the ancles B and C, and the-side a. 

6. .Given the three sides, 631, 268, and 546 ; to find Che angfa, 

'. > 

1&6. The three theorems demonstrated m this aectkfti, 
have been here applied to obUque angled trianglda curly. But 
they are equally applicable to right angled triangles. 

. TJws, in the triangle ABC, (Fig. J 7.) according to theo- 
rem!, (Art. 143.) 

\ SinB:AC::SinAiBC 

This is the same proportion as one stated in art. ,134* ex- 
cept that, in the first term here, the sine of B is substituted 
for radius. But, as B is 3. right angle, its sine is equal to radi* 
JHh(^9&) , :•- ... 

Again, m.the triangle ABC, (Fig. 21.) by the same theo- 
rem; 

SinA:BC::SinC:AB 

This is also one of the proportions in rectangular trigo- 
nometry, when the hypotheiiuse is made radius. i 
". t Tfhe other two theorems might he applied to the solution 
" .of right angled triangles. But, when one of the angles is 
knovm to be a right angle, the methods explained in the pre- 
jraeiing section, are much nope* simple in practice.* 

* For the application of Trigonometry to the Mensuration of Heights 
jtnd Distances, see Navigation and Surveying, 
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GEOMETRICAL CONSTRUCTION OF TRUSS-".! 
QVSS, Hy THE PLANE SCALE** - , 



Axr 156 TPO facifitate the coftstrtfctton of geometrical 
^ * figures, a nfumber of graduated bpcs lure pot 

tipon the cbfflraon too feet scale; one rid* ttf^hjeh ircaft* 
«d the PftmeS&rfe, Mid <he other side, Gmtert fikwto. Thfe 
most important f oP thdse are this xc^srt emdpwtSjmi 
the lihe of dtonfi: Ifl'Jbrmrag' * givei triangle, or injr ath* 
«e* right lined figure,' the parts Which mttst be,nfc^4o wretf 
*fth'tfei4 eonditi6ns -proposed, are ' the $**, and thfc vngfatt 
For the former, a scale of e^ipd "parte ka^ed 1 ? ferthafctttt; 
a feitf of 'Ah4. ! ; ' ■ *" '/.;..■'',(•■,; 

* 157. T&a Ii*e on the uppfer sid* of the pltfne 6<*lfc,;fa *• 
tWefl into tndlet dztdtotrAt of an itich* Blnftath lAb, on the 
left haiitd, are two dkqgmdit scales fcfkqutfl parts* dividedm* 
to inches ai\d half inches, by "p«rpettdfecwir'*Hnes.' »Ob tfafe 
larger sealfe, 6mV d'f the irtches is divided tato teMtis^ *bjr Kndt 
which pass bblijudy across, so ^ toint^rseevtb^bimllfilmea 
which run from right to left: The use of the *IHicfa*'liiies is 
tfrmVairtire hundredth* of a*Hrieh,by mrifaiiftg* more and! 
snore to the rffrhti fes><hejr cftate each of the parallel*- f - 

To take off; for instance, a&extent ^e£ 3<ilrtKe9,' 4 twitlM, 
and 6 hm*fcfe&ths*j ^i'V" 3 ^ '"^- ■ "" ■•*' 

' Ptaqe *n<» fobt ¥>f -file cdttphsftb tt thfc**Mfcrt*<*iofl of tk*» 
pefpenfdictfarlmfe marked 3 toJ&ttatttMIM ttne'nt*i*wl .%< 
and the oth«*r foot at the mtereeetfcm -*f the Iatt*fr ; arkh the? 
oblique tine marked 4. " *'" - J '•"■ * ' ':.» -*' >* ■.■• ; ^ . > 

The other ffiagfenai scale 'is aflttle same mtttufe, <fEh* 4M 
visions are smaller, and qre numbered fro nrf left J to right. *.■♦ 

158. In geotaeta'oar^tostrucitions* wmtt i* ©Hen Ve«4ir*d f 
is to make a %**re, nbt e^dTfo'a giveti ont,'%uttttity «teif: ( 
Wow figure* are ^taila*" which l&te 6qiM idi^teij'tinid^he 

*l%cte Ihi^ am:*otii^iiM^(8MilDUh« ptatc^t* tb*1fttaier1sJfUp<i 
giosed to hare the scale before him. 
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of triangles: •» 

sides about the equal angles proportional. (Euc. Def. I. 6.) 
Thus a land surveyor, in plotting a field, mates the several 
lines in his plan to have the same proportion to each other, 
as the sides of the field., , IfofV^ jn§rpose,a scale of equal 
parts may be used, of any dimensions whatever. If the sides 
of the field are 2, 5, 7, and 10 rods, and the lines inihe plan 
are 2, 5, 7/ and 10 inches, and if the angles are the same m 
each, the figures are similar. One is a- copy of the other, up- 
on afsmallir &de. * l \ } *' : '; /l4 * Mi! :.i<" ? . ** 

So any tw^MgMtlined^'ksWe sirfjaar,'^^ angles are 
the same in both, and if the number of smaller parts in each 
side of one, is equal to the number of larger parts in the cor- 
fBaponding.jsides.ofith^crtb^^ Tk^sevf>ml divisions on the 
scnta-of ^ifatf^tk^pf^the^^tbe tfowd*ed as J repi^ 
siting 4t*f eieasvutos Qilength, aaifcc^jpfo miles, &W. Alt 
that is imc*$s»ry is,,Aat:,^ ^le»,[b^. npt,.changed, inf the* 
tdostmeUpU i)f the J*fc»e $gprQ» and tfcat tl>e several divis* 
kto aotl wbdivistftt}* tef$qp^fr, {Proportioned ta each qthejy 
K>lh* iafl^r^kisio*^ $n .jtfo idiagopal §c^e, we un^U^ the, 
waller wiM 4*e ..feti$l&#iid - Jtypdpfft^. (l If ^.Jaijgf r, W* 

1^9. In laying dowa an angle, of a givea^ippbe?, o$ jflpf. 

efianapglt & an art of a cir^le^, (Jir^ 7^}, , And the m 
surd of i afl tep* whfcrc thQ. x^4p i* j&MVh. w its ,<?ior<i, Fo* 
thedfeerd is tbedist^nq^ j^ f a rtf aighf %e^ fioqi one ei$ of 
tbearata Jfce oi^r* $hus «msc|kk4 ^B {^,,^ia« 
measuF&Ql fhe^ ADB^i>4^thfr;iv«gJ^^vflr .? ,! ,;<i... 
. 3Gafo«m;the Jjffc qf cAorrf% a Q?qle.; is d^V^i^d,,and }M 
lengths* 4tt ksj.ph^^s , tfet^^sifiAd; . for \Wiy ^egt^af tlii 
auadranjt*' 5 ^Fhf sf^ #)$&!&&§ ^jHtt,ffMfoi>l^Fci4^A* 

16a The chord «f 60 Q "is equal to VtuZwi ,(£fft 4 #&|) j) ffo 

taiCOim tforiiH^ *Mh^ q\1 tfo 

scale, two lines of chords. Either of jif^j^yjbp tWetlp 
bift tb^^n^^iii^Jt^jn^Sfur^d.b^^ !*#>$&£ fym wid* 
thtrafltftiftfttopfc, „• t, ,... ■. ,. t )u; l»i; .■ .i^.-v , ,, . , ;> , ,.. 
:»l€tl).vT^: JMm jm #^Ffe»' tbiWf^iOiC- AijfSn^ 1 . WWabfW of ? .de- 
gmst >>oia. ( *n$ .^ •<* a-^Wght ljae as a oentr$ r a^d 
vtjth a mdiUB ?qi|al p^ tJje.JGfrprdo^ 60* qq the line <rf cbojr^V 
describe an arc of a circle cutting the.straight line. From the 
point of ,mtamQti9ik*Mi#Mktbmfib^^ number 
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of ^fe^ v 4^j^#e ftffcpr. ^t?tfnfcjr t^.t^w^w^: 
though, the* f\'4ce\^. meeting, draw the plther. line fyom the. , 
the fingpW $*oinfc ; ••■»...,' ^ .. ,, * ; » 

if tbQ.ggf^i $n^ js^iwSjtake froi» the scale the chprd. : 
ot.kfllf tb£ i^upftfefcp o^degjegs^and* appty. it ft^ce, to the u * 
tire*. , %{m£k>fc,use.Qf 1foe i cJto*ds.o£ ; a#y,twij ,arcf whose mm, 1 
ispqustf to tiiie given number 6;f degrees, , f / , ; , ;. r 

A right angle may be constructed, by drawing a perp!Bp w *• 

$1?;., K iTo.make aiiangla of, 32 degrees',, (Fig. 3&) With? t 
thepbi$f*C, Jn the Jjnp. CB, jbr a c^re,,afld with.the cboxft^ 
of 60° for radius,' describe the arc ADF. Extend the chord {| 
of.-3$f* fconpor^-to.Pj ,and tbjmigfc B, .draw % ,lhye BjC. ' 

£». T^ ; ipak;^f^a»gle.of, ^W de^es v (F*ig..3&) Qnth^p 
line CH, with the chord of 60 a , describe the arc jAJOF;,andj ;% 
extend the chord of 70° from A to D, and from D to B. The 
are ADB=70*x2=I40°. 

On the other band, 

1G2. To measure an angle; On the angular point as & 
centre, and with the chord of 60° for radius, describe an arc 
towtifjftk* too faesMilfeieft include tfa •aKttte. »Th« *Kst&aqef 
bativ«en;ltei.puinte^ «f iinfceisftqfon; i^fSWcb ta the line of., 
chocda* wSJligis^ l ihe'»BMewBr»« ^*fce?.w^*&r deguees. K,: 
thri*Q«gfefete <Ato€pittriite'tb«it^iiftt»Wa^tt^i * . > 

dBt.,B (To > measure 4fce to^;-AiGBi.'(Jp1g. 33i> Des-s 
cribe the arc ABF -cuttn^^fur^ vtEhe-di*?.: 

ta«B* 4IJ wiiLexteiid 3a p oh.thefe of chords. • 

2. To.naeaBtiBe.theangJb ACB;ii(Eig.{34.) Divide the . 
ana ADB vtfb jCwa parts* esftec:eqtial ot *i*wwpkl, and mea- 
sim eadb^art^ by appLyingfcidmpdfto th&fccale* The.suni . 

163. Besides the lines of chords, and of equal parts, w • 
thfe pbm solde ;T there ^areabo i$bete<o*f aaitural wtefe, tangents, 
aorfjjaMaBf^v tcarked^io. Taaft'&'S&c. *>£ stfrn^at^ak mark*, 
ed S. T. of longitude toaufcedXiob^r M. L, df U4w«ife , m4rk- 
etlnRhiii arjRAm. &fc. These are not rfecossaiy in iri^ono- 
nie^alxori^Uctknjs*' f&ojfce? rf,tiae«fttare? i»0d;ifi .Jfav^gat 
tidxl;lftod lomeroft themi i« the jaro^ptions.^of the ftpbercy ». r 

4B4j: Jb^ JNkliga&BvtiK ^di&nt^.instfe^ af ^itiggraihK 
atttl inKhe usual manner is divided oafey eight portions, calK. 
ed Rhumbs. The Rhumb /me,on the scale, is a line of chorda, r 
dividml'ihtoirhiHBbs faBd l quirter^rlmn7b&, irj5tead of degrees. 

165- The line of Longitude is intended to show the. numr 

1i 
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bet of geographical miles in a degree of longitude, at differ* 
ent distances from the equator, ft is placed over the line of 
chords, with the numbers in an inverted order : so that the 
figure above shows the length of a degree of longitude, in 
any latitude denoted by the figure below*. Thus at the equa- 
tor, where the latitude is 0, a degree of longitude is 60 geo- 
graphical miles. In latitude 40, it is 46 miles ; in latitude 60, 
30 miles, Sic. 

166. The graduation on the line of secants begins where 
the line of sines ends. For the greatest sine is only equal 
to radius; but the secant of the least arc is greater man ra- 
dius. 

167. The semitcmgents are the tangents of half the given 
arcs. Thus the semitangent of 20° is the tangent of 10 p : 
The line of semitangents is used in one of the projections 
of the sphere. 



168. In the construction of triangles, the sides and angles 
which are given are laid down according to the directions in 
arts. 158, 161. The parts required are then measured, accor- 
ding to arts. 158, 162. The following problems correspond with 
the four cases of oblique angled triangles; (Art. 148.) but 
are equally adapted to right angled triangles. 

169. Pros. I. The angles and one stde of a triangle be- 
inegiven ; to find, by construction, the other two*sides. 

Dras^the given side. From the ends of it, lay off two 
of the given angles. Extend the other sides till they in- 
tersect; and then measure their lengths, on a scale of equal 
parts. . * \ 

Ex. 1. Given the side 6 32 rods, (Fig. 27.) the angle A 
56* 20', and the angle C 40° 10' ; to construct the triangle* 
and find the lengths of the sides a and c. 

From a scale of equal parts, make J =32, With the Ikie 
of chords, make, at one end of' 6, an angle of 56° 20', and 
at the other end, an angle of 49* 10'. From A and C, 
draw the lines a and c, till they meet in B. Their lengths, 
on the same scale from which b was 'taken, will be 25 
and flr». 

2. /In a right angled triangle, (Fig. 17.) given the hypoth- ' 

* Sometimes the line of longitude is placed under the line or chords. 
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enas* 98, ttod the jangle A 32° 20', to find the base ,*ndf*r~ 
pendicular. 

Draw the hypothenuse, and make the angle A equal ter 
32° 20'. Extend AB indefinitely, and make the *ngle C 
equal to the complement of A ; or let fall a perpendicular 
from C upon AB. (Euc. 12. 1.) The length of AB wiU be. 
76, of BC 48. 

3. Given4he side AC 68, the angle A 124°, and the aft; 
gle C 37° ; to construct the triangle. 

170. P&ob. II. Two tides and an opposite angle being; 
given, to find the remaining side, and the other two an* 
gles. 

Draw one of the given sides ; from one end of it, lay off 
the given angle ; and extend a line indefinitely, for the re- 
quired side. From the other end of the first side, with the 
remaining given side for radius, describe an arc cutting tb# 
indefinite line. The point of intersection will be the end $f 
the required side. / . 

If the side opposite the given angle be less than the .other 
given side, the case will be ambiguous. (Art* 152.) 

Ex. 1. Given the angle A 63* 35' (Fig. 29.) the siifc 
b 32, and the side a 36. 

Draw the side b 32, make the angle A 63° 35', and extend 
AB indefinitely. From C, with 36 for radius, d&eribe an 
arc cutting the indefinite line in B, and draw the side<* front' 
B to C. The side AB will be 36 nearly, the angle B 
52°45*'andC63°39£'. 

2. Given the angle A (Fig. 28.) 35* 20'; the opposite 
side a 25, and the side b 35. 

Draw the side b 35, make the angle A 35° 20' and extend 
AH indefinitely. From C, with radigs 25, describe an am 
cutting AH in B and B . Draw CB and CB', and two tri- 
angles will be formed, ABC and ABC, each corresponding 
with the conditions of the problem. 

, 3. Given the angle A 1 16°, the opposite side a 36, and the 
side b 26 ; to construct the triangle. 

171. Prob. III. Two sides and the included angle being 
given ; to find the other side and angles* 

Draw one of the given sides. From one end of it, lay *ff 
the given angle, And draw the other given side. Then con? 
nect the extremities of this and the first line. 

Ex. 1. Given the angle A (Fig. 30.) 26° 14', the side b 
78, and the side c 106 ; to find B, C, and a. 
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' ' tlrawtlie side c 106, at A make an angle of 26* 14^, clraw 
b 78, and connect B and C. The s\de a will be 50, the angle 
B 43° 44', and C 110*2'. 
' 2. Given A 86°, 4 65, and c 63 ; to find B, C, and a.- 

172. Prob. IV. The three sidte being given; to find 
the angles. 

Draw one of the sides, and firom one end of it, with an ex- 
tent equal to the second side, describe an arc. From the 
other end, with an extent equal to the third side, describe a 
second arc cutting the first; and from the point of intersec- 
tion, draw the two sides. (Euc. 22. 1.) 

Ex. 1. Given AB (Fig. 31.) 78, A€ 70, and BC 54 ; to 
find the angles.* 

Draw Afi 78, and from A as a centre, with 70 for radius, 
describe an arc. From B as a centre, with 54 for radius, 
^escribe another arc cutting the first in C ; and from C lav 
the extremities of AB, draw GA and CB. The angles will- 
be A 42° 22', B 60* 52'f , and C 76° 45'|. 

2. Given the three sides 58, 39, and 46; to find the angles. 

173. Any right lined figure whatever, whose sides- ancf an- 
gles are given, may be constructed^ by laying down the sides 
from a scale of equal parts, and the angles from a line of 
chords. 

Ex. Given the sides AB (Fig. 35.) =20, BC=22, CD= 
Sfc DE=12; and the angles B=102°, C = 130°, D=10S°, 
to construct thfe figure. 

Draw the side AB=20, make the angle B=102°, draw 
BC=22, make 0=130*, draw CD =30, make D= 108°, 
<jraw DE=12, and connect E and A. 

The last line EA may be measured on the scale of equal 
parts; and the angles E and A, by a line of chords. 
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SECTION VI. 



DESCRIPTION AND USE OF GUNTER's SCALE. 



A*r- 174 A^ expeditions method of solving the prob- 
» • * ♦ A j ems j n trigonometry, and making other log- 
arithmic calculations, in a mechanical way, ftas oeen con- 
trived by Mr. Edmund Gunter. The logarithms of numbers, 
of sines, tangents, &c. ate represented by lints. By means 
of these, multiplication, division, the rule of three, involu- 
tion, evolution, &c. may be performed • much more rapidly, 
than in the usual method by figures. * 

The logarithmic lines are generally placed on one ^de 
only of the scale in commoij use. They are, 
A line of artificl Sines div'd into Rkkmbs, and marked S. R. 
A line of artificial Tangents,' do. T;'R. 

'A line of the logarithms of numbers^ - ■ • Nam. 

A line of artificial Sines, to every degree, ' ' SIN. 

A line of artificial Tangents, ' do. ♦ • TAN. 

Aline 4 of Versed' Sines, l : * .V. S. 

To these are added a line' of eqittd parts, briA a line of 
'Meridional Parts, which are not logarithmic. The litter is 
used in Navigation. •*.,■••.-> 

*■ * ■ ■■ • . . t « 

* 7%e Line of Numbers. • * * 

" 1*75. Portions of tfce line of Numbers, are intended to rep- 
resent the logarithm of the natural series of numbers ft, 3, 
4, 5, &c. •* ...... 'i ■ ... # 

• • The logarithms of 10, tQfy 1000, &e* a*e 1, % 3, &c. 

XArt.3.) ■••--. • ..♦.■./ 

If then, the log. of 10 be represented by k line of 1 4bot 
; ' • ' the log. of ¥00 mil be repres'd by one Of 2 feet 

' ■ ; th<* log. of 1TO0 by one tf Sfeet, 

the teft^hs of the sevetal lines being proportional to the eor- 
responding logarithms in the tables.. Portions of. a foot will 
represent the logarithms of numbers; between 1 and 10; 
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and portions of a line 2 feet long, the logarithms of num- 
bers between 1 and 100. 

On Gunter's scate*, the line of the logarithms of number* 
begins at a brass pin on the left, and the divisions are num- 
bered 1, 2, 3,&c. to another pin near the middle. From this, 
the numbers are repeated, 2, 3, 4, &c. which may be read 
20, 30, 40, &c. The logarithms of numbers between 1 ami 
r Jft are represented by portions of the fitf* half of the lipe; 
and the logarithms of numbers between 10 and 100, by por- 
tions greater than half the line, and less than the whole. 
,i . 17& The lojgaritibjp of J, which is 0, -is .denoted, not by 
.any extent of line, but by a point under 1, at the commence- 
,.,j«eat of the scale. The distances from this point to differ- 
ent pai^s of the line, represent other logarithms,, of which 
JJB& figure* placed oyer tae several divisions are the natural 
v MVfnber&. , For the intervening logarithms, the. intervals be- 
• tween the figures^ are divided into tenths, and sometimes in- 
to smaller portions. On the rigjht hand half of the scale, as 
the, divisions which are numbered are few, .the subdivisions 
are units. 

Ex. 1. To take frofh. the scale the logarithm of 3.6 ;. set 

t ege foot of the compasses under 1 at the beginning of the 

. w?ale, and extend the other to the 6th divisign after the just 

figure 3. 
' .. & For the logarithm of 47.; e&trod from 1 at the begin- 
-* nkig, to the 7th subdivision after the second figure 4.* 
. *J77. It will b$ f observed, tb$t the divisions apd subdivis- 
ion.*- decrease, from, left to right; as in the tables of loga- 
rithms, the differences decrease. The difference between 
the logarithms of 10 and 100 is no greater, than the differ- 
ence between the logarithms of 1 and 10. 

178. The line of numbers, as it has been here explained, 

.;^u*»©hes the logarithms of *11 ,»un&ers.b#«*$n<l a*fl 100. 

, . And if the wdie&et the logarithms he negie-cted, the. same 

scale may answer for all numbers whatever. For the, de- 

jcinwl part of tbeJogijrithi* of wy v,uwhev h itye. same, as 

that of the number multiplied or divided by 10,. 100*- &c. 

: •.(Aik.M*)*,, Ja logarithms ^alqulaiions, the use of the indi- 

i -tot* is .to determine the, distnnae ofi the several figures of the 

- j ^riaturtd numbers from the place of uwts. (ApU 11.) But in 

i.th^e ^a^ftmw^i^the.logSkrithiBic; line is commonly used, 

' ' "' *ltf fhe compassed will not reach the df&ahce tequfced ? first flpen 
' * thetataadt* take off ketlfi or any part of: the distance, aad ten the 
remaining part. 
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k wiS ootgetieisaH^ he diffictdt to. determine tfee local? value 
«f the figures in the result. 

,. 1 79. We may, therefore, consider the point under 1 at the 
left haod^ as representing the logarithm of l,or 10, or 100$' 
or -^ ot T ^ &c» for the decimal part of the logarithm, of 
each of these is 0. But if the first 1 is reckoned 10, aH the 
succeeding numbers, must also be increased in a tenfold ra- 
tio-,; so as to read, on the first half of the line, 20, 30, 40^ 
to^and on the other half, 260,300, &c 

. The whole extent of the logarithmic line, 
is? from 1 to 100, or from 0.1 to 10, 

or from 10 to 1000, or from 0.01 to 1, 

orfrom 100 to 10000, &c or from 0.001 to 0.1, &c. 

Different values may, on different occasions, be assigned to 
Ike several numbers and subdivisions marked on this line. 
But for any one calculation, the value must remain -the same. 

<Eau Take from the scale 365. 

•lAs this number is between 10 and 1000, let the 1 at the' 
teginaingrof the scale^ be reckoned 10. Then, from tfab 
pflint tp the second 3 is 300 ; to the 6th dividing stroke is»' 
life; and half way from this to the next stroke is 5. 

• 180. Multiplication, division, &c. are performed ' by the 
Mfc* of numbers^ on the same principle, as. by common loga- 
rithms. Thus* 

To nmttipty by thk line, add the logarithms of the two 
factors ; (Art. 37.) that is, take ofi* with the compasses, that 
length of line which represents the -logarithm of one of the 
factors, and apply this so as to extend forward from the end- 
©£ that which represents the logarithm of the other factor. 
The sum of the two will reach to the end of the line repre- 
senting the logarithm of the product. 

Ex. Multiply 9 into 8* The exlent from 1 to 8, added 
to that from 1 to 9, will be equal to the extent' from 1 to -W . 
die product. 

181. Tp divi&s by the logarithmic Ifee, subtract the loga- 
rithm of the divisor from that of the dividend; (Art. 4L) T '' 
that is, take off the logarithm of the divisor, and this extent 
set back. from the end of the logarithm of the dividend, wiH * 
fegich to the logarithm of the quotient. 

.Ex. Divide 42 by 7. Thfe extent from 1 to 7> set back 
torn 42> will reach to 6 the quotient. 

182. Involution is performed in logarithms, by multiplying 
the logarithm of the quantity into the index of the power; 
(Art 45.) that is, by repeating the logarithm*, as many times 
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as tl^re are unite in the index. To idroive a qantftjr an*** 
scale, then, take in the compasses the linear logarithm, ami 
4oubk it j treble it, #** according to the index of the propos- 
ed power. ... 

Ex. 1, Required the square of 9. Extend the compas- 
ses from 1 to 9. Twice this extent wiH reach to 81 <th* 
square. ■ \r * 

2. Required the cube of 4. The extent from 1 to 4*90*? , 
peajed three time*, will reach to 64 the cube of 4. 

183. On the other band, .to perform evolution <m the scale; 
take half, one third, fyc. of the logarithm of the quantity, ac- 
cording to the inclex/of the proposed root. 

E#. 1. Required the square root of 49. Hcdf the ex- 
tent from 1 to 49, will reach from 1 to 7 the root. 

£. Required the cube root of 27. One third the distance 
from 1 to 27, will es&end from 1 to 3 the root. > 

184. The Rule of Three may be performed on the scale, 
In die saute, manner as in logarithms, by adding the tw&f&id- 
#e *erms, and fwmjr .the mm, subtracting the first termv 
(Art fiSL) But it«s more, convenient in practice to begin bf 
subtracting the first teem from one of the ethers. - 'if four 
quantities are proportional, the quotient of the first divided 
by the second, is equal to the quotient of the third difidarf 
by. the fourth. (Alg. 364.) 

a ' c a ' b 

Thus if a : l : : c : d, then -r =-t, and — =-j" (Alg. 3S0.) . • 

But in logarithms, subtraction -takes the place of division 1 : 1 
so that, 

log.** -*4og. &rrrteg.« -*log. 4: Or log. a —log. c=Iog. b *-log.<C 
Hence; • * •' 

186. On the scale, tlmSfferencebeii&eeniftejir^t and second 
terms of a proportion, is equal io the difference between the third 
and fourth. Or, the difference between the first and tliinf 
terms, is equal to the difference between the second and fourtli. 

The difference between the two terms is taken, by extend- 
ing the compasses from one 'to the other, ff the second 
term' be greater than the first; the fourth must be greater 
than. tile third; if less, less. (Alg. 395.*} Therefore if the; 
compasses extend forward front Teft to right; that is, from a" 
less number to a greater,- from the first term to the second; 
they must also extend forward from the third to the fourth. 
But if they extend backward, from the first term to the se<! r 

„..-. *fc«c. 14. 5*. • ' * 
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ond, they must extend the same way, from the thhrd to the 
fourth. 

Ex. I. In the proportion 3:8 :: 12:32, the extent from 
3 to 8, will reach from 12 to 32 : Or, the extent from 3 to 
13> will reach from 8 to 32. 

% If 54 yards of ekrth cost 48 dollars, what will 18 yatds 
cost? 54:48:: 18:16 

The extent from 54 to 48, will reach backwards from 18 

to le. 

3. If 63 gallons of wine cost 81 dollars, what will 35 gal-' 
Ions qost ? 63 : 81 : : 35 : 45 

The extent from 63 to 81, will reach from 35 to 45. 

The Line of Sines* 

186. The line on Gunter's scale-marked SIN. is a line of 
logarithmic aiaes, made to correspond with the line of np- 
bers. The whole extent of the line of numbers, (Art 179.) 
is from 1 to 100, whose logs, are 0.00000 and 2.00000, 
orfeom 10 to 1060, whose logs, are 1.00000 and 3.00000, 
of fcom 100 to 10000, whose Ws. are 2.00000 4.00000, . 
the difference of the indices of the two extreme logarithms 
being in each caae & • 4 - 

Now the logarithmic sine of 0° 34' 22" 41 i* 6.00000 
And the sine of 90° (Art. 9S.) is 10.00000 

Here also, the difference of the indices is 2. If then the 

Eoint directly beneath one extremity of the line of numbers, 
e marked for the sine of 0° 34' 22" 41"'; and the point 
beneath the other extremity, for the sine ef 90°; the inter- 
val may furnish the intermediate sines; the divisions on it be- 
ing* made to correspond with the decimal part of the loga- 
rithmic sines in the tables.* 

The first dividing stroke in the line of Sines is generally 
at 0° 40', a little farther to the right than the beginning df 
the line of Numbers. The next<imEion is at 0* 50'; then 
begins the numbering of the degrees, 1, 2, 3, 4, &c. from left 
to right. . 

*To represent the sines few than S4' 2fi" 41 '", the scale moat be 
extended en the left indefinitely. For, as the sine of an arc approach- 
es to 0, its logarithm, which is negative, increases without limit. 
(Art. 15.) 
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GUNTHR's SCALE. 89 

The line of Tangents. 

. 187. The first 45 degrees on this line are numbered from, 
left to right* nearly in the same manner as on the line of 
Sines. f * *' ' 

The logarithmic tangent of 0° 34' 22" 35'" is 6.06000 *' 
And the tangent of 45°, (Art. 95.) is 10.00000 * 

The difference of the indices being 3, 45 degrees wiR 
teach to the end of the line* For those above 45°, the- 
scale ought to be continued much farther to the tight;* But, 
as this would be inconvenient, the numbering of the degrAas, 
after reaching 45, is tarried .back from right to left. The 
same dividing stroke answers for an arc and its complement) 
ene above and the other below 45 <\ For* (Art.93. Propor.9*) 

tan:R::R:cot 

In logarithms, therefore; (Art. 194>) 

... • . . .t^n-rB^R^cot i 



■ /Firttt is, tb* tiffetfaee* between the totagent «nd radios is 
eiid to the dttfetoticc between radius and thfe cotangent ; hi 
other words, one is as much greater than the tangent of 45 p , . 
tos the other is less* In taking* then, the tangent of an arc 
greater than 45*, we &reto suppose the distance between ■ 
46 ahdthe- division marked With die given number of de- 
grees, to be added to the whole line, in the same inanriejr<a» • 
if the Ktte were continued out; ' In working 'poaportfen*, ex- 
tending the 1 compasses back, from the tartgettt if 46 ft, wtist 
be considered -the same as carrying them forisardki othtr 
coses* -See art. i8& 

...■■. : ■:.;■-.! ■• • , ■ -. , , . ...J 

»'■ ... :> Ttigbnoto&r^^ ;i 

188. IiJ wocki^ pf oportiom in trigonometry by the scale j sl 
the extent from the first term to the middle term of the sam^> 
mm*, mil v#afil\ from, the, other middle term tq th? fourth tqrm. 

jvln a. trigonometrical proportion, two of the tepms arp thfl{ f 
lengttaol.sidet of (bet give» triangle * and the otbprjw^aj^n' 
tabular sines, tangents, &c. The former are to be tak^n^ 
from the line of numbers ; the latter, from the lines of log- 
arithmic stfuu and tangents. If one of the terms is **€#$*> 
the' calculation can&o^be made on the scfele, which has cent* > 
morily "no line of secants, R mtist be kept in mind that ra*\ 

M 



Digitized Joy 



Google 



dius i^ equal to the sine of 90°, or to the tangent of 45*? 
(Art. 95.) Thewfore, whenever radius is a town in thfe<pro- 
portiony one foot of thfe compasses* must* b? set ori thie cndirf 
the lirie of sine* OT'of tangents. -> 

189$ fkfr folio^mg examplfe*«re taken <fr<waa the propor- 
tion* which hirre already been solved by numerical calcrfsK 

E*. I. In Case I of right angled triangles, (Art-lftk ex.1.) 

R:45::Sin3fc* 20:24 

Here thte ththl term is a *ine; the first term radius is, there- 
fore, to be considered as the sine of 90*; Then the extent 
from 90* to 32° 20'- oii the line of sines, will seach from 45 
to 24 on the line of numbers. As the compasses are set 
back from 90° to 32**20''; they must also* be set back fron* 
45. (Art; 185.) 

2. In the same case, if the base be made radius, (Page 60.)> 

R f 38 : : Tan 32* 20' : 24 

Here, as the third term is a tangent, the first terta radius is 
to be considered the tangent of 45°. Then the extent from 
45° to 32* 20' on the line of tangents, wilt reach from 39 to 
24 on the line of numbers. 

3. If the perpendicular be niade radius, (Page 60.) 

R: 24:: Tan 57** 40': 38 

The extent from 45°" to 57° 40' on the line of tangents, 
wiU reach from 24 to 38 on the line of numbers. For the 
tangent of 57° 40' on the scale, look for its complement 32° 
20'. (Art. 187.) In- this example, although the compasses 
extend back from 45* to 57* 40'; yet, as this is from a less 
number to a greater, they must extend forward on the line of 
numbers. (Art. 185. 187.) 

4. In art. 135, 35 :R:: 26 :Sin 48* 
The extent from 35 to 26 will reach from 90* to 48*. 

5. In art. 136, R : 48 : : Tan 27*| : 24| 
The extent from 45* to 27*£, will reach from 48 to 24|. 

6. In art. 150, ex. 1. Sin 74*30' : 32 : : Sin 56*20' : 27£. 

For other examples, see the several cases in Sections III 
and IV. 
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GUNTER's SCALE. 91 

4^ Though the.sokitwnQ^^tr^ojwfflaetrjr mfcylaej&fifecrt-' 
•fid, by the logarithmic scale, or by geirtndtrical ctmjtrttctwm/ 
,as well as by .arithmetical computation ; yet the latter jaetk* 
od is by far the most atonmte; The first is. valuable princi- 
pally for die ucptdikon with which the calculations *re imcI* 
toy it. The second is of use, in presenting; the form .of thf» 
triangle to tjie eye. But. the accuracy which attends arith- 
metical operations, is not to be expected, in,talpng,lipes from 
t a sQale, .with- a pair, of compasses** 



* See. note f. 



* r 

; ' * 
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SI&CTIOtf VJI** 



THE FIRST PRINCIPLES OF TRIGONOMETRY 
CAL ANALYSIS. 



Art -191 T^ ^ e P rece( *i n g sections, sines, tangents, and 
* -■- secants, have been employed in calculating 

. tbe $ide? and angles of triangles. But the use of these lines 
is .aojt confined to this object. Important assistance is derived 
from them, in conducting many of the investigations in the 
higher branches of analysis, particularly in physical astrono- 
my. It does not belong tp an elementary treatise pf trigo- 
nometry, to prosecute these inquiries to any considerable ex- 
tent. But this is the proper place for preparing the formultB, 
the applications of which are to be made elsewhere, 

v ■ " . 

I . Positive andmgdtweziGXs in trigonometry. 

192. Before entering on a particular consideration of the 
algebraic expressions which are produced by combinations of 
the several trigonometrical lines, it will be necessary tp at- 
tend to the positive and negative signs in the different quar- 
ters of tfce circte. The sines, tangente, 8wv in the tables, 
are calculated for a single quadrant only. But thee* are 
made to answet for the whole circle. For they are of the 
same length, in eaeh of the four quadrants. (Art. W.) Some 
of them, however, are positive; while others are negative. In 
6lgeb'ratfc processes, this distinction must not be neglected. 

193,. For the purpose of tracing the changes of the signs, 
in different parts of the circle, let it be supposed that a 
straight TfrveCT ^F*gr36;) is fixed at sue endC, while the 
other end i$ carried round, like a rod moving on a pivot ; so 
that the point S .shall describe the qircle AIJI>H. If the two 

* Sato's AmtyattjOf fo&rfte.g, Hutipn's Mathematics, l^acroix's 
Differential €a]culua,3^sfietd'.a Essays, LegencLVs, Lacroix's, Plajr* 
lair's, and Woodbouse's Trigonometry. 
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TRIGONOMETRICAL ANALYSIS. §8 

diameters AD and BH be perpendicular to each other, they 
trill divide the eircle into quadrants. 

194. In the first quadrant AB, the sine, cosine, tangent, 
$tc. are considered all positive. In the second quadrmtBD, 
the sine P'S' continues positive ; because it is still on the up- 
per side of the diameter AD, from which it is measured. 
jBut the cosine, which is measured from BH, becomes nega- 
tive, as soon as it changes from the right to the left of this 
line. (Alg. 507.) -In the third quadrant, the me ;be? flpyes 
negative, by changing frcfm the upper side to the under side 
of DA. The cosine continues negative, being still on the 
left of BH. In the fourth quadrant, the sine continues n£g- 

.,£tive. But the cosine becomes positive, by passing to the. 

.right of BH. ; ? . 

% . , , 195. The signs oft th$ tangents and secants may be derived 

. from those of the sines and cosines. The relations of these 
several Jines to each other must be such, that a uniform rteth- 

ifl&iflf calculation niay extend through the diflfei'ebt qtiAd- 

.jrants. ...!.. 
. .. lathe first quadrant, (Art. 93. Propor. 1.) 

*•■» .i" „. .■,.«,* H-Xsin 
B; cos : : tan : sin, that is, Tan =*= • 

' ' CO* 

The sign of the quotient is determined from the signs of 
the divisor and dividend. (Alg. 123.) Thp radius is consid- 
ered as always positive. If then the sine and cosine be*both 
f p(Jttt4vej or both negative* th$ tangent will be posture. But 
: if one of these be positive, while the. othc;r is negative, the 
u tangent will be negative. 

Now by the preceding article, 
*'" Inthtffid quadrant, the sine is positive, and the cp^ine 

• negative* ; ■..•,* 

The tangent must therefore be negative, , 
' In die 3d quadrant, the sine tuujL cosine are both negative. 

• * The tangent must therefore bp positive. 

Th the fourth quadrant, the sipe is negative, and. the cosine 
' r positive. • 

The tangent must therefore be negative* . 
; ' fte. By the 9th; 3d, and 6th,propwtiQnaia,afft, 83, 

- R». 
1. Tan:R:tR:eot, tbatis, Cot=*~- 

' ,, therefore, as rad}tra is .^hiJ^ftalV wwhiv^k the cotangent 
saust have the same sfgp'as flie 1 'taagrof.' '' ! , /' * • 
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t . :!• : ; * •; ., ' t . . R* *■ — :if 

, . 21. Cos; R;:R:sec that &Se$:»— --• , .,. . .. t 

cos 

The t Mffi<mf 9 .ther^for^ tfiust have the same sign as the co- 
sine., . ... . ..'.«••.,.. t • • . .. ■- 

'' : ' f 3. Sin : R ;; R : cosec, that is, Cosec=~T— *• ' 

The cosecan|, therefore,' must bave the same sign as. the 

sine. " ..»••■• ^ '• 

The versed sine,*& it i&m$asjured from A, in we direction 
only, is invariably positive. t . 

197. The tangent AT (Fig. 36.) increases, as the arc ex* 
tends from A towards B. 'See also Fig. 11, .Near B the inr. 

urease is very rapid; and when the difference between the § 
arc and 90°, is less than any assign Ale*quantity,?the tangent 
. is greater than any assignable quantity, and is said t#be inji^ 
Mite. (Alg. 447.) If the arc .is exactly 90 degrees, it has,, 
.strictly speakifcg, no tangent. :Tor a tangent is a line, drawn^ 
perpendicular to the diameter which passes through ope enfl, 
«of the arc, and extended till it meets a line proceeding from 
rfhe centre through* the other end. (Art. 84.) But if tne arc, 
is 90 degrees, as AB (Fig- 36.) the angle ACB is a right an- 

fl<?, fuid therefore AT is parallel to CB ; so that, if .these* 
nes be extended ever so iar, they can never meet Stilly A3, 
an arc infinitely near to 90° has a tangent infinitely* greati it 
£s frequently said f jn concise tewns, that the tangent of 90 Q 
is infinite. 

In the second miaflrantj the tangent is, at firs^ infinity 
great, and gradually diminishes, til] ail) it is reduced to 
soothing. In the third quadrant it increases again, becomes 
infinite near H, and is reduced, to nothing at A. 

The cotangent is inversely as the tangent. >Tt is therefore 
^nothing at B and H, (Fig f 36.) and infinite near A and IX 

198. The secaxU increases with die tangent, through the 
£rst quadrant, and becomes infinite near B; it then dhniyish- 
<€s, in the second quadrant, till at D it is equal to the radius 
•CD. In the third ouadrant, it increases again, be.com es^infi- 
tnite near H, after which it diminishes, till it becomes equal 
tto radius. ' * 

The cosecant decreases, as the secant increases, and v. v. 
it is* therefore equal to radius at Brand H, and' infitnte near 
AandD. _ ■ . ♦ * \ " * 

199. The sine increases through the first quadrant, till at 
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B (Fig. 36.) it is equal to radius. See also Fig. 13. It them 
diminishes, and i* reduced to nothing at D. In die third 
quadrant, it increases again, becomes equal to rddtos at H, 
and is reduced to nothing at A. 

M The caiwe decreases thrcnigb-t&e ftfet quadrant, "andPis re- 
duced to nothing at B. In the second quadrant, it increase* 
till it becomes equal %o radius at D. , It then diminishes 
wain, is reduced to nothing at H, and afterwards increases 
tiu it becomes equal to radius at A. 

in all these cases, the arc is su 
extend jound in tlje direction of 
r wfi.'Theiine an<$ cosine vary t 
they never exceed. The secam 
than radius, b,ut may be g|reafc 
T^ie tangent and cotangent have < 
inniiity. % Each of these lines, af 
it r begins to decrease ; and as soo 
it, begin? to increase. Thus the 
ter becoming equal to radius, 

But the secant begins to increase after becoming equal to ra- 
aius,, which is its' least limit'* 

261, The substance of several of the preceding articles, 
is comprised in the folio wine tables. T!he first shows the 
signs 01 the trigonometrical lines, in each of the quadrants of 
tne drcie. The other gives the values of these lines, at the 
extremity of *achi quadrant. ; ' 

~' M ' '*' ' Quadrant' 1st 2d 3d . 4th 

Sine an&cqsecant + . + — — 

^o^ii^ ifiBsftcant mi / "" : f ;' '" — ,- + 

°Tangeiti l and cotangent +• i; — -f- — 

( '- : » qo go* 186^270° 36m 

'« One*. * . ! r r 

Vptfne . 7 s r ' > Or 

Tangent j ; 00 co 

Cotangent* ' \ '' , co co ' 00 

"Secant '': • r co r co . ,r 

Cosecant r ' co* r co r co 

Here r is put for radius, and co for infinite. 
• ■. ' ■ i; 1. - • . . . 

SOS. By comparing thesa two tables, it will be seen, that 
each of the trigonometrical lines changes from positive to 
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negative, or from negative to positive, in that part of tiie 4 
circle in which the line is either nothing or infinite. ThuB 
the tangent changes from positive to negative, in passing 
from the first quadrant to the second, through the place 
w ive again, °Vfa pacing 

fi through the point m 

i* ' . , 

B degrees, i$ any cir-* 
cl Df successive revolu- 

ti noves round the sun,, 

ni atr. In astronomical 

ci o add together parts. 

oi f be more than 360 D i 

E m a complete revolu- 

tl a point which it had 

p; gent, &c. of ah arc 

g sine, tangent, &c. o£ 

sc circumference, or a 

m ) any arc, it will ter-r 

npinate. \n the same point a? before. So that, if C be put 
for a wliole circumference or 360°, and x be any arc what- 
ever j , . 

sin a?a=stn {C-Hr) =±:sin (2C+«) =sin (3C+a?), &e. » 
tan &t*ttm(C+x) stei (2C+x) =tan (3G+o?), &c. 

204^ It is evident also, that, in a number of successive J 
revolutions, in the same circle ; , < ' t ' 

The first quadrant must coincide with the 5th, 9th, 13th, 17th, 
The second, with the x , (5th, 10th, 14|h, I8th, &c; -. 

The third, with the , / . 7th, 11th, 15th, 1 9th, &c. " 

The fourth, with the 8th, 12th, 16th, 20th, &c. 

205. If an arc- extending irr a. certain direction from a giv- 
en point, be considered pwitive'; an arc etftendirig from the 
same pointy in an opposite $rectk>Q, is to bie considered «fya- 
iive. (Alg. 507.) Thus, if the arc extending from A tp S 
(Fig. 36.) be positive; an arc extending from A to S"' will 
be negative. The latter will not terminate in the same quad- 
rant as the other; ahd the signs of the? tabular lines must be.' 
accommodated to this circumstance. Thus the sine of AS* 
wift be positive, while that of AS"' will be negative. (Art 
194.) When a greater arc fe subtracted from a less^ if the" 
latter be positive, the remainder must be negative. (Ahr. 
53,9.) **• 
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Trigonometrical Formuue. 

206. From the view which has here been taken of the 
changes in the trigonometrical lines, it will be easy to see, in 
what parts of the circle each of them increases or decreases'. 
But this does not determine their exact values, except at the 
extremities of the several quadrants. In the analytical in- 
vestigations which are carried on by means of these Knes, it* 
is necessary to calculate the changes produced in them, by 
agiven increase or diminution of the arcs to which they be- 
long. In this there would be no difficulty, if the sines, tan- 
gents, &c. were proportioned to their a^rcs. ' But this is far' 
from being the case. If an arc is doubled, its sine is not ex- 
actly doubled. Neither is its tangent or secant. We have 
tfo' inquiry, then, in what manner, the sine, tangent, &c. of 
<3ne arc may be obtained, from those of other arcs already 
known. 

The problem on which almost the whole of this branch ot 
analysis depends, consists in deriving, from the sines and'ed- 
sines of two given arcs, expressions for the sine and cosine 
of their mm and difference. For, by addition Mid subtrac- 
tion, » few arcs may be so conabined and varied, as to pro- 
duce others of almost every dimension. And the .expres- 
sions for th£ tangents and secants inay be deduced from 
those of the ones and cosines. 

Expressions fir the bote and cosine of the sum and diftee- 
kncb of arcs. , 

>9Ph (Let an? AH, the greater of the given > arcs* 
<. t V Andfi^HL^HD, the less. (Fig. 3Z.) 

Then «r+i=AH+HLs=AL, the sum of the two wtas, 
^Ahdf «-6a=:AH— HD=AD, their difference. 

_\Jt>raw the chord DL, and the radius C0, which may be 
represented by R, As DH is, by construction, eqgai to 
Hfe; X>Q js equal to QL, and therefore DL is perpendicu- 
la£)a CH, (Euc. 3. 3.) Draw DO, HN, QP, and.LM, ea«h 
ppirpttidic\ilar to AC ; and DS #nd QP parallel to AC. 

. jjTrom the definitions of the sine and cosine, (Art. B% 9,) 
Xfrs evident, that 
N 
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f of AH, that is, tin a=HN r 

. \qS AD, i,e, $iB(a-6) =BO. 

{erf AH, th$t is, co* a=CN, 
of HI4, that Is, cos ft=;CQ, 
of AL,i.c.c^o+6)=CM, 
of AD,i.e.cos(a— i)=CO. 

TBe triattgle CHNis obviously similar to CQP; and it i» 
also similar to BLQ,, because the sides of the one are per- 
pendicular to those of the ether, each to each. We have, 
then, 

1. CH:CQ::HN:Ol*,thati%K:c<}*J::»na:QP 

2. CH:QL::CN:BL, Risin b::cosa:&L, 

3. CH : CO :: CN : CP, R : cos h : scat a : CP, 

4. CH:QL::HN:QP > R**u» 6:;«i»a:QB, 

Converting each of these proportions into an equation; 

_ sin a cos b* __ cos a cos b 
fc QPgs R 1 3. CP= — j£ 

^ «** sinbepsa A ^ sin a sin b 
£ Bt»=s R y 4. QP» — £ 

. The** addlpg the first and second* 
^^' «>, sin.6.co*b+sinb cos a . 

qp+Bh~— J '— 

Subtracting the second from the first, 

%Atrapting the fourth from the third, 

~^ ^~ 40* * ^°* i— *u*. a »» J 
CP-Q,B= g 

,,..-, Adding the third and fourth, 

cos a cos b+sin a sinb 

CP+Qft^ Tjj « 

* In these formula, the sign of multiplication is omitted \ sin a cos b 
being put for sin axcos &,that is the product of the sine o( a into the 
cosine of b. 
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But it 1*111 *be sew, fawn the figttfe, that 

4^+BL~BM+BL=*;LM»*»(<i+M 
W~BL=QF--QS=sDOr=jw («-&) 
CP~QB=CP-PMi=CM«coj(«+&) 
CP+(|B^CP+SD^CO=c^ (o-i) 

508. If then, for the first member of each of the four 
^equations above, we substitute its value, we shall have, 

* ., ,. *i* « oos b+sin b cos a 

I. *tu[m+fyz= j^ 

»t . * «v sin a cosh -~ sin h cos a 

II. SW*(«— &) = -i 7j ■ 

m. c(wfc+6j= g— ■ 

IV. CQ9(a—b)*z |r 

Or, multiplying "both sides by R, 

R $in(a-{>b) s=sin a cos b+sinbees <*> 
R sinfit— ft)=«tn a c©» i — «m icew a 
R cwfa+j&^cos a cos b—sin a sin b ■ 
R <cos(a — 6}^==©o* /i €05 J + jwi a ;m b 

That is, the product of radius attd the sine of the sum oi 
itwo arcs, is equal to the product of the sine of the first arc 
soto the cosine of the second + the product of the sine of 
the second into the cosine of the first. 

The product of radius and the sine of the difference of 
two arcs, is equal to the product of the sine of the first arc 
into the cosine of the second — the product of the' sine of 
the second into the cosine of the first. 

The product of radius and the cosine of the sum of two 
arcs, is equal to the product of the cosines of the arcs — the 
product of tbefr sifie*. 

The product of redraw j and the cosine of the difference of 
two arcs, is equal to the product of the cosines of the ares 
4- the product of their sines. 

These four equations may be considered as fundamental 
proposition*, in what is called the Arithmetic of Sines mid. Co- 
.miw, or Trigonometrical Analysis. ' 
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Expre^iorts for tl^e me andfosine of a wagfaw wc*< 

•* 909. Wlfen the sine and' cosine of any arc are given, it is 
easy *o* derive from the equations in the preceding article, ex> ; 
pressions for the sine and cosine of double that arc. As the two 
arcs a and b may be of any dimensions, they m?y be supposed 
to \e equal. Substituting, then, a for it$ equal J, *he fufst 
and* die third of the four preceding equations will become, 

R sin(a+a)=sin a cos a+sin a cos a 
R cos(a+a)=:cos a cos a— sin a sin a 

*$ hat is, writing sin 2 a for the square of the sine of a, tfrtd 
cos* a for the square of the oosine of to, 

I. R sin 2a=2shi a cos a 

II. Rco$ 2a— cos* a— sin 2 a. 

Expressions for the sine and cosine of half agiven ere. . 

^SIO, The are ia the 'preceding equations, not being ne- 
cessarily limited to any particular value, may be hulja^ as 
well as a. Substituting |h^n £<& (or a,* we have, x . 

*R sin #±s2mi |« cos Act * 

R «M os=co* 2 |a— sin 2 |a 

Putting the sum of the^ squares of the sine and cosine 
equal to the square of radius, (Art. 94.) and inverting the 
members of the last equation, 

co« 2 |a+sm 2 |fiteR* 
cos 2 £a— sin*%a=zJlco* a 

If we subtract oiue f>f these $*>m the -other, the terms con- 
taining cos 2 £a will disappear j and if wp ^^m^thetermji 
containing sin*\a will disappear : therefore, 

2sm 2 -Ja=R 2 — R cos a . 
2cos*|a=R*+R cos a * * 

Divlitfig by 2, and extracting the root' of bath sideja,.j " 



I. dn\a= v^R 2 — jB.Xcqs a ti ; 

II. ca*|ass: //|R 2 4-4Rx€o*a *' 

Expressions for the sinesand cosius of^wMiPM arc*. 
21JU In 4be s^ae-nbnBer, as Expressions for the tine and 
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cosine of ft dtadft arc, ate derived from the equation! in art. 
208; expressions for the, si pes and cosines pi otftermuWele 
arcs may be obtained, by substituting successively 20,,3a^&fe» 

for 5, or for b and a both. Thus, f . , ,. , : . ,, Mfl 



• * R 
I. <ft 



R *m 3a =£R jtn^a+Sa^ssmn a cos 2a+«n 2a cot a *, 
*~ sin 4a =R wn(a+3a)=«n a cos 3a+*w* 3a co* * , 
*»n 5a =R nn(a+4a)=5i» a co* 4a*f *t» 4a co* a 
&e. 

f R ce* 3a =R 00*^+20^=^* a cos 2a— sin a itn 2*- 
>II. * R c<* 4a^Rta*ftf+ 3a) -=±co* a co* 3a— sin a sin 3a . t 
( R cos 5a —R co*fa+4a)=c0$ a cm 4a-**tn a sin Aa 

Expressions for the products of sines and cosines. 

212. 'Expression's for the products of sines and cosines 
may, be obtained, by adding an4. subtracting ttofr f*rtbV equa- 
tions in arj. 208, viz. . /. n ■ . v 

JS 4t»(a+6J«=#tn a cat 6+#in b cos a » 

jR sin(a~-b) =^sm a cos h+sm b cos a 

R co$(a+b)~cos<i cosi^sindsin b 

R cos(a—b)z=cos a cos b+sin a stub ,, % 

Adding the first and second, 
R sin(a+b)+R sin(a~*b)s»i2tin'* cosh • ' ' • 

Subtracting th$ second from the first, 
jR sin(a+k)~R stn(a—b)^2Un b cos a 

,. ,. • Adding the tJkM andfourth', 

"Br'etfifa— ftj+JR cos(a+b)=2co8 acosb 
Subtracting the third from the fourth, 
Jl cos(a—b)—R eos(a+b)= < 2sin a sin b 

Inverting the members of each of these equations, aad di- 
viding by 2, we have, 

I. sin a cos b=lR sin(a+ b) + JJ? sin( a — b) 
H. sin b cos aja\R *in(a+b)~$R sin(a-b) 
III. cos a cos b=±R cos(a—b) + \R cof(a+b) 
W>+ fWt*m>b*x%R cos(a~b)--iR cos(d+b) * 
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die sine of wbichis $ (Art.«2Bh) said the term an which this 
is a factory k reduced to 0. (Alg» 112.) But the cosine of 
k^qual to radius, so that U xc^ G=*jR* . Hed*ici»g, ? then, 
tfie preceding-aquations, 

The first becomes sin & tos a==|fl sin 2d 
The third, cos*fe=4 ft 2 + £R cat &* 

33he ifcurth, sin a «=:£jR* — ^Jl cot &* 

214. If * be the sum, and rf the difference of two arcs, 
f (*+d) wiH be equal to the greater, and %(s—d) to the less. 
(Art 153.) Substituting then, in the four equations in art. 2*2, 

s for u+bj i(*+d) f° r «S 

dfora— b 9 ff* — rf) fori, we haffe, ^ .. 

I. sin %(s+d)c0s \(s—d)=%R (sin s+sin d) 

II. sin %(s-~d)cos \(s+d)=*\R (sin s—sin d) 

III. cos \(s+d)tm%(s*d)t*^(tosd+mt) 

i IV. sin %(s+d)sm ±(s~d)=:%R(co9 d~VQ*s) , ... 

215. If radiu* be taken equal to 1, the two first equations 
in art. SO®, are 

stn(a+b)*z*in tt cos b+sin b cob a ' l " 

sinf«— bjxzsin a cos b~*sm b cos u : 

» ■ Jkluhiplyfeg thesis »to eacb other, . 
sin(a+b)xsin(a— b)—sin*a'Cos*b— sin*b cos*a 
Butbjrart 94, if rulitefcl, '* 
■ cos*b~el — &$*&, laiid cos*a^V^sin*a 

Substituting, then, for cos % b and ccw*a, theif valine, nmlti- 
$8ying the factors, and- f edttcing \thq terms, .we haw* 

*in(a+b)'xsw(a— b)*xsin 2 a—sin*b 

Or, because the difference of the squares of two quali- 
ties is equal to the product of their mm aod -diflfeWiee, 
fAlg.235.] .. , 

sin(a+b) xstn(a— h)~(si$ q+sw b) X (sin a—sih b) Lt 

That is, the product fcf the sine of the sum of two arcs, 
into the sine of their difference; is equal to the product of 
the mm of their sines, into the difference of their sines. 
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Efyrbsrtmt fit thcTkricjurts of arcs. 

... «. # , 

216. Expressions for the tangent* of arcs may he derived 
from those already obtained for the sines and cosines. By 
art 93, proportion 1st, 

R:ten:;cos:sin 

_ B w* , tab sin ' ■ Rjtsin 

That is, - — *=— .and ~s = — , and tan= • 

^ l«* smT^ R cos' cos 

Thus .*<m fr+fr^ qsj^ • 

If, for «»(a+ i^and eos(a+b) we substitute theit values*. 
as gton in aft. 208, we shall have, 

R(sin a cos b+ si n b cos a ) 

217. Here, the value of the tangent x>f the sum of two 
arcs is expressed, in terms of the sines and cosines of the arcs. 
To exchange these for terms of the tangents, let the nume- 
rator and denominator of* the second member of the equa- 
tion be both divided by cos a cos h. This wiU n^t alter tb* 
Value of the fraction. (Alg. 140.) 

The numerator, divided \ty cos a cos b 9 is 
Rlsin a cos l+sin b cos a) _ (sin a sin b\ 

cos a cos b scosaTcosbf •••-r««»«r» 

And the denmmaXor, divided by cos, a cos 4, is 
cos a cos b—sin a sin b sin a sin b tan et tan b 

,,,, , fQSACOsb cosa afsb R R 



therefore tanja+b)^ *+*«" * 
., tana tan b 

*~ R* 



1 fflhedenoariaMar of the fraction may be cleared of the 
divisor A*, by multiplying both the numerator* ipwl denomi- 
nator iftto A*. And if we proceed in a similar manner, to 
find the tangent of a— J, we snail have, 
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.sis. i. ia^a+A)^^grissn?^ 

JR 2 (tong— ta nl) 
II. M?-*) S5 fi » +fiBiatel 4 . . i 

1 If the arcs a and b are egtiaf, then substituting a, 2a, 3a, 
be. for b 9 as mart. 211, 

JR»(2fona) 
tan 20=^(0+4^-^^^- 

il*(tan a-Man 2a) 

219. If we divide the first of the equations in art. 214, 
by the second; we shall have, after rejecting fil* frbjn the t 
numerator and denominator, (Alg. 140.)" 

si n j(s+d)c os % (s—d) sin s+sind 

sin j(s— d)cos \ [s+d) ^sin s—sin d 

But the first member of this equation, (Alg. 155,) is equal to 

AIH4 - cos\{s-.d) . am *(«+<*) • R (Art# % 

cw^{s^d) X tin i{$-d)- R X tan ${s-d) 216.) 
1 TbjBFefpre, . 

sin s+ sin d tan \ (s+d*) 
sin #—«/» d~tan J(*— d) 

220. According to the notation in art.214, * stands for the 
sum of two arcs, and d for their difference. But it is evident 
that arcs may be taken, whose sum shall be equal to 
any arc a, and whose difference shall be equal to any arc b 9 
providechtlrat a be grwuvr than b. Substituting Then, in the 
preceding equation, a for * and b for rf, 

*wi a-Mwii ton i(a+i) — 

. — — » — ■ ■ ■ — — — — . C#f* 

• ' sin a— sin b tan £(a— b) y 

sinv+sin b:sin a— sin b ::tan %{a+b) :tan |(a— &.) 

That is, *Ae $wjb of the sines of two arcs or angles, is to, thy 
difference of those sines; as the tangent of half the sum of the 
arcs or angles, to the tangent of halt their difference. 

By art. ll&Jho sides ef -triangles are as the sip ear of their 
opposite angles. It follows, therefore, from the preceding 
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proposition, ( Alg. 389;) that the sum of aay two sides of m 
triangle, is to their difference; as the tangent of half die 
sum of the opposite angles, to the tangent of half their dif- 
ference. 

This is the second theorem applied to the solution of ob- 
lique angled triangles, which was geometrically demonstrated 
iq art. 144.* 



Expression for the (tttd of a triangle, in terms of the sides* 

2B1. 4 I*t the sides of the triangle ABC (Fig. 23,)' be ex- 
pressed by a, 6, and c, the perpendicular CD byp, the seg- 
ment AD by d, and the area by S. 

Then a* »&»+<?* -fed; (Euc. 13. 2.) 

Transposing and dividing by 2c 

ds * 2T" Therefore rf* ^ - -^ ' . J^S.) 



ByEua 






Reducing the fraction, (Alg. ISO.) and extracting the root 
of both sides, 

9= * - t 



' 4 



See note K. 



fl*he expression for the perpendicular is the same, when one of the 
angles is obtuse, as in Fig. £4. Let AD*^& 

Then a* =&* +c f +3ei. (Euc. 12. 2.) And rf= ^ 

(-.6 s — c*+a*)* (i*+c*— a*)* 

Vi^-^+c 2 --* 1 )* ' * " " . 
Atrd p= inv ' > ■ « " ' as*bo«re. 

. -• ■ *c. , .■ 

O 
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* ^Fbis<gives ttefength of the perpendicular, in terms of th? 
tHtes; of-' the triangle, . But tbe qree id equal to the product 
t>f the base into half the perpendicular height. (Alg. 5-18?) 
that is, 



. j re we hare an expression for the area, in terms of 'tlife 
ides. But this may be reduced to a form much better 
adapted to arithmetical computation. It will be seen, that 
the quantities 4A*c*, and* (ft* +c*— a*)* ate both iqmter; 
and that the whole expression under the radical sign is tbe 
difference of these squares. But the difference of two squares 
is equal to the product of the sum and difference of their 
roots. (Alg. 235.) Therefore 4& 3 c s -(6*+c*— a*)* maybe 
resolved into the two factors, 

( 2bc+{b* +c* -*-«*) which is equal to (b+c)* —a* 
1 {2bc-*(b*+c % ~a*) which is equal to * s — (6— c)* 

Each of these also, as will be seen in the expressions on 
the right, is the difference of two squares ; and may, on the 
fame principle, be resolved into fectors,' so that, 

5 .(b+c)? -a 2 =(b+c+a) X (b+c-a) 

' t^b+cj 



\ a *-(b-c)*±ta+b>-cyx(a- 

Substituting, then, these four, factors, in the place of tho 
quantity which has been resolved into them, we have, 

S=£ S(b+c+a) X (b+c-a) X (*+b-c) X (* -b+c) 

Here it will be observed, that all the three sides, a, 6, and 
c, are in each of these factors. 

Let h=%(a+b+c) half the sum of the sides. Then 
a+b+c= 2h, 

b+c—a=(a+b+c)-2a=Zh-2a, 
a+b^->ctx(a+b+c)—2cz=2h—2e, 
a—b+c=z(a+b+c)—2b=s2h—2b. 

Substituting these values of the several factors, and ob- 
serving that 2h — 2a =2(A —a) &c. 

S =4 V2h x2(h-a) X 2(hr-b) X 2(h-c) 
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The numeral coefficients, here, may be brought together 
by multiplication. (Alg. 104k) Their product is 16, whose 
root ma j- be removed from uMer*he vadioalaign. (Alg.271.) 
Therefore, 



S= Vhx(h-a)x(h~b)x(h-c) 

222. For finding the area of a triangle, then, when the 
three sides are given, we have this general rule ; 

ifaorai half ike sum of the tide*, subtract each side severally ; 
vmltiply together the hatf sum and the three remainders > fitad 
ettrmttht Hjkc&trortzf the product* . %f / 
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COMPUTATION OF THE CANON. 



Am* 2£L TPHIS trigonometrical canon is a set of tablet 
" . " -** containing the dines, cosines, tangents, &c. 
to every degree and minute of the quadrant. In the com- 
putation of these tables, it is common to find, in the first 
place, the sine and cosine of one minute; and then, by sue* 
ce$sive additions and multiplications, the sines, etoints, &c. 
of the larger arcs. For this purpose y it will be proper to b*- 

S'n with an arc whose sine or cosine is a known portion of 
& radius, Tbe coepne of 60° is equal to kulfradivs, 
(Art. 96. Cor.) A formula has been given, (Art. £40,) fay 
which, when the cosine of an a*p is known, the cosine of 
half that arc may be obtained. 

By successive bisections of 60», we bare the arcs 
SO* 0* & 7" 30"* 

7« 30' O 

3«>45' 

I *52' 30" 

O^SO'lS" 0* 0' 52" 44'" 3 m 45 '"" 

By formula U, ark 210, 

cot £a= V|R 8 + »RxcoAa 
If the radius be 1, and if a~60°, 6=30*, c~I5 a , &c. the* 

C (w &=eai |a= ^j+jX j =50.8680254 
<**<;=:#* i&«= V|+|cMi»0.9659266 
co* d=c(w |c= y/ j+j cos c=0.9914449 



14 


3 


45 




T 


1 


52 30 




3 


30 


56 15 




1 


45 


28 7 


30 



Proceeding in this manner, by repeated extractions of the 
square root, we shall find the cosioe of . ' 
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0* & B2?W> 3'" 45"" to b* OJ9999909tfJ#fc 



Aad the *in* (Att,Mb)«» Vi ***** ~<M)0O25566346 

This, however, does not gire the sine of one minute exact- 
ly. The arc is a little less than a minute. But the ratio of 
very small arcs to each other, is so nearly equal to the ratio- 
of flieir sines, that one may be ta^en for the other, without 
sensible errour. Now the circumference of a circle is divi- 
ded into 21600 parts, for the arc of 1'; and into 24576, for 
the arc of 0* 0' 52" 44'" 3"" 45"'" r Therefore 

21600 : 24576 ; : 0.00025566346 : Oo0002&0888Z " * 

whjeh is the sine *f 1 minute very nearly.* 

And the cosine = Va^^^xO.9999990577, ; 

224. Having computed the sine and cosine of one minutd, 
we may proceed, in a contrary order, to find the -sines and 
tooanes m target ares. 

Making" radios *al, and adding the t#& first e^o^& 

mt.JBi8,t*ha*6 ■» i '». ■■•.• ■ • •' ; 

f ainfdr-f &)-f Jtnfff— v)*=2sin a cos V ' V '"' 

Adding the third and fourth, ' 

Transposing afa(a~~b) and eot(a—h) */ 
I. ftnfa+ft^=2»n a^co* b~*sin(a--b) *'■ . 
II. Mt^a+tyssSca* **w b—co$(a—b) * * 

If we put 6 = 1', and a=l' t 2', 3', fac. successively we 
shall have $#pt$seions,for the m}ts and cosinee of * sexyea'bf 
arcs in<nrfe3«ng regularly by one* minute. Thus, 

sin(P+V)*±Aik f+xd*\'~ *m0«i0.0005817764, 
«n(2'+l')*=2*» 2'x<awl — «» l'**0.0008726645, 
n»(3'+l')aM2W* S'xttffl'*-*** 2' *=t>X)01 1635526, 

<r©5(l'-H')=2c<w J'xc<m1 ; — *«?<* =*= 0.9999996308 
coj(2' + r)=2cos 2'X<aw I'-co* 1' =0.9999996 192 
coaJS^*^-**"' y * eos l'-*™* 2 4 *d.fi$9$d93230 

The ctw9tanti»uWpll*r*eie|«i 1' ia ©.W99WM77, which 
is equal to 1 -0,0000000423. 
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225. Calculating, in this manner, the sines and cosines 
from 1 minute up to 30 degrees, we shall have also the sines 
and cosines from 60° to 90 Q S w For the sines of arcs between 
0° and 30°, are the connet r of arcs between 60° and 90°. 
And the cosines of arcs between 0* and 30°, are the sines of 
arcs between 60* and 90°. (Art. 104.) 

226. For the interval between 30° and 60 Q , the sines and 
cosines may be obtained by subtraction merely. As twice 
the sine of 30° is equal to radius; (Art 96.) by making 
ass30°j the equation marked I, in article 224 will be- 
come 

sin(30°+b)=xos 6— *in(30° — I) 

And putting 6=*r, 2', 3', &c. successively, 
' **i(30* l>acai.r<»-9ftrf2B --69'k .. » • . 
(30° X)m*>9 X^mi29 9 56') , . . 
(30° 3')=^<w ff— #ts(2&* 57') . - ., 

bo. . &c. 

If, the fine* be calculated from 30° to 60°, the cosines wiB 
*lso be obtained. For the sines of furcs between 30* and 
45° f are the cosines of arcs between 45? and 60°. And the 
siaes of arte between 45° and 60°, are the. cosines of arcs 
between 30° and 45°.* (Art. 96.) ' , ' ' 

227. By the methods which have here been' explained, the 
natural sines and cosines are found. 

The logarithms of these, 10 being in each instance added 
to the index, will be the artificial sines and cosines, by which 
trigonometrical calculations are commonly made. (Art 

10ft fc) .;,... 

.'328. The tangents, cotangents, seeemts, and cosecants, art 
easily derive, d from the sines and cosines* By .art, 93, . r 
R:te9i:tm:*in c43iMs:R;*& 

R:sm::€otgcos sin; R:t R ; q*s$c ., . 

Therefore, - M - •> ; 

' '«,. Rxsin j?» 

The tangent g»- ■ - Tbe eecaiit «*— - 

1 The cotangent =b — -r-— The cosecant =— 

° stn tot 

■ • Or if 'the ettupttatrofts ate made by logarithms, 
*Tfce tangent =10+***-^, fh* Meant std»*-cojf 
The cotangentt=rlO+co#— «th ' The c4Seca&tcsB0**-4fif»' 

* See note M. 
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Note A. Page 1, 



HPHE name Logarithm is from x*w* ratio, and *ft^ num~ 
- ber. Considering' the ratio- of a to 1 a* a ample ratio, 
that of a* to I is & duplicate ratio, of a s to 1 a triplicate ra* 
tio, &c. (Alg. 354.) Here the exponents or logarithms 2, 3, 
4, &c. show how taany times the simple .ratio is repeated as 
a factor, to form the compound ratio* Thus the ratio of 
}0Q to 1, is the square ^ot the ratio o/ 10 to 1 ; the ratio of 
jlOOO.to \ r> is the cube of the ratio of 10 to 1, &c. On this 
account, logarithms are called the measures of ratios; that is 
of the ratios which different numbers bear to unity.' See the 
Introduction to HuttonV Tables,. and Mercator's Logarith- 
lUQ-Techiria, in Maseres' Scriptores Logarithmic}. 



Note B, p. 4* 

If I be addled to— .09691, it becomes 1 —.09691, whieh is 
equal to +.96309. The decimal is here rendered positive, 
by subtracting the figures bm 1 . But it is made 1 too groat. 
This is compensated,' by adding — 1 to the integral part of 
the loearitfciri. ' So that — 2-.O9691m-3+.9Q0O& 

In the same manner, tbe'dechpal part of any logarithm 
which i* wholly negative, may be rendered positive, by sub- 
tracting it from 1, and adding —1 to the index. The sub- 
traction is most easily performed, by taking the right hand 
significant figure from It), and each of the otber figures from 
9. (Art. 55.) 

On tthe otteitheuid; if 4be index tf a. logarithm be nega- 
tivev wttje tbe. 4f£H8*ft part is positive; the whple may be 
fMilemd n«gaUro K l>y. %nbtv9^m^Al^^ciimi girt from l, 
and taking —1 from the index. 
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Note C. p. 8. 

It is qgmmon to define logarithms to be a series off nam-' 
bers in arithmetical progression, corresponding with another 
series id geometrical progression. This is calculated to per- 
plex, the learner, , when, upon opening the tables, he finds 
that the natural numbers, as they stand there, instead of be- 
ing in geometrical, are iti arithmetical progression ; and that 
the logarithms are n<&< in 'arithmetical progression. 

It is true, that a geometrical series may be obtained, by* 
taking out, here and there, a few of the natural members ; 
and that the logarithms, of those will -form an arithmetical 
series. But the definition is not applicable to the whole of 
the numbers and logarithms, as they stand in the tables. 

The supposition that positive acid «eg»tite numbers have 
the same series of logarithms; ^p. 7.) ia- attended with some 
theoretical difficulties, „ Bui these .do, not affect the practice 
al rules for calculating by logarithms. . 

• ■ Note IX p. 3g- < 

According to the scheme lately introduced into France, of 
dividing the denominations of weiglits, measures, &c. inttf 
tenths, Hundredths, &c. the fourth part of a circle is divided 
into 100 degrees, a tfegihee. into 100 minutes, a minute 
into 1W seconds, fee. The whole circle contains 400 of 
thfse, degrees-; a plane triangle. 260* . If a right aog£e be * 
taken for the measuring unit; degrees, minutes, and secoods> 
may hfe-writted a* deeatnal fratuensv Thus d8P & 4Vh 

0,$W*tfc • .;■...:.. ••■-,• 

. v. .■ • -. ■ -. , i MK**9* : i 

According to the French division < 100' mB4*' > English. 

<1000"»324") 



."J ; • *.■•-' None E* p. 44. . 

:::/.« . . - • . ' " ■' .>*■"„■.. 

in £igi Mh k* tiie arr M>e*tt, ami ABB *z®n. Dtew BF 
per^wiienkrto AH:; This. will Avide *e right tti^gfed tri+ 
an^r ABttioto tvmmmultatoim$m~ (£**•.-#»'>• iWatt* 
gi« AGD .ami* AHB *to cq«*l. *{Em.JMh 2L) TiuMpi*> 
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the four triangles ACG, AHB, FHB, and FAB are similar ; 
and the line SH is twice CG, because BH : CG ;: HA :CA. 

The sides of the four triangles are, 
AG±osm a, • GG=*co*a, HFirw**. ivp. 2a 7 * 

••AB«2W»a, BH=2*ora, AC ^the radius, •" 4 * 

BFsjtn-jbr, AF*n*rc 2a, AH=»thfe diameter. 

A variety of proportions may be stated, between, .{be ho- ' 
inologpus sides of these triangles : For instance, N , ,. . . 

By comparing the triangfes ACG and ABF>' 
v AC ': AG :': AB : AF, that is, R tsiri a : f 2sirV a iten 2a ' 

AO:CCrr:AB:BF R:c6s n::2sin a:nn 2a ,M 

** AG x CG : : AF : BF Sin a teas a: wen 2a isiri 2a • '[ 

The*e%e, 
Rxvets2a=*2*in t a I 

By eomparing the triangles ACG and BFH*, 
AC:CG::BH:HF, that is, Ricos a::2cos a:vers. sup. 2a 
AG : CG :: BF : HF . . $in a: cos ail sin 2a ivers. sup. 2a 

Therefore, 

u ' Rxvers. suty.2q*=*2cos*a . u 

[ % '* $in axttrs, sup,%d=zco$ ax sin 2a , r 

*' " &c. ' to. 

i That is v the product of radius into the versed sine of the 
supplement of twice a given Arc, is equal to twice the square : 
ofctb* cpaiiie of the. anc, • • « . i 

iAB&tl^pKKhttt of the.ein^ctf to«ei onto the' wf»diiii«» 
of the supplement of twice the am, is equal to the proBfcet tof •> 
the cosine of the taey krto the sine of twice the arc, to. to. 

Note F. p. 64. 

The different method* < of; solving the same triangle, by 
making the different sides radius, may serve to verify each 
, otfeth B*t they*te nA£y in ever?* iastxoce, equally accru&t* 
Th> differences is the sines of angles near 90°, and h*tb« ^ 
eviafirti angfea*e*M)%«t» a*anm0y m to leefre an tfies** . 
fatfrijr Qla#reral martin ib* rawifc Thus QJtttfWt* *• . 
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given in Taylor's tables, as the cosine of every angle between 
2' 52", and 3'41 '' and the sine of every angle between 89*56/ 
;9" and 89? 57' 8". But the differences in the tangents, and 
cotangents are considerable, in every part of the quadrant. , 
The method of solution should be varied, so as to avoid find- 
ing a very small angle by its cosine, or one near 90 Q by its- 
sine. See the latter part of note H; ' 



Note G. p. 69. 

If the perpendicular be drawn from the -angle opposite the' 
longest side, it will always fall within the triangle ; because 
the other two angles. must, of course, be a,Qute. But if one 
of the angles at the base be obtuse, the perpendicular will fall 
tvi&out the triangle, as CPj {Fig. 38.) . 
. In this case, the side on which the perpendicular -falls,, as - 
to the sum of the other two ; as the difference of the latter, 
to the sum of the segments made by the perpendicular. . 

The demonstration is the same, as in the other case, -ex- 
cept that AH=BP+PA, instead of BP—PA. 

Thus in the circle BDHL (Fig. 38.) of which C is the 
centre 
I AB X AH m AL x AL> ; therefore AB : AD : : Ah : AHL 

But AB=^CD+CA*=CB+CA 
AndAL=rCL~CA=CB~t)A ' ! 

And AH=HP+PA=BP+PA 

Therefore 
AB : CH+CA :: CB-CA :BP+PA. 

When the three sides are gifeft, it may be known whether 
ofte of the angles is obtuse; . For any angle of a triangle is 
obtuse or acute, according as the square or the side subtend- 
ing the angle is greater, or less, than a right angle. (Euc. 1%, 
r 13.2.) ,/.".... ■' , . ,,-'"' [ \ "' 



Kote.H. p. 76: 

Solutions or 'Triangles i ■ 

Aajr triangle whatever may be solved, by the theorems in 
section IV. But there are Mother methods, by which^in. : cei> 
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:tain circumstances, the calculations are rendered more ex- 
peditious, or more accurate results are obtained ; particular- 
ly, in the third and fourth cases, in the first of which, two 
sides and the included angle are given, and in the last, the 
three sides. See Simson-s Trigonometry, annexed to his 
edition of Euclid, Legendres' Trigonometry, Dr. Maske- 
JyneV Preface to Taylor's Logarithms, and Woodhouse's 
Trigonometry. 

Case III. 

* v In astronomical calculations, it is frequently the case, that 
two sides of a triangle are given by their logarithms. By the 
following proposition, the necessity of finding the correspond- 
ing natural numbers is avoided. 

Theorem A. In any plane triangle, of the two sides which 
include a given angle, the less is to the greater; as radius to the 
tangent of an angle greater than 45 p .- 

And radius is to the tangent of the excess of this angle above 
45° ,' as the tangent of half the sum of the opposite angles, to 
the tangent of half their difference. 

In the triangle ABC, (Fig. 39.) let the sides AC and AB, 
and the angle A be given. , Through A draw DH perpendic- 
ular to AC. Make AD and AF each equal to AC, and AH 
equal to AB. , And let HG be perpendicular to *a line drawn 
from C through F. 

Then AC : AB : : R : Tan ACH. 

And R : Tan(ACH~ 45*): : Tan|(ACB+B); Tan|( ACB - B) 

Demonstration. 

In the right angled triangle ACD, as the acute angles are 
subtended by the equal sides AC and AD, each is 45°.' For 
the same reason, the acute angles in the triangle CAF are 
each 45°. Therefore, the angle DCF : is a right angle, the 
angles GFH and GHF are each 45°, and the line GH is 
equal to GF and parallel to DC. 

In the triangle ACH, if AC be radius, AH which is equal 
to AB will be the tangent of ACH. Therefore, 

AC:AB::R:TanACH. 

In the triangle CGH, if CG be radius, GH which is equal 
to FG will be the tangent of HCG. Therefore, 
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R:Tan (ACH-45°)::CG:FG. 

And, a* GH and DC are parallel, (Euc. 2. 6.) 

CG:FG::DH:FH. 

But DH is, by construction, equal to the sum, and FH to 
'the difference of AC and AB. And by theorem II, [Art. 144.] 
the sum of the sides is to their difference ; ts the tangent of 
half the sum of the opposite angles, to the tangent of htdf 
their difference. Therefore, 

ft:Tan (ACH-45°J::Tan *(ACB+BJ :Tan |(ACB^j 

Ex. In the triangle ABC, (Fig. 30 J given the angle A» 
26° 14', the side AC =39, and the side AB^=53. 



AC 


39 


1.5910646 


R 10. 


Afi 


53 


1.7242759 


Tan 8° 39' 9" 9*1823381 


R 


* 


10. 


Tan |(B + C)76° 53' 10.6326181 



Tan 53° 39' 9" 10.1332113 Tan |(B^C)33 8 ' 50 " 9-8149562 

■ ii < ■ ii > ' » i 

The same result is obtained here, as by theorem II, p* 7£L 
To find the required side in this third case, by the theo- 
rems in section IV, it is necessary to find, in the first place, 
an angle opposite one of the given sides. But the required 
pide may be obtained, in at different way, by the following 
proposition. 

Theorem B. In a plane triangle, twice the product of any 
two sides, is to ike difference between the sum of the sqmfis of 
those sides, and the square of the third side, as radius to the 
cosine of the angle included between the two sides. 
In the triangle ABC, (Fig. 23.) whose sides are a, 6, and c. 

2ic:6*+c*-a* ::R:Cos A. 

For in the right angled triangle ACD, b : d ;: R : Cos A 
Multiplying by 2c, 2bc : 2dc : : R : Cos A 

But, by Euclid 13. 2, » . 2<fc=i* +e 2 -a a 

Therefore, 2Jc : b 2 +e* -a* : : R : Cos A. 

The demonstration is the same, when the angle A is obtuse, 
as in the triangle ABC, (Fig. 24.) except that a 2 is greater. 
than b % +c 2 ; (Euc. 12. 2.) so that the cosine of A is nega- 
tive. See art. 194. * 

From this theorem, are derived expressions, both for the 
sides of a triangle, and for the cosines cf the angles. Con- 
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nt* 



verting the last proportion Into" ft»ei{u*tifcn*'knd proceeding 
in the same manner with the oth^r sides .and angles* we have 
the following expressions y 



For the angles.. 
Cos A=Rx- : — ajfc 



Cos B=Rx 



Cos C*=Rk 



2ac 



Foxthe fid? s. * 

/?- . 26c Cos A\ 

. ■ • .- ataaOosBh 

2o6Co 
c=ss \/ (a* +&'* — — t - A j£ 



2aiCosC\ 



These fdrmulae are useful, in many trigonometrical investi- 
gations ; but are not well adapted 16 logarithmic computa- 
tion, 

CasxIV; "■••"■ < " *•• A 

When the three sides of a triangle are given, the angles 
-may; be found, by either of the following theorems; in 
-ffiuoh a, J,- attd^, are the sides, A, B, and" C, the opposite 
.angles, and A=*half the sum of the sides. 



2R 



Sin A=-j- Vh(h-a)(h-b)(h-e) 



2R 



Theorem C. <{ Sin B=— Vh(h-a)(h^b)(h-c) 

2R 



Sin C=-j Vh(h-«)(h-~b)(hptf . ; 



The quantities under the radical sign are the same in a$ 
the equations. 

In the triangle ACD, (Fig. 83.) ■ •-• 
R :.i ; : Sin A ; p. Therefore, Sin A x 6 =Rx j>. 



Bert |> 






^,JB21 J: p. 105.) 



This* by the reductions in page lOfyi-tyeowi^s 
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J3ttbsftitort4i£ tfcfe value of p, and reducing, 
Sin A=-£- V]^h^)(h^b)(/^1) 

The arithmetical calculations may be made, by adding the 
logarithms of the, factors under the radical sign, dividing the 
sum by 2, and to the quotient, adding the logarithms of ra- 
dius and 2, and the arithmetical complements of the loga- 
rithms of b and c. (Arts. 39, 47, 59.) 

'■ Ex. Given « = 1 34, #= 108, and c s= 80, to find A, B* and C 



For the angle A. 

A ' 161 log. £.2068259 

A- a 27 log. 1.43 13638 

A— % 53 log. 1.7242759 

A~* 8fl log. 1.0084850 



For the angle B. 

13.9365053 
a 134 a. c. 7.8728052 
c 80 a. c. 8.0969100 



Kxa 



2)7.2709506 
*3.*854753 

log. 10.3010300 



13.0365053 
A 10a a. c. 7.0665762 
« 80 a. C. 8.09Q9100 



Sin B. 9.9063105 

B = 53°42'9" 

For the angle *C. 

13.9365053 
a 134 a. c. 7.8728952 
b 108 a.-c. 7.9665762 



Sin A. 



0.9999915 



gin C. 



9.7759767 



A=80* 38' 31" 



SinfArrRV 
Theorem D. <{ Sin|B=RV 



C = 36 # 39'20" 

(h- b)(h-c) 

be 
(h- a)(h-c) 

ac 

(h- a )(h-b) 



"By art. 210, 2 Sin*iA=R*-Rx cm A. 

Substituting for cos A, its value, &s ; gr*en in page 117, 

b*+c*-a* 
2Sin*fA=R*-R 2 x- 



26c 

26c &*-r-c*-a* a>-6* 

BatR>=R* x m .And-R» x — §£r ~ =R> x-g; 

* This i« the logarithm of the area of the triangle. (Art. 222.) 



-c* 
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! +b-c)(a-&+c) (AlgjfcS.) 
uciog, «ni cxtrwrtiaaj, 

be ; ■ ■. 

re/tofindAandB.' 

\~* . H 1..431S638 

^ ii 1.908485O 

1 184 a. ci 7t872a052 
J 80 a. C. 8.096*100 

ai« li 2 )™.*>9*540 

9m t B 9.6548270 



'demonstration of the 

* Wc " 

nd extracting. 
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TRIGONOMETRY. 
Ex. €ton*be tfca 134, 108, 80; to find B and. C. 



For the angle B. ' 

h 161 . 2.20Q8259 

h—l 53 ' 1.724275$ 

« 19* aVc 7.87*89** 

c . 80 a, c» 8.0969100 



For the angle C. 

K 161 2306823S , 

ft— c 81 1.9084850 

a 134 ac 7.8?&t95& 

b 10* a. c. 7.9665762 



2)19,90(W70 
9.9504535 
$^53° 42? 9" 



Cos ^B 



2)19.9547823 
CosiC 9.9775911 

C=86 ft 39^^ 



Th*o*e« F. 



(h—a)(h—cy 
TaniC=R > / L ^fc; 



The tartgent is ecjual to the product of radius and the sine> 
divided by the cosine. (Art. 2 J 6.) By the two last theorems, 
then, 



m T 4 Rsin \a ^ (h- 
Tan i A ^-nr-rr- =R V— 



GRs J* 



^ 



RV 



6c , 



Thai is, Tm *A=OlV A f/-a; 

Ex. Given the sides as before, to find A and C* 
for the aagfo A* • 



k—b 60 
&— « 81 

*-a it 
A 161 



1.7242759 

1.90*4850 

a»c. 8.56Q6362 

a. c. 7.7931741 



F<*ttw aagje Q. ,. 

*-« «7 lf49tf<)8*j 

h~-b 5$ 1.7242759 

A-c 81 a. £. 8.6915150 

& 161 a. t. 7.7931741 



«89°S5'31 



$)1 9.9945713 
. 9.9972856 



TaofC 



*)*9»a4l>3»«8 
9.5201644 



C»36° 39' 20" 



The three last theorems give the angle required, tcithout 
ambiguity. For the half of any angle must; be less than 90°. 

Of these different methods of solution, each has ^'advan- 
tages in particular cases. It is expedient to find fch angle, 
sometimee by its sine^ sometimes by' its cosine, and *bme- 
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times by its tangent. One reason for varying the rfiode of 
calculatiop, is the inequality in the increase of the sines, tan- 
gents, &c, in different parts of the quadrant. 

The differences of the sines are greatest when the arcs are 
small, and least near 90*. An angle which is within 3 or 4 
degree's of a right angle, can not be very accurately deter- 
mined by its sine, as given in the tables. The same uncer- 
tainty attends the cosine of an angle which is very small. 

The differences in the logarithmic tangents and cotangents 
are least at 45°, and increase towards each extremity of the 
quadrant. In no part of it, however, are they very small. 
In the tables which are -carried to 7 places of decimals, the 
least difference for one second is 42. Any angle may be 
found, within one second, by its tangent, if tables are used 
which are calculated to seconds. 

But the differences in the logarithmic sines and tangents, 
within a few minutes of the beginning of the quadrant, and 
in cosines and tangents within a few minutes of 90°, though 
they are very large, are yet top unequal to allow of an exact 
determination of their corresponding angles, by taking pro- 
portional parts of the differences. Very small angles may be 
accurately found, from their sines and tangents, by the rules 
given at the close of this note* 

By the first of the four preceding theorems marked C, D, 
E, and F, the calculation is made for the sine of the whole 
angle ; by the others, for the sine, cosine, or tangent, of half 
the angle. For finding an angle near 90°, each of the three 
last theorems is preferable to the first. In the example above, 
A would have been uncertain to several seconds, by theorem 
C, if the other two angles had not been determined also. 

But for a* very small angle, the first method has an advan- 
tage over the others. The third, by which the calculation is 
made for the cosine of half the required angle, is in this 1 case 
the most defective of the four. The second will not answer 
well for an angle which is almost 180°, For the half of this 
is alm6st 90° ; and near 90° the differences of the sines are 
very small." 

The following rules for finding the sine or tangent of a ve- 
ry small arc, and, on the other hand, for finding the arc from 
its sine or tangent, are taken from Dr. Maskelyne's Introduc- 
tion to Taylors Logarithms. 

To find the logarithmic sjwe of a very small arc. 

From the sum of the constant quantity 4.6855749, and the 
logarithm of the given arc reduced to seconds and decimal's, 
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subtract one third of the arithmetical complement of thtf 
logarithmic cosine. 

To find the logarithmic tangent of a very small arc. 

To the sum of the constant quantity 4.6855749, and the 
logarithm of the given arc reduced to seconds and decimals, 
add two thirds of the arithmetical complement of the lpga- 
rithmic cosine. 

To find a small arc from its logarithmic sine. 

To the sum of the constant quantity 5.3144251, and the 
given logarithmic sine, add one third of the arithmetical; 
complement of the logarithmic cosine. The remainder di- 
minished by 10, will be the logarithm, of the number of .sec-: 
onds in the arc. 

To jw&astiyd} arc, from its logarithmic tangent* 

From the sum of the constant quantity 5.3144251, and the : 
given logarithmic tangent, subtract two thirds of the arith- 
metical complement of the logarithmic cosine. The re- 
mainder diminished by 10, wiU be the logarithm of tbetaum-' 
ber of seconds in the arc. 

For the demonstration of these rules, see Woodbouse's 
Trigonometry, p. 189. 



Note I. p. 91. 

N Gunter's Sliding Ride is constructed upon the sftme prindK 
pie as his seale, with the addition of a slider, which is so 
contrived as to answer the purpose of a pair of compasses, 
in working proportions, multiplying, dividing, &c t The lines 
on the fixed part are the same as on* the scale. The slider 
contains two lines of numbers, a line of logarithmic sines, 
and a line of logarithmic tangents. 

To multiply by this, bring i oir the slider, against ojie of 
the factors on the fixed part ; and agauist the other factor on 
the slider, will be the product on the fix,ed part. \' To divide, 
bring the divisor on the slider, against the dividend on the 
fixed part ; and against 1 on the slider, will be the quotient 
on the fixed part. . To work a proportion, bring the first term 
on the slider, against one of the middle terms on the fixed 
part ; and against the other middle tenn on the slider, will be 
the fourth term on the fixed part. Or the first term may be 
taken on the fixed part; and then the fourth term wiU be 
found on the slider. 



v 
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Another instrument frequently used in trigonometrical 
constructions, is 

The Sector. 

This consists of two equal scales, moveable about a point 
-as a centre. The lines which are drawn on it are of two 
kinds ; some being parallel to the sides of the instrument, 
and others diverging from the cehtral point, like the radii 
of a circle. The latter are called the double lines, as each is 
/repeated upon the two scales. x The single lines are of the 
same nature, and have the same use, as those which are put 
upon the common scale; as the lines of equal parts, of 
chords, of latitude, &c. on one face; and the logarithmic 
lines of numbers, of sines, and of tangents, on the other. 

The double lines are 

A li«e.of Lines, or equal parts, marked 

A line of Chords, 

Aline 6f natural Sine*, 

A line of natural Tangents to 45°, 

A line of tangents above 45°, 

A fine of natural Secants, 

A line of Polygons* 

The double lines of chords, of sines, and of tangents to 
45* "are all of the same radius; beginning at the central 
point, and terminating near the other extremity of each 
scale; the chords at 60°, the sines at 90°; and the tangents 
at 45**. (See art. 95.) The line of lines is also of the same 
length, containing ten equal parts which are numbered, and 
wbkJi are again subdivided. The radius of the lines of se- 
cants, and of tangents above 45 Q , is about one fourth of the 
length of the other fines. From the end of the radius, which 
for the secants is at f tod for the tangents at 45°, these lines 
extend to between 70° apd 80°. The line of polygons is 
numbered 4, 5, 6, &c. from the extremity of each scale, to- 
wards the centre. 

The siniple principle on which the utility of these several 
pairs of lines depends is this, that the sides of similar trian- 
gles are proportional. (Euc. 4. 6.) So that sines, tangents, 
&c. are furnished to any radius, within the extent of the 
opening of the two scales. Let AC and AC (Fig. 40.) be 
any pair of lines on the- sector, and AB and AB' equal por- 



Lin. 


or 


I* 


■Chp. 


or 


£. 


,Sin. 


or 


S. 


Tan. 


ar 


T. 


Tan. 


or 


T. 


Sec. 


or 


S. 


Pol. 


or 


P. 
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tions of these lines. As AC and AC are equal, the triangle 
ACC is isosceles, and similar to ABB'. Therefore, 

AB:AC::BB':CC. 

Distances measured from the centre on either scale, as 
AB and AC, are called lateral distances. And the distances 
between corresponding points of the two scales, as BB' and 
CC 1 , are called transverse distances. 

Let AC and CC' be radii of two circles. Then if AB be 
the chord, sine, tangent, or secant, of any number of de- 
grees in one ; BB will be the chord, sine, tangent, or secant, 
of the same number of degrees in the other. (Art. 119.) 
Thus, to find the chord of 30°, to a radius of four inches, 
open the sector so as to make the transverse distance from 
60 to 60, on the lines of chords, four inches; and the distance 
from 30 to 30, on the same lines, will be the chord required. 
To find the sine of 28°, make the distance from 90 to 90, on the 
lines of sines, equal to radius ; and the distance from 28 to 
28 will be the sine. To find the tangent of 37 •, make the dis- 
tance from 45 to 45, on the lines oftangents, equal to radius ; 
and the distance from 37 to 37 will be the tangent. In find- 
ing secants, the distance from to must be made radius, 
(Art. 201.) 

To lay down an angle of 34°, describe a circle, of any 
convenient radius, open the sector, so that the distance from 
60 to 60 on the lines of chords shall be equal to this radius, 
and to the circle apply a chord equal to the distance from 
34 to 34. (Art. 161.) For an angle above 60°, the chord of 
half the number of degrees may be taken, and applied twice 
on the arc, as in art. 161. 

The line of polygons contains the chords of arcs of a cir- 
cle which is divided into equal portions. Thijs the distances 
from the centre of the sector to 4, 5, 6, and 7, are the chords 
of £, |, {-, and \ of a circle. The distance 6 is the radius. 
(Art. 95.) This line is used to make a regular polygon, or to 
inscribe one in a given circle. Thus, to make a pentagon, 
with the transverse distance from 6 to 6 for radius, describe a 
circle, and the distance from 5 to 5 will be the length of one 
of the sides of a pentagon inscribed in that circle. 

The line of lines is used to divide a line into equal or pro- 
portional parts, to find fourth proportionals, &c. Thus, to 
divide a line into 7 equal parts, make the length of the given 
line the transverse distance from 7 to 7, and the distance 
from 1 to I will be one of the parts. To find | of a line, 
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make the transverse distance from 5 to 5 equal to the given 
line ; and the distance from 3 to 3 will be | of it. 

In working the proportions in trigonometry on the sector, 
the lengths of the sides of triangles are taken from the line 
of lines, and the degrees and minutes from the lines of sines, 
tangents, or secants. Thus in art. 135, ex. 1, . 

35:R::2G:Sin48°. 

To find the fourth term of this proportion by the sector, 
make the lateral distance 35 on the line of lines, a trans- 
verse distance from 90 to 90 on the lines of sines; then the 
lateral distance 26 on the line of lines, will be the transverse 
distance from 48 to 48 on the lines of sines. 

For a more particular account of the construction and 
uses of the Sector, see Stone's edition of Bion on Mathe- 
matical Instruments, Hutton's Dictionary, and Robertson's 
Treatise on Mathematical Instruments. 



Note K. p. 105. 

Expressions for the cotangents may be obtained by putting 

R* 

*ot=— (Art.93.) 

R 1 R* -tan a tan I 

Thus cot(a+i)=^-^=~-— — r (Art. 218.) 

. R* . , H* „ 

Substituting— 7— for tan a, and — — r for tan o, 

R* R* 



cot a cot b 
cot (ff+6)= — gr jf2 — 

-L. r 

cot a * cot 6 

Multiplying both the numerator and denominator by 
cot a cot b 9 dividing by R a , and proceeding in the same 
manner, for cot(a— 6) we have, 

cot a cot 6 — R* 

I. cot(a+4)ss t-t-. : 

v ' cot 6+cot a 

cotacotft+R 2 
II. cot(«-&)=-- n — ^ 
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Note L. p. 109. 



The errour in supposing that arcs less than i minute are 
proportional to their sines, can not affect the first ten places 
of decimals. Let AB and AB' (Fig. 4-1.) each equal 1 min- 
ute. The tangents of these arcs BT and BT are equal, as 
are also the sines BS and B'S. The arc BAB' is greater 
.than BS+B'S, but less than BT+B'T. Therefore BA is 
greater than BS, but less than BT: that is, the difference be- 
tween the sine and the arc is less ihan the difference between the 
sine and the tangent 

Now the sine of 1 minute is 0.000290888216 
And the tangent of 1 minute is 0.000290888204 

The difference is 0.000000000012 



The difference between the sine and the arc of 1 minute 
is legs than this ; and the errour in supposing that the sines 
of 1', and of 0' 52'' 44'" 3 "" 45"'" are proportional to their 
£*cs, as in art. 223, is still less. 



Note M. p. 110. 

There are various ways in which sines and cosines may be 
snore expeditiously calculated, than by -the method whiah is 
;given here. But as roe are already supplied with accurate 
trigonometrical tables, the computation of the canon is, to 
the great body of our students, a subject of speculation, rath- 
er than of practical utility. Those who wisn to enter into a 
jninute examination of it, wiH of course consult the treatises 
in which it is particularly considered. 

There are also numerous formulae of verification, which 
are used to detect the errours with which any part of the cal- 
culation is liable to be affected. For these, see Legendre's 
and Weodhouse's Trigonometry, Lacroix's Differential Cal- 
culus, and particularly Euler's Analysis of Infinites. 
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A TABLE OF 



NATTJfiAL SESTES AND TANGENT&: 



TO EVERY TEN MINUTES OF A DEGREE. 



IF the givett angle is less than 45 *, look (or the title 
of the column, at the top of the page ; and for the de- 
grees and minutes, on the left. But if the angle is be~ 
tween 45° and 90°, look for the title of the column, at 
the bottom; and for the degrees and minutes, on the 
right. 
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NATURAL SINES AND TANGENTS. 



D.M. 


Sine 


Tangent 


Cotangent 


Cosine 


D. M. 


0° 0' 


0.0000000 


0.0000000 


Infinite 


1. 0000000 


90° 0' 


10 


0029089 


0029089 


343.77371 


0.9999958 


50 


20 


0058177 


0058178 


171.88540 


9999831 


40 


30 


0087265 


0087269 


114.58865 


999961 i 


30 


40 


01163:33 


0110361 


85.939791 


9999323 


20 


0°50' 


0145439 


0145454 


68.750087 


9998942 


39° 10 


I* 0' 


0.0174524 


0,0174551 


57.289962 


0.9998477 


39° 


10 


0203608 


0203650 


49.103881 


9997927 


50 


20 


0232690 


0232753 


42.964077 


9997292 


40 


30 


0261769 


0261859 


38.188459 


9996573 


30 


40 


0290847 


0290970 


34.367771 


9995770 


20 


1°50' 


0319922 


0320086 


31.241577 


9994881 


88° 10 


2° 0' 


0.0348995 


0.0349208 


28.636253 


0.9993908 


88* 0' 


10 


0378065 


0378335 


26.431600 


9992851 


50 


20 


0407131 


0407469 


24.541758 


9991709 


40 


30 


0436194 


0436609 


22.903766 


9990482 


30 


40 


0465253 


0465757 


21.470401 


9989171 


20 


2° 50' 


0494308 


0494913 


20.205553 


9987775 


370 10 


3° 0' 


0.0523360 


0.0524078 


19.081137 


0.9986295 


37° 


10 


0552406 


0553251 


18.074977 


9984731 


50 


20 


0581448 


0582434 


17.169337 


9983082 


40 


30 


0610485 


061 1626 


16.349855 


9981348 


30 


40 


0639517 


0640829 


15.604784 


9979530 


20 


3° 50' 


0668544 


0670043 


14.924417 


9977627 


86° 10' 


4° 0' 


0.0697565 


0.0099268 


14.300666 


0.9975641 


36° 


10 


0726580 


0728505 


13.726738 


9973569 


50 


20 


0755589 


0757755 


13.196883 


9971413 


40 


30 


0784591 


0787017 


12.706205 


9969173 


30 


40 


0813587 


OS 16293 


12.250505 


. 9966849 


20 


4° 50' 


0S42576 


0845583 


11.826167 


9964440 


35° v 10' 


5° 0' 


0.0871557 


0.0874887 


11.430052 


0.9901947 


35° 


10 


0900532 


0904206 


11.059431 


9959370 


50 


20 


0929499 


0933540 


10.711913 


9956706 


40 


30 


0958456 


0962890 


10.385397 


9953962 


30 


40 


0987408 


0992257 


10.078031 


9951132 


20 


5* 50' 


1016351 


1021641 


9.7881732 


9948217 


84° 10 


D. M. 


Cosine 


Cotangent 


Tangent 


Sine 


D. &. 
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natural sines and tangents. 



D. M. 


Sine 


Tangent 


Cotangent 


Cosine 


D. M. 


6° 0' 


0.1045285 


0.1051042 


9.5143645 


0.9945219 


84° 6' 


10 


1074210 


1080462 


9.2553035 


9942136 


50 


20 


1103126 


1109899 


9.0098261 


9938969 


40 


30 


1132032 


1139356 


8.7768874 


9935719 


30 


40 


1160929 


1168832 


8.5555468 


9932384 


20 


6° 50' 


1189816 


1198329 


8.3449558 


9928065 


83° 10' 


70 6 


0.1218693 


0.1227846 


8.1443464 


0.9925462 


83° 0' 


10 


1247560 


12573S4 


7.9530224 


9921874 


50 


20 


1276416 


1286943 


7.7703506 


9918204 


40 


30 


1305262 


1316525 


7.5957541 


9914449 


30 


40 


1334096 


' 1346129 


7.4287064 


9910610 


. 20 


.7° 50' 


1362919 


1375757 


7.2687255 


9906687 


82° 10' 


8° 0' 


0.1391731 


0.1404085 


7.1153697 


0.9902681 


82° 0' 


.10 


1420531 


1435084 


6.9682335 


9898590 


50 


20 


1449319 


1464784 


6.8269437 


9894416 


40 


30 


1478094 


1494510 


6.6911562 


9890159 


30 


40 


1506857 


1524262 


6.5605538 


9885817 


20 


So 50' 


1535607 


1554040 


6.43484 23 


9881392 


SI* 10' 


9° 0' 


0.1564345 


0.1583844 


6.3137515 


0.9876883 


SI* (V 


10 


1593069 


1613677 


6.1970279 


9872291 


50 


20 


1621779 


1643537 


6.0844381 


9867615 


40 


30 


1650476 


1673426 


5.9757644 


9862856 


30 


40 


1679159 


1703344 


5.8708042 


9858013 


20 


9<>50 


1707828 


1733292 


5.7693688 


9853087 


80° 10' 


10° 


0.1736482 


0.1763270 


5.6712818 


0.9848078 


60* 0' 


10 


1765121 


1793279 


5.5763786 


9842985 


50 


20 


1793746 


1823319 


5.4845052 


9837808 


40 


30 


1822355 


1853390 


5.3955172 


9832549 


30 


40 


1850949 


1883495 


5.3092793 


9827206 


20 


10° 50 


1879528 


1913632 


5.2256647 


9821781 


79o 10' 


11° 


0.1908090 


0.1943803 


5.1445540 


0.9816272 


79* 0' 


10 


1936636 


1974008 


5.0658352 


9810680 


50 


20 


1965166 


2004248 


4.9894027 


9805005 


40 


30 


1993679 


2034523 


4.9151570 


9799247 


30 


40 


2022176 


2064834 


4.8430045 


9793406 


20 


11° 50' 


2050655 


2095181 


4:7728568 


9787483 


78° 10 1 


D. M. 


Cosine 


Cotangent 


Tangent 


Sine 


D. M. 



R 
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NATURAL SINES AND TANGENTS. 



D. M. 


Sine 


Tangent 


Cotangent 


Cosine 


D. M. 


12* a 


0.2079117 


0.2125566 4.7046301 


0.978x476 


78° 0' 


10 


2107561 


2155988 4.6382457 


9775387 


50 


20 


2135988 


2186448 4.5736287 


9769215 


40 


30 


2164396 


2216947 


4.5107085 


9762960 


30 


40 


2192786 


224748514.4494181 


9756623 


20 


i2° 50' 


2221158 


2278063 4.3896940 

1 


9750203 


77° 10' 


13° V 


0.2249511 


1 
0.2308682 4.3314759 


0.9743701 


77° 0' 


10 


2277844 


2339342 4.2747066 


9737116 


50 


20 


2306159 


2370044 4*2193318 


9730449 


40 


30 


2334454 


2400788 4.1652998 


9723699 


30 


40 


2362729 


2431575 4.1125614 


9716867 


20 


13° 50' 


2390984 


2462405 4.06107Q0 


9709953 


76* 10 


H« 0' 


0.2419219 


,0.2493280 4.0107809 


0.9702957 


76° 0' 


10 


2447433 


2524200 


3.9616518 


9695879 


50 


20 


2475627 


2555165 


3.9136420 


9688719 


40 


30 


2503800 


2586176 


3.8667131 


9681476 


30 


40 


2531952 


2617234 


3*8208281 


9674152 


20 


14« 50' 


2560082 


2648339 


3.7759519 


9666746 


759 jo' 


15° 0' 


0.2588190 


0.2679492 


3.7320508 


0.9659258 


7$° V 


10 


2616277 


2710694 


3.6890927 


9651689 


50 


20 


2644342 


2741945 


3.6470467 


9644037 


.40 


30 


2672384 


2773245 


3.6058835 


9636305 


30 


40 


2700403 


2804597, 


3.5655749 


9628490 


20 


15*50' 


2728400 


2835999 3.5260938 


9620594 


74° 10' 


16° 0' 


0,2756374 


0.2867454 


3.4874144 


0.9612617 


740 0' 


10 


2784324 


2898961 


3.4495120 


9604558 


50 


20 


2812251 


2930521 


3.4123626 


9596418 


40 


30 


2840153 


2962135 


3.3759434 


.9588197 


30 


40 


2868032 


2993803 


3.3402326 


9579895 


20 


16°50' 


2895887 


3025527 


3.3052091 


9571512 


73° 10' 


ir* o' 


0.2923717 


0.3057307 


3.2708526 


0.9563048 


73° 


10 


2951522 


3089143 


3.2371438 


9554502 


50 


20 


2979303 


3121036 


3.2040638 


9545876 


40 


30 


3007058 


3152988 


3.1715948 


9537170 


30 


40 


3034788 


3184998 


3.1397 94 


. 9528382 


20 


17* 50' 


3062492 


321706: 


3.1084210 


9519514 


72° 10' 


D. M.I 


Cosine (Cotangent 


Tangent 


Sine 


D. ML 
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NATURAL SINES AND TANGENTS. 



1A M.| 


Sine 


Tangent 


Cotangent 


Cosine 


t>. M. 


18° 0' 


0.3090170 


0.3249197 


3.0776835 


0.951056f 


72° 0' 


10 


3117822 


3281387 


3.0474915 


950153$ 


50 


20 


3145448 


3313639 


,3.0178301 


949242$ 


40 


30 


3173047 


3345953 


2.9836850 


9483237 


30 


40 


3200519 


3378330 


2,9600422 


9473966 


20 


18° 50* 


3228164 


3410771 


2.9318885 


9464616 


7l°10' 


19° 0' 


0.3255682 


0,3443276 


2.9042109 


0.9455186 


71° 0' 


10 


3283172 


3475846 


2.8769970 


9445675 


50 


20 


£310634 


3508483 


6.8502349 


9436085 


40 


30 


3338069 


3541186 


2.8239129 


9426415 


30 


40 


3365475 


3573956 


2.7980198 


- 9416665 


20 


19*50' 


3392852 


3606795 


2.7725448 


9406835 


70°10 ; 


20* 0' 


0.3420201 


0.3639702 


2.7474774 


0.9396926 


70° ; 


10 


3447521 


3672680 


2.7228076 


9386938 


50 


20 


3474812 


3705728 


2.6985254 


9376869 


40 


30 


3502074 


3738847 


2.6746215 


9366722 


30 


40 


352930b 


3772038 


2.6510867 


9356495 


20 


20*50' 


S556508 


3805302 


2.6279121 


9346189 


69°10' 


21° 0' 


0.3583679 


0.3838640 


2.6050891 


0,9335804 


69° 0' 


10 


3610821 


3872053 


2.5826094 


9325340 


50 


20 


3637932 


3905541 


2.5 604641) 


9314797 


40 


< 30 


3665012 


3939105 


2.5386479 


9304176 


30 


40 


3692061 


3972746 


2.5171507 


9293475 


20 


21° 50' 


3719079 


4006465 


'2.4959661 


9282696 


68°10' 


22° 0' 


0.3746066 


0.404026* 


2.4750869 


0.9271839 


68° ; 


10 


3773021 


4074139 


2.4545061 


9260902 


50 


20 


3799944 


4108097 


2.4342172 


9249888 


40 


30 


3826834 


4142136 


2.4142136 


9238795 


30 


40 


3853693 


4176257 


2.3944889 


9227624 


20 


1 *2° 50' 


3880518 


4210460 


2.3750372 


9216375 


67°10' 


23° 0' 


0.3907311 


0.4244748 


2.3558524 


0.9205049 


67° 0' 


10 


3934071 


4279121 


2.3369287 


9193644 


50 


20 


3960798 


4313579 


2.3182606 


918216* 


40 


30 


3p87491 


4348124 


2.2998425 


9170601 


30 


40 


4014150 


4382756 


2.2816693 


9158963 


20 


. 23° 50' 


4040775 


4447477 


2.2337357 


9147247 


66° 10' 


J). M. Cowrie * Cotangent Tangent 


Sine 


D. M. 
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NATURAL SINES AND TANGENTS. 



D. M. 


Sine 


Tangent 


Cotangent 


Cosine 


D. M. 


24° 


0.4067366 


0.4452287 


2.2S460368 


0.9135455 


66° 0'' 


10 


4093923 


4487187 


2.2285676 


9J23584 


50 ' 


20 


4120445 


4522179 


2.2113234 


9111637 


40 . 


30 


4146932 


4557263 


2.1942997 


9099613 


30 


40 


4173385 


4592439 


2.1774920 


9087511 


20 


24° 50' 


4199801 


4627710 


2.1608958 


9075333 


65° 10'. 


25° 


0.4226183 


0.4663077 


2.1445069 


0.9063078 


65° 0' 


10 


4252528 


4698539 


2.1283213 


9050746 


50 


20 


4278838 


4734098 


2.1123343 


9038338 


40 


30 


4305111 


4769755 


2.0965436 


9025853 


30 


40 


4331348 


4805512 


2.0809438 


9013292 


20 


25° 50' 


4357548 


4841 36S 


2.0655318 


9000654 


64° 10' 


26° 


0.4383711 


0.4S77326 


2.0503038 


0.8987940 


64* 0' 


10 


4409838 


49133S6 


2.0352565 


8975151 


50 


20 


4435927 


4949549 


2.0203862 


8962285 


40 


30 


4*6197S 


49S5816 


2.0056897 


8949344 


30 


40 


'44S7992 


5022189 


1.9911637 


8936326 


20 


26° 50' 


4513967 


5058668 


1.9768050 


8923234 


63° 10' 


27° 


0.4539905 


0.5095254 


1.9626105 


0.8910065 


63* 


10 


4565804 


5131950 


1.94S5772 


8896822 


50 


20 


459 1665 


516S755 


1.9347020 


8883503 


40 


30 


4617486 


5205671 


1.9209821 


8870108 


30 


40 


4643269 


5242698 


1.9074147 


8856639 


20 


27° 50' 


4669012 


5279839 


1.8939971 


8843095 


62° 10' 


23° 


0.4694716 


0.5317094 


1.8807265 


0.8829476 


62° 0' 


10 


4720380 


53J4465 


1.8676003 


8815782 


50 


20 


4746004 


5391952 


1.8546159 


8802014 


40 


30 


4771588 


• 5429557 


1.8417709 


8788171 


30 


40 


4797131 


5467281 


1.8290628 


8774254 


20 


2S° 50' 


4322334 


5505125 


1.8164892 


8760263 


61° 10' 


20° 0' 


0.434S006 


0.5543091 


1.8040478 


0.8746197 


61° 


10 


4S73517 


5581179 


1.7917362 


8732058 


50 


20 


489S397 


5619391 


J. 7795524 


8717844 


40 


30 


4924236 


5657728 


1.7674940 


8703557 


30 


40* 


4949532 


5696191 


1.7555590 


8689196 


20 


29o 50 

T)7K 


4974787 


5734783 


1.7437453 


8674762 


60* 10' 


Cosine 


Cotangent 


Tangent | Sine 


D. M. 
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NATURAL SINES AND TANGENTS, 





D.M. 


Sine 


Tangent 


Cotangent 


Cosine 


D. M. 


30° 


0.5000000 


0.5773503 


1.7320508 


0.8660254 


60* 




10 


5025170 


5812353 


1.7204736 


8645673 


50 




20 


5050298 


5851335 


1.7090116 


8631019 


40 




30 


5075384 


5890>150 


1.6976631 


8616292 


30 




40 


5100426 


5929699 


1.6864261 


8601491 


20 




30° 50' 


5125425 


5969084 


1.6752988 


\8586619 


59° 10' 




M° 0' 


0.5150381 


0.6008606 


1.6642795 


0.8571673 


59* 




10 


5175293 


6048266 


1.6533663 


8556655 


50 




20 


5200161 


6J088067 


1.6425576 


8541564 


40 




30 


5224986 


6128008 


1.6318517 


8526402 


30 




40 


5249766 


6168092 


1.6212469 


8511f67 


20 




H* 50' 

i 


5274502 


6208320 


1.6107417 


8495860 


58* 10' 




32* 0' 


0.5299193 


0.6248694 


1.6003345 


0.8480481 


58* 0' 


1 


10 


5323839 


6289214 


1.5900238 


8465030 


50 


. 


20 


5348440 


6329883 


1.5798079 


8449508 


40 




30 


5372996 


6370703 


1.5696856 


8433914 


30 




40 


5397507 


6411673 


1.5596552 


8418249 


20 




aa°50' 


5421971 


6452797 


1.5497155 


8402513 


570 10' 




33° 


0.5446390 
5470763 


0.6494076 


1.5398650 


0.8366706 


57* V 




10 


6535511 


1.5301023 


8370827 


50 




20 


5495090 


6577103 


1.5204261 


8354878 


40 




30 


5519370 


6618856 


1.5108352 


8338858 


30 




40 


5543603 


6660769 


1.5013282 


8322768 


20 




33° 50 


5567790 


6702845 


1.4919039 


8306607 


56* 10' 




34* 0' 


0.5591929 


0.6745085 


1.4825610 


0.8290376 


56* 0' 




10 


5616021 


6787492 


1.4732983 


8274074 


50 




20 


5640066 


6830066 


1.4641147 


8257703 


40 




30 


5664062 


6872810 


1.45500Q0 


8241262 


30 




40 


5688011 


6915725 


1.4459801 


8224751 


20 




34° 50: 


5711912 


6958813 


1.4370268 


8208170 


55o 10' 




350 o' 


0-5735764 


0.7002075 


1.4281480 


0.8191520 


550 0' 




10 


5759568 


7045515 


1.4193427 


8174801 


50 




20 


5783323 


7089133 


1.4106098 


8158013 


40 




30 


5807030 


7132931 


1.4019483 


8141155 


30 




40 


5830687 


7176911 


1.3933571 


8124229 


20 




35° 50' 


5854294 


7221075 


1.3848353 


8107234 


54* 10' 




D. M. 


Cosine 


Cotangent 


Tangent 


Sine 


D. M. 
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NATUIU& SINES AND TANGENTS. 



jp. M.j 


..Sine 


Taajgeat 


Cotangent 


Cosine 


d; m. 




stows 


0.72§4>4@5 


1.3763819 


0.8000170 


»° 0* 




901*361 


7309963 


1.3670959 


8Q73038 


50 




924819 
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NATOBAL SINES AND TANGENTS. 
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^Art. 228.) And it 1 be divided by the sine, the quotient 

will be the tosecant. " 
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JLHE following short treatise contains little. more, than an 
application of theqprip<ipto*f? (feome|ry, to the numerical 
talciftla&n «f tfee sfupericialand solid contents of such fig- 
psas a$»*re> ti$ate4 of jin the Element^ of. Euclid. As the plan 
proposed for.tke work of which this number is a part, does not 
admit iff introducing rules and propositions which are not 
^demonstrated; the particular consideration of the areas of 
the Conic Sections and other curves, with the contents of 
gojids produced by their rtvWtrtkm, «f nerved for siueteed- 
yvr parts of the course. The student would <be little, profit- 
e<y>y applying arithmetical calculation, in a mechanical way, 
1SS figures of whtch he ha* not yet learned evca the defini- 
tion^ ' Bicrt as this 1 mkriber may faH mi* the hands of some 
wttfr' will not fetal tbtse which are t<* follow, the principal 
tjfttles ftr<**te iwmtod «#Kd*, and for the gauging, of casks, 
ife gften 'without detneretrations in the appendix. Those 
who wfeb ta-4tfta* a'^iOHiptrtn ^riew iof Mensuration in all its 
■fwttMfmti referred to the valuable treatise of Dr. Hutton on 
the subject. t - f 
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SECTION I. 



AREAS OF FIGURES BOUNDED Bf RIGHT 
LINES, 

A ± HpHE following definitions, wnich arc nearly the 
* A same as in Euclid, are inserted here for the 
convenience of reference. 

I. Four sided figures have different names, according to lb* 
revive |>offtftH -aMfengli ©P***«tes. ^poNtohgrfinto* 
its 0po^pii}t!f*%aal and ji^a^l^- as. ABCP. (^^) A 
rectytngle, or right parallelogram, has Us opposite sides equal, 
and nJl its angles iSfefhV: 



i angles i^hVangfes 1 1 as AO. (Hfet'l^ >• Asftum 
faa**|l its rides egu*l # wd aH it^^gl^ ri^bt angles ; a* AB 
GIJ. (Fig. 3.) A rhombus has all its sides equal, and its an* 
gM' oblique; wXBm^i¥\g^)> W ^«UVUW op- 



pogfe sides equals ^d^.aogfea Clique j,as AB£D. (Fig* 
arotd has only two of its sides parallel ; as ABCD. 
Any other four sided figure 5$ called ,a irape&um. 
A , figure which h^s m.Q^e.thap./QHr sides is called a 



2L) X trapezoid 






polygon. A regular polygon had all its sides equal, and all 

its«ngtea>€jqp^U > I ,. :•■- .■'■>....- w- 

III. The SeigAf of a triangle is the length of a perpendicu- 
lar, drawn from one of the aftglfft.ty the opposite side ; as 
CP^ (Fig. 5.) The height of a jfimr sided figure is the per- 
pendicular distance between two of itspataflersicfes ; as CP. 
(F»4.) 

IV. The area or superficial contents of a figure is the *p*ce 
confined within the line or lines hj which the figure is 
bounded. «**-•• » .■ .» , ■-. . 

2. In calculating areas, some particular portion of surface 
is fixed upon, as the measuring unit, with which the given fig- 
ure is to be compared. This is commonly a mart; as a 
squafre &ch> a square foot, a square rod, &c. For this rea- 
son, determining the quantity of surface in a figure is called 
*9»«mtod,arJmdingits quadrature; that is, finding a square 
«$ number of squares to which it is equal 
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2 MENSURATION OF 

;\ 
3. The superficial unit has generally the same name, a* 
tb^^^frf^bich fovy*lb*,Hfetf ti» eqwte* <v ■**■ 
'The side of a square inch Is & linear iacb ; ' * / •' w 
? • pf a square foot,* linear ibotj <i ' -l . .vi 
. ' of a square iod f * tioear rj§rf, *£*" ■ •■ • i ' k . ; * * m 

There are sope superficial measures, however, which J)rteT 

ictstapc^ is not a square wq$w4l9| » U&* « w^>«mm &9|**; 
tyr its side, . • r •• .••■£. 

The following tables contain the linear measures ia toon** 
919 we* with their corresponding square measure^. t ^ 

♦ ', .Linear tMmsurcs. / : J§qvm* Measures. " - T ** *L 

12 Inches ±=1 Foot. 144 Inches =1 Foot r, 

<**&** "<-ml-YuAr .9 Feet «1 Yard," ,-• 

• cjfe*. t.wifFtfkmob ' • * » Feet =1 Fathooi- 
IMF** «*B**-.'i •*:»■*»■*■ .**m*&.^' 
;§| Y*r4s . ~l Rod. » . • • 3Q$ Ywfe. ..^'1W..h^ 
* 4 ftods -1 Chain, 16 Rods «1 Chain. * 

40 Rods =1 Furlong- 1600 Rods -it JFurWi 
380 Reds *1 Mile. 102400 Rods =*l/Bfile/t r ;., 
* An <*rt'eootairis 160 square rods, or IQ square chains,, ; o 

' By reducing fee denominations of square measure; fclMfc 
be seen, that ' ' . /??'; 

I *cfrfnile»640acres«lQ24Q0 r{¥h«2787$409 fifc=4O144$06pe rackei. 
1 acre=10 chains -±190 ro^Is«= 43560 F£et=627£64Giftchfes. 

Thefandameatal ptobleta in the mensuration bfiudero-., 
cies is the very simple one of determining the area wl&igtifr' 
parallelogram. The contents of: other figures, pjafticulaxly 
those which are rectilinear, may 'be obtained by finding my 
allelograms which are equal to them, according to j&e'rjtfjfe^ 
pies laid down inXuclidl : /* - * 

^ > .:•■.«* 



FKOSLEV f. 



Jb'fiuf %c : are# */ & rAMMasLOGEAiii square^ rfon&usfr or 
^ rhombriifr \ '•','. 

. 4. Multi-ply die length % the '>perp**&etdat knight *r\ 

- It is Jrtideut that • the ^mmber of #fugr« incites ia/fo pnr> 
alfetogtot* AC (Fi£. 1 >) is etjd*f to the number of fotff > j»> . 
dies ia the fetogth AB, repeated as many tiiAes as there are 
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tncte* ja die kwfadtb BC. For m more pwticnJigrlBasti^ti6n : 
of this; a**Alg. 51 1—614. /• • 

The oblique panOlelogram c^ Aoajoboid ABCD (Fig. A) 
is qua! *Q the rigkt parallefagraia 4JHCD. (fine. 36. 1.) 
TW^rta/therefore, Js equal to tbti length AB multiplied in- 
t»fc^wp#ikul«Jl^tMC. Ami the chomboB ABCD 
(K§^a>ii equal to the square ABGH. As the sides of kl 
square are all equal, its area is found, by multiplying one i>f 

jfx. 1. How many square feet are there in a floor 23£ 
JftMbng, and ig feet broad f * Ans.'SSS X 18=423. 

. . JL. .What Are Jthe.C0Qte4te of, a, piecf-pf groupd wty^h is 66 
Jtetsquajse? • , ; An* 43^efa^4 5 =5ia^ h rods. 

♦ 3. He* many squaife feet are there in Ibe- four sWk;3 of it 
idom Jderfch.is 22/eetloDg, 17 feet broad, and 11 fefet fcigfe* 

'; : : ».«...: •< Aqk IJ88. " 

. Art. 5. Jf die sides ?nd $ngl$* of a parallelogram; a# ^iy- 
«*» the perpendicular height may be easily found W Jf?£p~ 
nometry. Thus CH (Fig. 2.) is the perpendicular of a^ght 

3r|ect tmncie, of which BC is the hypotenuse. Then 
rig. 134.) ■ ' -\- « 

R;BC::SinB:QH. '"" "' ' 
We Wf» » obtained b j mulfiplyirig CH tfa« found into 



"• Or, to reduce ithe two operations, to i 

At raditt* /■.■.•■••'*• 
To the sine of any angle <>f a parallelogram? " l 
!8o is the product of the sides including that angle, 
To the area of the paraDelograra. 



»..« . '.' » 



For % nwa=Afi x CEKffe. 3.). But CHat > *! ■ ° < - 
Therefore, 

''W^Wfo ^De, 58 r/jdsVBC'4arrods; W.4 tbi 
•nflSe B ^j frhat k tike area of fte paralteiograot ? «r 
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i - , MENSURATION or» 

To the sine of B •••••. g 3 , fc04086 i 

- J Sa is the product of AB 58 t.?6«* 

^<ftio Be (5%. 88$ '••- <•!■■• -a ■■■■ ■ -. \jtoaw :■; 

Totfeeare* 217055 dty rods "5,33658 •< 

•i; . \ •■' - ; r^ — ; 

2. If the side ^f arhembua is 67 feet, and one of the art-, 
jjes 73% Ttbat j».tb£ afeau> v . 4ns, 4292.7 feet 

6. When* the* dimensions are given m feet and ineliea, tb« 
multiplication may be conveniently performed by the arith- 
metical rule of Duodecimals; in which each inferior denom- 
ination' is one twelfths! the text higher. Considering a foot 
& the measuring «mt, a prime is the twelfth part of a foot ; 
a second, i the twelfth part of » prime 1 , Sic. It is to be ob^ 
served, that^ "* measures o( lt*gtk* -wchen are PRMfp; but in 
superficial measpre tbej ape seconds, in oolb^a prijae is T * T 
of a foot. ,' But ^ of a 'gwre foot is a parallelogram 4' foot 
Ibng and an inch broad. The twelfth part of this is a squaw 
inch, which is T J y of a sjjuare foot, : • / r 

Ex. l. -What is the surface of a board 9 feet 5 inches, by 






.: .. : :: .-■ * 7 •. ...... ■ ■ 

-«• 5- ii •■ ■ ^ - *■ ■•-•; . 

. . ,/. "iJB* ... .J8 ..; Ww #/e^4?;inehes. ' 
■ ■ ' ... : .- ■ ;. !.. ... • - .: ....* 
2. How many feet of gta» are there tea windoW 4 feet 
11 inches high, aad^ 3 feet 3 jochesr broad? ' V 

Ahs. 16P. 97", or W&etll54rfHhes. 

7. If the area and one side of a parallelogram be given, the 
<rfber side may he found by $viding r 1hk area ip the given side* 
And if the area of z. square be given, Ae sWettrayW? found 
by extracting the squane not of the «na* TbWjP atftftly re- 
versing the rule ia atf . £. , Sfje Afe« . i52Qv 521, t : - ' 

E*. 1. What is the breadth ef a piece of doth' which is 39 
yds. long, and which contains 99 square JW? Ahs. 1 Jyds. 
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1 VttiAMfc SUSflACfiS. * 4 

( 2 What is the side of a square piece of land containing 
. \28? square rods? " - . , . " !. • ■ - 



i. ,. .». 8. HoW mafy yards of carpeting l£,ya*l wife, will cover 

a floor 30 feet long and 2£J broad? 

.^ _4ri* 30>^ft*t=I0x7i=75yd9. Aa*75^-l|=*e6. : 

- - 4 # What is the side of a square which is equal to a parai- 
... ]W*gr*m 936 Aw* ti^ %od 104 Uro#kd? . ... - 

v r 5. How ; inany panetxrf #by fO'^Ksk'are there^m a wm* 
, : f , f dow $ figet bjgfo *b4 % foet.8 iittfca brold ? 



i • . • FBO*WHl Ui < t 

4 . ., / , Tb find the arm, of a tjuahqlk. . 

' '8. Rule f. Multiply oner ride ly half ! the perpendicular 

from tie- opposite angle. Or, feiuhiply half the side by the 
iM '' ' perpendicular. Or, multiply the whole side by the perpea- 
* uv '' dieular, and take half the product. 

The area of the triangle ABC (Fig. 6.) is equal to j PC X 
. AB, because a pa^#ogra*x> of the same -base; and height is 
equal to PCx AB, (Art. 4.) and by Euc., 41. i, the triangle 
h half the parallelogram. •> 

Ex. 1. If AB (Fig. 5.) Ire 05 feet, and PC 31.2, what is 
the area of the triangle ? Ans. 1014 square feet 

& What is the surface of a triangular beard, whose base 
is 3 feet 2 inches, and;perppndiftular height 2 feet 9 inches? 
. .Ans. 4E» 4' 3", or 4 feet 51 inches. 

f ft- If two sjtfes' 6f a^ria^ngle'and the included angle, are 

8'ven, the peipendjcflrtaTonTtfreflf these sides may be easOjr 
WwJ to,rf£t*ng#a* :i *ii^^ 4pd thlfwea may be 

calculated, in the. wtysjmprar B*,th* area of a parallelogram 

., ,,!**& f , fr fa triap^e AJ*C (Fig/2.) 

v ., - ■ And )«tc*use tl^trwgle -jp fcaft the paKaiUli)gt^,of the 

fFo the^me of any aftgle of a triangle ? 

1 v. cr A-ht* S^^^if^BW^ *det ipoludwg that angle, 

v i .^»w<^t^,i^MC^UiaiyK}pv fAjft.5,), 
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Ttim&VKATim OF 

»-.fc* U+M& (flgl S.) he& feet, AB 65 Je^t, wi^tm afigk- 
at A 53* V 48 ", what is the area of the triangl^. ,/* 

. ' * A 1 **, 1014 square feet 

*** 1 6. If the swfc only of a trian^%^re gives, v^aadfe m*j 
be^fiund, by oblique trigonometry, Case 1 V, and theja the 
perpendicular and the area may be calculated. ' But the area 
Btfty'be more directly obtained, fcy thfeibUo-winflt method J * 

• Rule II. When the three sides. Wigiv^jrom imtfMte: 
*tm mtyraci each side severally,- mvlti/m toj^&jhe hog #*»*& 
4racf tfAe three remainders, and extract' the square root of y t^e 

If- the sides of the triangle are c, b 9 and c, and If A —half 
their jsum, tfcn ( , #c . . : * ' 

TAe orca= >th x (A-«) x(ft'-#) X (A-e) : '*' '" 

For the demonstration t>f this rule, dee Trigonometry,. 

-If 4he calculation be made by logarithm, add thte loga- 
rttttos of the several feetots> fend half their sum will be am 
logarithm of the area. (Trig. 39, 47.) , . ', « ;.; 

' Ex. 1. ' li* the triangle ABC (Fig. 5.) given the side* a .& , 
feet, & 39, ami c 65 ; t? find the side .of a squire wbiph has 
the same area as the triangle. .'■'*'' s ■ ' 

,:.,. •.- i(«+**c)=A=7* . A-,5»:39/. . .. f . '.[[ 

"V..-. . . .'. , A~tf=26 ' ' * A-c=l3'. V'', : '', 

■ - * . ...t ViJ iv. t il J lift; 'I 

t 



;Tfce» the, ipw«y7a«K^xl»xl8««il1M4 sqttirf^feet 

..: ....,.-;..:;-.: .- • •• v • - .-,■■:: ••:. " 

.<• . .:.,.. JSylogfirithiw. ' 

ThebalCfim v =78 : . ..f.BMNU ■• T 

1 First remaipder * . =26 , . 1-414&Y 

Second do. ' . =39 . . .l.$9i'06 .. „1 

' !Third do. ' =13 * "" " Ul&94 ,..,' ; 



The area required =1014 2)5.00603 

Wt Klde of the square «31.848 (trig. 47) 1,50801 

• * .• i >■ ii ^»i' . 

2. If the skies of a triangle are 134, 10^ tgty£ x $ft tafc»;^ 
what is the area f ' • Anjs.,4019./ 

a tiliaVis the area of a tfftrigfc Wio9e ^aes'ire J 3tl t 2$l ,- . 
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- 11. fn an tqv^erd \me>$e, one of whoae sides i$ a, &e 
efeprtfcstbR foti the area becomes , > .♦ *• -:. » .»• 

? But 4s A»*|^ attd* t -«s=|a— a=*|fi, the area is ;i 

That i*,4h* ar£* of ah equilateral triangle is equal te \ 
the^quajre of one of its sides, multiplied into the square root 
qf ^whfcb&l.lfc* - % . ■_" 

Ex. I. What is the area of a triangle whose sides we 

each 34 feet? - Ans. 500* feet 

^ ».•',.. i- * 

2. If the sides of a triangular field are each MJb rods, tow 
many acres, does it contain? 



problem nr. 

• • Th find the area (fa trapezoid'. ' 

1£» Multiply* half the mmtf jk$ pumUel sides into 4hmr 
perpendkidar distance. 

.The area/of the trapezoid ABCD (Fig. 4.) is equal to half 
the sum of the sides AB and CD, murapTied into the perpen- 
dicular distance PC or AH, For the wfcale*%grt is made 
tap of the two mangles ABC and ADC ; the area of the first 
of which is equal to the product of half the base AB into 
the p?ipp»4jculE*r. BC*.( Art* $,) pud: the •arefr ef the other » 
equal to the product o{ half the base DC into the perpenoV 
cular AH or PC. ' , . . * r 

£x, tf4K(IKgr.4Vbe;40 feet, BC 31, DC S& a*fl the 
angle B 70% Hfrhkt is the area of the trapezoid ? . . 

r RrBC:f*H$:PC^2ai3. Airi*43X^3»1388£* 

2. What are the contents of a field which has twor^arallel 
tides 4*^*A*?&f9&> distant from each other 27 rods? 



.__ PROB&ftfflT,. 

fVJB$ to «rtei* <jf atRAPEzruM, or of an trregtrfar Po^roOrt, 

l?i JHvifle thtu>hfiU,3fffTfi into triangles, by dimming sSaQ*- 
nak\ and fad the sum ofm areas cf these triangles. (Aig-BUk) 
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mg ono/, tte urea of the trapezium formed of the two trite-' " 
#es, is equal to half the product of the diagonal into the *u«t 
of the ^ipiodfcitot. . «t ->1 . •■.. - ..,, .» t , j 

Itusthe'ar^aofflietrapizitmi ABCM (Fig. fc) fa 8 Vf * 

JBHxAL+lBHxCM«|BHx(AL+C«) 
Ex. In the irrqgular polygon APCDH(rtg, 6) 

if thediagonjOs ? J^^' anji the perpendiculars ) C%»94 

Thearea»i8^14.6+jlSx7.3=»93:9.6,. 

]4. It the diagonals of a trapezium are given, the area may 
be found, nearly in the same mdhner as the *rea of a pkral- 
lelogram in Aft 5, and the^rea of a tingle in Ait. 9. : . 

In the trapezium ABCD (Fig. 6.) the sines of the four an- 
gles at N, the point of intersection of the diagonals, are all 
equal. For the two acute angles are tvppletnents of the other 
two, and therefore have the same sine. (Trig. 90.) Put- 
ting, then, sine N fir the site 'of each of these angles, the 
avees of the four trittgfaf of which the trapezium is compo- 
sed, are given by tb$fo!lo\ring proportions; (Art. 9.) 



./BNxAN:2area ABN 

1t-.c»w w .J : BNxCty; 2. area BCtf 






And'by addition, (Alg. 3§8* Cor.lJ*)* -.- « m 

R:SinN:iBl*xAN+BK^CN+^^eN+DK5?JlNir 
area ABCD. **•'•«* 

'the $J-term«\Xl!f+^ 
the figure. * •' " ' v .'','' \ '" ' ^ : ' "' ' l ' ^ * 7 

Therefore, R : Sin N :: AC x BD : 2 area ABCfr. 4 That is, ' 

As Radius, - 

To the sine of the angle at the intersection of Ae '$/ 

*'■ "" ' ; agonal* of a tirapeaidift ; * : * : > ' ' ■■■■ -i .» .- 
*•"' ' So is tffe prctfuct 6f the tii&goniAsl .""<-., - •: «..- ?*• ,. 
-' Tb twief tjit? UttsPef* theWttpertnto. ■ • - x. i viK..^ 

It is evident that this rule is applicable to a jtoaIlelograi)£* 
as well as to a trapezium. > , r .. •; < 

• Euclid its. Cor.' 1 ; J . , 
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PLANE SURFACES. 9 

"• Ht tb* diagonals intersect at right angles, the sine of N it 
etpifil to radius $ (Trig. 95.) and therefore the product of the 
di^na^ 4a equal to twice the area. (Alg. 395.*) 

, Ex. I. If the two diagonals of a trapeaiutn are* 87 supd G2, 
and if they intersect at an angle of 54°, what i» the arcak^f 
the trapesiup? « ' "' . 

As Radius 10.00000 

- a ^ To the sine of 54* 9.90796* " , 

? ( Sq is the product of 37 , . 1.66820 
(Into 62 . 1.J792S9 

To twice the ma 1856,9 &2685£ 



■2.. M the iliagQnftJ* are 85 and 93, and the angle of inter- 
section 34% wbftt is tbearcvof the trapezium ?f 



. • • - : »• paoblum r. t 

15. Mutfiply one df its sidrt into hdf*tof#jtotdimlnr 
tance front the centre, and this product into the number pfsute.* 

A regular polygon contains as 'mahy equal triangles, as the 
figure has sides.. Thus the hexagon AjBDFGH (Fie. 7.) 
contains six trjangfes, each equal fo A6C. The area of j>ne 
of them is equal to the product oPthe side AB, into half the 
perpendicula^GP (Art# 8.) The area of the whole, there- 
hreyip ecpal to th^s jwo^uct multiped into the* number o^ 
sides. *" * * ? / 

-rJEtrifc W^t js,tjve,area of a regular octagon, in which 
the length of a side is 60, and the perpendicular from the 
epfce 72-4?6 ? Ans. 17382. ^ . ' ; * 

2. What is the area of a regular decagon whose sides are 
46 eadfy and the perpendicular. 70.7867 F * 

16. If only the length aad easier of sides of a regular 
polygon be given, \fo perpewbtvltr trom the centre *nay be 
easily found by trjgpteoietgr* t Th$ periphery of the circle 
mwtuch ihe polygon k inscribed, » divided ioto as »any 

*Euc*)4;5. '. - 'i «. «*' w 

tSesNitUA* 

c 
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old Ji»E«SB|fe|3*MK W 

• cqadjpfPl*, £9>tl?6; polygon has sides. . (Euc- 16. 4/Sftkol.) 
JI«e arCj of which, one of the sides k & Vjhorjgly is, there jbte 
known; pad of co^rse,.^d()^^ti < the.cej|it^e i s^^d^d by 
Jbis arc, •'.,,. 

Let AB (Fig. 7!) be bnVsfdfc of a regular polygon, infecri- 
- bed in the circle ABBG. The ^erpebdiculai* CPlbisects the 
line AB, and the angle ACB. ( Euc. 3. 3.) Therefore BCP 
is the saipo .part of. 360°, which BP is of the perimeter of 
the polygon. Then, in the right angled triangle BCP, if BP 
be«td«i^-(TFig-122,) ♦_,._. 

R:BP::CotanBCP:GP. That is, ♦ 

As Radius, - ■ •* 1 •.»•-» >J . ♦ 

To half of one of the sides of the^polygon, ; 

So .is the cottegent x>f thd opposite angle, • . ■ \ . * . 

To the perpeaai<juhtr from thes centre. . ,. > , , , , 

4 Ex. 1. If the side of a regular hexagon (Fig. 7.) be SS 
inches, what is the area ? ' 

The angle BCPrn^ of 360° =30«. Then, 

R: 19 :; Cot 30° : 32.909=CP, tht^etpebdMuv 

L . Aadthear*a==19x3*9G9x6=:375i.6* I 

2. What is the area of a regular decagon whose sides are 

each62feet?* Am. MfQ6." ■ » , • < •" •/ 

''•'it • . , 

17. JFrom the propprtipft in tbeprecejliag article, » table 
of pecpeu^c|il|yrs. aqd arefu; ojay he easily fowpaedj for, a lo- 
ries of .polygons, of which e^eb side U& unit, Putting ft *» 1 , 
(Trig. 1Q0.) and »=*lhe number of sides, the pr^ortion be- 
comes 

, 360 „.•?:*' 

1 : £ : : Cot-^- : tf he perpendicular. 

' -'360 ■ ' ' " 
So that, the perp. = JCot-5— • », 

And the area is equal to half the product of the perpen- 
dicular into the number of sides* (Art. 15.) ' ' 

Thus, in the trigon, or equfiateral triangle, the perpentlic- 
* 360° .... * 

trl«r*=i Gotr—tfc^Cot i80o=0.2886752. 

And the area=0.4330127. 
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rlahe warncm. n 

' 360° 

In the tetragon o* square, the perpendiculars f'Co t a * 

tbf Cot 45* =0.5. ' And the area**!. 

In this manner, the following table is formed, in which 
the side of each polygon is supposed to be a unit. 

■ -.,. .... •. '. \. . — - .■•'.■• ■ ' - ? : 

A TABLE OF REGULAR POLYGONS. 



Names. 


Sides. 


Angles. 


Perpendiculars. 


Areas. 


Trigoo 


3 


00* 


• 0.2880752 


0.4330 r27* 


Tetragon 


. ,4, 


; 45*. 


OiSOOOOOO 


1.0000000 


Pentagon 


5 


36 p 


aesai.910 


1.7204774 


Hexagon 


6 


30? 


0.8660254 


2.5980762 


Heptagon 


7 


25* 


1.0382601 


3.6339124 


Octagon - 


8 


SB*~ 


1.2071069 .j 


4-8264671? 


Nonagon 


9 


20» 


1.3939366' . 


r&d818242 


Deeagth 


H> 


. 18*" . 


1:6888416 . 


7.6942088 


Uoriecagot* 


11 


l«t 4 T 


1.74)28439 


9.3656399 


Dodecagon J 


12 


15o 


1.8660252 


11.1961524 



r &jK"tlife table may be calculated the area of any othef 
regular , polygon, of the same dumber of skies with one, of 
these. For the areas of similar polygons are as the squares' 
of their homologous sidfcs. (Hue. 20,' 6;) ' * ■ { 

.. To fiiid, then, thfc area of 'a rfcgufc* polygon, multiply the 
square of obe of its sides? by the are* of a similar polygon of 
which the side' %s a unit ■ • « " • ' l 

Ex. 1« What is the area of. a- regular decagon whose styes 
are each 102 rods ? Ans. 80050*5 rod^ % 

2. What is (be area of a regular dodecagon whose sides 
afe each 87 feet? ... 



i tt .'" 
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, .SECTION., JI.* r . ,. ,,.,, ,!- v , 



THE QUADRATURE OF THE CIRCLE AND ITS 

• ■ PARTS. • '•• . . ' .". . 



taut to all its parts from a taint within called the cientes. 
Thte bounding line is called 4ne . amimfevenct or peripbety* 
An arc is any portion, of the circinpfereqoe. AfiemMifdb 
is hal£ and a quadrant one fourth, -of a circle. ,-.. , , . ,: 

IL A Diameter of a circle is a straight line draim tbrOdgb < 
the. centre, and terminated both: w&f& by the ciifciwnfertncc.. 
A Radius is a straight line extending from U*e ce*f|rt«*Mbe - 
circumference. A Chard is a straight ^liiie wfrich yritm thfc 
two extremities of an arc. . : .. * - » 

III. A Circular Sector fe a space contained between .an are 
and. the two rac^ii ^>yu Xroca tie extrefaitiesi{>f the mo*:- It- 
may be fcw ihm asem^cif^ a$ ACRQ> (Fig. 9,) { w great*, 
asACBD.. ... .' , , , ... .'*■.,...- 

IV. A Circular Segmaa js the space contained betyteea- m 
arc and its chord, as ABO or ABO. (Fig. 3.) The cbwd 
ia sppnetimes called the.lme of .ihe^segwejtf. Tbe heigh of 
a segment is the perpendicular fropf me «p4dle q£ the base * 
to the arc, as PO. fFig. 5.) , . 

V. A Circular Zone js the space, between . two. parallel 
chords, as AGHB. (Fig. 15.) It i» called the middle ioney 
when Uie two chords are equal. . ' ' 

VI. A Circular Ring is the space between 4k* peripJurie* 
ef two concentric circles, as AA' BB\ (Fig. 13.) 

VH. A Lune or Crescent is the space between two wteu* 
lar arcs which intersect each other, as ACBD. (Fig. 14.) 
19. The Squaring of the Circle is a problem which 'has ea* 

* Wallis's Algebra, Ja GJend?*'* OiHwaetiy* Bonk it. and Notn in 
Hutton's Mensuration, Boisley's Trigonoj*eJtty,, Book i» Set. ^? in- 
troduction to Eater's Analysis of Infinites, Iiondon Phil. Tra«tt. Vol. 
▼I. JK™t WTl-^ 47«,«jqwilT*M ur » f»* Ifrttf»'s ) d ff tf s ■ *»<*.' 
VoC ji. p. 547. ' 
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MENSURATION OF TKE CIRCLE. 13 

%feised the ingenuity of distinguished mathematicians for 
many centuries. The result of tbejt efforts has been only 
en tp prrmmat ion to the value of the area. This can be 
earned to a degree of exactness far beyond what is necessa- 
ry for practical purposes. 

. 20. If the drcumference of a circle ofgiven diameter were 
known, \\% area could be-f aafljr: feimd, ^Rprithf area is eqi#T_ t 
to (h& product of half the ciiWraftre nee Into half the diam- 
eter. (Sup. Euc. 5, 1.*) But the circumference of a circle 
has never been exactly determined. The method of approx- 
imating to it is by inscribing and circumscribing polygons, or 
by tottejprooettlof calculation ' whiffy fc, ro phrifople; the / 
sanies - Thfe perimeters of the polygons can be easily ami . ♦ 
exa&tydetcfthnued.' That wlrieh is circumscribed is greater, «* 
and that Which' is iriscribedis less, than the periphery of the ) 
circte j- aitftby%icreasing the number of sides, tree difference ,, 
of the two polygon's 1 may be' made less than any given cnian-» 

tity. (8tap. Etfc. 4, 1.) 

21.* The* sMte of a hexagon' inscribed m a tfrcte, t as AB s 
(Ffe'7:y ia the* chord bf an arc of 60°, and therefore equal \ 
to the ttrifes. fftig. 96.) Tfce chord of half this arc, as s . 
BO, is the side of a polygon of 12 equal sides. By repeat- 
*dly bisecting fhe arc, and firiding the chord, we may obtain 
(beside '^f a polygon of an immense number of sides. Or [ 
we, miscalculate the ske; WhithWitf be half the chord of . 
'double the arc ; (Trig. 82, cor.) and the tangent, which wi)( 
le fcatf the side of a similar c&cufnscribed polygon. Thus . 
the &ne AP (Fie* 7.) is half of AB, a side of the inscribed 
hexagon j and tne tangent NO is half of NT, a side qf the ] 
circum^rihed hexagon. The difference bgtyreen the sine , 
and the arc AO is less, than the difference between Uje -sin^ * 
and Hie tangent. In tueTSectioh on the computation of the . ^ 
canon, jfFng. 323.) by 12 successive bisections, beginning 
with 60 degrees, an arc is obtained wlrieh is the j^jt Qf th$ 
whole ttttumference. ■ ^ - ,l,; ' * 

The cosine of this, if radius be I, is found to be .0&999&96732 
The**** • .00025566346 

} sine s 

And to, iangeat^^^- (Trig. 228.) «=. 00025566347 

The di£4)etween the sflj*«f»d tangent is Only .00000000001 
And Ihe difference? between the sine and the arc is still less. ,, . 

*I* OtftMuiMtr, fit* Stpflmmt to l PWyiJUf>s Zudid li r^rred U Z 
in this work. 



Digitized 



by Google 



1M HERSURATION OF ' v' 

Taking then .000255663465 for the length of the 'arc, sfttft* 
tiplyingby 24567, and retaining 8 places of decimals, we 
hve 6.28318531 for the whole eacurafere*ce> the radius bav 
k%U Halfofthi% , > • 

3.14159265 

is tRe circumference of a t;Srcle wbftse radius is J,' and diam- 
eter 1. 

22. If this be multiplied by 7, the product is 21.99+ ofr 
22 nearly. So that, 

Diam : Circum : : 7 : 22, nearly. . f '. 

If 3.14159265 be multiplied by 113, the prodm* n 
354.9999 +, or 355, very nearly. So that, 

Diam : Circum : : 1 1 3 : 355, very nearly. ' 

. Thfe first of these ratios was demonstrated by Archimqrfes. 

There are various methods, principally by infinite series 
and fluxions, by which the labour of carrying on th# approx- 
imation to the periphery of a circle may be vsry much 
abridged. The calculation has been extended to nearly 150 
places of decimals. 41 But four or five places are sufficient 
for most practical purposes. : . 

After determining the ratio between the diameter and *be 
circumference of a circle, the following problems arawasily 
iolved* 



PBOBLEM U 

To find the circumference of a circle from its diameter. 

23. Multiply the diametef by 3. 14 1 59.f ' 

Or, % 

Multiply the diameter by 22 and divide the product by 7* 
Or, multiply the diameter by 355, and divide the product by 
113. (Art. 22.) 

Ex. 1. / If the diameter of the earth be 7930 miles, what 
is the circumference ? ' Ans. 24913 miles. 



2. How many miles does the earth move, in revolving 
j .i__ ____ ... ,i * * * be a circle tyhose d* 

Ans. 596,902,100. 



round the sun ; supposing the orbit to be a circle tyhose df 
amcter is 190 million miles ? 



* See note 8. 
fin many cases, 3.1416 will be sufficiently accuraU. 
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♦ . THE CISUCLE. I£ 

• & Wbtt istJiQ ciroumfeneaoe «f a circle whose diameter 
is 769843 rods? 



*ROSL«M II, 

, To findjhe bijuwer <jjf a circle from it* cirw»f&evae. 

24. Divide the circumference by cL 1 4 1 59. 

» Or, ' > . 

Mukiply the circumference by 7, <* ntf rffotrfe tie product by 24. 
Or, multiply the circumference by 113, and divide the pro- 
4ue**y 355- (Ait 22.) . r- .. *■ 

Ex. 1. If the circumference of the, sun be 2,800,000 
miles, what is his diameter? Ans. 891,267. 

2. What is the diameter of a tree which is 5^ feet found* 

25. As multiplication is more easily performed than division, 
.{here will be an"fedvantage in exchanging the divisor 3.14159 
for a multiplier which will give the same result. In the pro- 
portion . 3. 1 41 59 : 1 : : Circum : Diam, 

to find the fourth term, we may divide the second by the 
•first, and multiply the quotient into the third.. Now 1~~ 
&14159f*0«31831. If then the circumference of. a circle 
be multiplied by .31831, the product will be the diam«tter«*<. 

Ex.. 1. If the circumference of the moon be 6350 miles, 
what is her diameter? Ans* 2180. • 

2. If the whole extent of the orbit of Saturn be 3Q50 
million miles, how far is he from the sun ? . 

3. If the periphery, of a. wheel be 4 feet 7 inches^ what is 
its diameter? * 

PROBLEM III. 

To find the length of an arc of « circle. i 

26. As 360°, to the number of degrees in the arc ; 

So is die circumference of thetircle, to the length of the «rc. 

Hie circumference of a circle being divided into 360*, 
(Trig. 73.) it is evident that the length of an arc of aqy lew 
nujnber of degrees must be a proportional part of the whole. 

*S€C note C. 
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Ex. . What is jthe lei^th ^pf an <arc of )$* t in ft <jfcefe 

*~The circumference of the circle is 314.159 feet. (Aj$,23^ 

;u :. f ^...^l^a^Wl:8MaW€l«JB6»feet4"i* • •< jl. 

2. If we are 9&miHions of miles lronr thfe suri, and If tfie 
earth revolves rotinct& wr»I$5i4lfB,' how far are we carried 
in 24 hours ? Ans. 1 million 634 thousand miles. 

27. The Jengih .of an arc may fcho be . fpjmd, by multiply^ 
ing the diameter into r the number of degrees in the arc, ^id 
tttis pjaodnct foto .0087260-, which is the length of one de=- t 
gree, in a ehstle whose diameter is 1.* For 3a4t£9f-'3tity*^ 
O.OOW166. And to diferent circles, the circumferences, and 
of course the degrees, are as the diameters. '(Sfcjp.Euc: 8, i$ 

•' 'fix.- 1. -What tsthe fength of an arc of 10* 15' In a cir- 
cle whose radius is 68 rods? ' * Aris. ,, l5Ll05 ) ir0<fe. ,u 

2. If the circumference of the earth tej^lSjx^s^yfj&t 
is the length of a'degree at the equator? 

28. The length of kri arc ik frequently required, when the 
tlymbtt of degrees jhnat gireni. -•» But if thfe rkdiue tof<tbe cir- 
cle, and aith«? ihe chord or the height of the arc, he known? 
the number of degrees may be easily found. 

Let AB (Fig. 9.) be the chord, and PO the height, of the 
arc AOB. As the angles: aft *P>aie right angles, and AP is 
equal to BP; (Art ia Def. 4.) AO is equal to BO. (Euc. 
4, 1.) Then .-.. : •*■■, i» ' . n. ' l-V- f 

OP the versed sine, and BO the?hord ) oftalftitoWMm. 

i ,*tad.ia;th^ v ' M ;•" v 

v .,* ,<. .» £ *£[ CBpVSinfepP(wB6 : ., / , ^ 

>...■-...•. .- iqp:Co,BfcpoiBo; ;;: r* 

J 'Brt t. If Ihr radius GO (Fig. 9.) «=$5,*ai*d*he ctefc* 
4£*=4&% vfoafcis thtftetig* oolite ait$ AOB^ * < >' '"' 

: r >43»f Rt:BP>^in l »CP bt BO=60°Very ^earl^/^" 

. The cJircumferenice' o/ the £ircle=3.^ /{ 

And;36Q^^6^ ::,L57.Q0 rJ^ta^QB,.^^ 

circle whose radius is 125? An9. 261.8. 
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'* THE CIRCLE, ft 

%: 58£ if onfy'the' 'chord and the fteight of an arc be given, 
the radius of the circle maybe found, and then the length, of 
tke*re. 

If BA (Fijp9,>W ttadmd, and PO tfee height of tht 
$jc AQB, then t&w. 3i. 3, and 8. 6, Cpr.) 

.'• ■••*-' OP:BPj:BP:DP 

-gp» Tip* 

Tbqrofeie DP** op ' *** DO^OP+DP »OP+ q^ • 

Tb*t ip, the dwmetir is equal to the height of th# arc,, + 
the square of half the chord divided by the height. . : . 1 . - 
jt .The diameter being found, the leqgth of the arc fp*j be 
6a|culated, by the two preceding articles. . 

£*• 4. • Ifotbe evbard of *n **c be 173.2, and, the. height 
fiO, what is the length of the arc ? 

The 'diameter «504--£r- 3?200. The arc contains 120*; 

(A^t 28.) *nd its length, is 209.4j*. (Art 36.) , . 

2. What jb the length of an arc whose chord is 120, and 
I)eifbt45?. Ana. 160.6* 

■* u * ■ ■ ■ FfcOBttfM'IV. 

,; • ' : ; . • ' . . ' '• ■ ; », 

To find the ahea 0/ a circle. , 1 ■ 

Sa JJt^>fyfe*^fffeo/de<fa^ 

Or, ■- ' - •" 

Multiply half the diameter into ha\f the tirtumforenct. 6r, 
multiply the whole diameter into the whole circumference, 
and take £ of the product. ■■.,.♦. 

The area of a circle is equal to the product of half the 
(fojofeterinte half the circumference; (Sop, Euc. 5, h)br 
which is the aat*eMhing, £ th* |fo**i<of *h© 4ttan>eter *i*df. 
circumference. If the (ftatneter he 1, the wcuiflfagKfee is 
3.14)59; (Art 23.) one fourth of which is 0.7854 ne*rf». 
But the fer^as of different circles are to each other, at' the 
t q iktto 0/ tfofrjimteftrs. (Sup. Euc. ^, l.f) The area of - 
spy j^e^ tbeflefoc^i* pqpajl to .the, product^ tfto «|uar« 

* See note D. 

t Euclid*, 1*. 
D 
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1* MENSURATION vOF 

qf'fcs diameter , .into ♦<k7B64, tabfch is Abe ar$a,of * c**te 
whose diameter is. 1.. ...*.,.-, 

Ex* 1. What is the area of a circle whose, diftmetetf w 
623 feet i\ < Ans. 904686 square feet. 

2. How many acres are there, in a circular island whose 
diameter is 124 rods? Ans. 75 acres, and 76 rods. 

. 3. If the diameter of a circle he 113, and the circumfer- 
ence 355, what is the area f Ans. 10029. 

4. How- meny square yards are there in a circle, whose di- 
ameter is 7 feet ? 

3t. If the circumference of a circle be giren, the area may 
be obtained, by first finding the diameter; or, without finding 
tbt diameter, >by muitiplyfaig the square of the ciicumfcr- 
eaee by .03968. .:- 

F«r, if the circarofrreace of a. /circle be 1, the diameter 
«l-r 3a4l*a*i&31831 $aad A the.&rod***^ this into, thq 
circumference is .07958 the area. But the a?eas of differ- 
ent circles, being as the squares of their diameters, are alsfr 
as the squares of their' etrwanferences.- {$vtp. Euc. 8. JL) * 

Ex. 1. If the f circumference of a circle be 136 feet,, 
what is the area ? ' Ans. 1472 feet. 

2. What is the surface- of. a circular fish pond, which is 10 
rods in circumference ? 

* 32. If the area ofarircle be given, like diameter may be 
found, by dividing the area by .7854, and extracting the 
square root of the quotient. , . , • • , 

This is rwe^ing Jthe.jnile in art. 30. . 

.-. E&* k What is the diameter of* a cirble.wlwwe area is 
380.l336fett? Ans. 380. 1336-r .7854^=4584. Arid ViS4=f 23. 
* 2., What is the diameter of a circle whq^e area is 100635 ? 

I . 3& The area of a circle, ia to the arpa,of the circytntcri- 
jked\*fparz; as .7854 to 1> and to that of the inscribed 
.square as .7854 to £. 

Let ABDF (Fig. 10.) be the inscribed sqtiare and LMNO 
the circumscribed square, yf the.c&cJ* ABDF. The area 
■of the eircle b equal to AD* x .7854. (ArtSO.) Butthe area 
of the circumscribed square (Art-4.) is equal to ON 3 = AD 2 - 
And the smaller square is half pf the larger one. for th* 
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W*r v «*iitatos « equal trtan^e^'df#fekfr the ft#m*r <*rt- 
tains only 4. • i » ' . * . ., 

Ex; What is the apt* of** squire*. inscribed in a circle 
whos* at** ir 159? • Ans. .78544 J : : 159 : 101*22../. C 



PROBLEM V, 

-:•■!•' ..!'..' j , -. , , , •■.,'»-,» I : ' 

1 ' * ' ; To'^d ike nrea of a sector of a cirik. f 

€ 34. Multiply the rtxdiw into half the length of the tic, 

Or, - 

... d& 360, to the nvntfwqf Agrees uilfcemut . . . 

. So u the arepcf \the< circle^ to ihear^.of thp sector. . , 

''•'It ft etMeftf, that the area of the sector has the wide *a* 
tio to the area of the circle, which the length <yf1he arc has) 
td the length of the \?hole circ«f«fe*e?M*>>; ot whicbthe 
number ot'degreerin tie arc hw^to the. number of -degrees 
in the circumference. *i • « . • i ; " . . 

Ex. J. If tlie arc AOB (Fie. 9.) be 120°, and tlie ''diam- 
eter of the circle 226 ; what is the^area of the sector AOBC ? 

. The area of the whole circle is 40115. (Art. 3b.) 

And 360* :120° :: 40115 : 133714, the area of the sector. 

2. What is the area of a quadrant whose radius is 621? 

. 3L What is the area of a semi-circle whose diameter is 

028?.' ..•'*•' 

4. What i* the area of a sector which is less than a semi- 
circle, if the radius be 15, apd the chord of its are. 12? 
< Half the chord is the sine of 23° 3*'£ nearly. {Atf- 28-) 

.The whole arc, then, is 47° 9'£ •«..,. f .: 

Tbearea of the circle is 706.86 

" And 360* : 47* &\ : : 70BJ8& : 92.6 the area fcf the sector. 

. '5! If *the arc AtJB (Pig. 9.Vbe 240 degrees, 'an'ft the ra- 
dius of the circle 1 1 \ What is the area of the feectdr AT^BC? . 



» ■ • .. i # »+»»•■ » « * f , 

PROBLEM VI. 

» « _ •% * 

ii. • Tojmd the area of u segment o/|# c*r<&.i . . »„ * » 
35. Fintf fAe area of die sector tdhVA Aa* fAc same mv?, and 
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»ffl1IMI lift >TlflN OF 

tfa&e^mtyfomusva.Jbmi hf Jib <**£*/ tie teg- 

ment and toe tadii of tie teaka*. , s * :-\ * * i-- 

* 7fe*, j£ #e segment be less &<m a semi-circk y subtract 
rile area of Me triangle from the area of the setter. But, if 
tht MgmeM bk geeatek Ala* tttanfccwrfe, inrl dte feretf af *& 
1 MAngtet0tht<*earjfthe ***<*•- ■ "•] ■- ■ ■■ ■ ! * • 

*' If the triangle ABC (Fig T 9.) fy taken, from the., sector 
AOBC, it is evident the difference will be tbe. segment AO$P, 

, Jp^s than a^efni^circjf. t ^o^ if ,tlje s*m>e #w*gte b* ptdded 
to 'the seefpr AJOBC, the .'syjq will fyj the aeg|n^ AD£P, 
greater than a semi-circle.' 
Tile fM of tte triangle) (AH. 8i) ia equliLto ihe product 

. ofchatf thf^ohoitfrAB into GP Trta*lk is th^didfofenee *>e- 
tween \thc radius! ami >BO thr height o* *he*<%tiifeat' •• .Or 
CP is the cosine of half the arc BOA, If this c^ne, and 
the dbord of the segment *re not given, they may fye {bund 
from the arc and the radius. - r *- 

Ex. 1- If the arc AOB (Fig, 9.) fee !90**#od *fce radius 
of the circle be 113 feet, what is the area of the segment 
AOBP? 

" In the right angled triangle BCP, 
R:BC::SinB€OVB4 > ^gf.8S?half the chord. (Art 28.) 

The coswePCfeiCDr^Trifr :MMCfar-) "=56.5 
The area of the sector AOBC (Art. 34.) » 13371.67 
. The area of the triangle ABC =*BPx PC » 5528.97 

The area of the segment^-therefore, . ** t ?Wfr 7 



2. If the base of a segment, less th^tn a semi-circle, ofe 10 
ftsrt, atftrf the radldS of We circle 18 feet; What is ttie fcka of 
thesegtaent? ' ,l ■ " * ' . ' ' ; "-' v " ,; 

The arc of the segment contains 49£ degrees. ^Aat,48.) 
. The,a^a.of t^e^ctor ; , , ^6^,:. . rCA«*4 0k) 

. The^^of tteiriaijgle.. N ?^54-$^. ^ . , c .. .*_ : / 

And the area- 6f 4he segment .±xi 7.3* sqtiard feet 

3. What is the area of a circular segrqeijt, whose* bright is 
19.2 and base 70 ? Ans. 947t8& 
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base AB be 195.7, and the height PD 169^ ? 

t) 3*., The, arep of *ny figure which is bpuadsd jporty by 

arcs of circles, and partly byfaght li^e^wa^^,($^PWl^cl, 

by finding the areas of the segments under the arcs, anjj then 

n /flfe a*ea of the recfilihertr^pac^ between^ the chords, of .the 

• mi^rf atotf the other'tight lines. ' " ' * ;i 

} J TTtais -fte Cathie trch- ACfe, <F%- ;l^.) 'febnfaibs^he two 
segments AGH, BCD, and the plane triangle ABC. 

Ei. if AB (Fig. ;H.>bfe 110, eaob of the-ims AC and 
BC 100, and the fcriihtof each o?the segments AOH, 
< 'BCD 10.4a5r what is &* area of *th* whole figure ?- * 

.j Thejwr€ia» ^f tbe t^Q 4l s^gpients am ,. , 140* 
■the are* of the triangle AJJCJis .; . . . ,4593,4 v 

< Jl * Afadlfce^fcole figure is' n< ' ': "■ 1,f /' **»*•<* 

* ' < r To fiwilhdwrea if a fcdw^ioim* 

• 37. jFVom #e tjrar pf thewhah circle* 4ubtraci the. two teg- 
mwt* on the tides of the zone. 

If 'frbmihe whole^circle (frig. 15.) there be tatferi the two 
s¥ements~ABC and DFH, there will remain the zone 

, t AvErt** • -.•>•*■,*•.,-.-* -' • . ■* - .1 » 

.. Qr> tht .ar&t-of the zone qiay be fc^wd, by *nbtracti»g>the 
segment ABC from the segment HBD: Or, by-ad^uutfthe 
two small segments 6 AH and VDC to the trapezoid ACDH. 

• SeeitftStt. " • ■' ; >••-•*' - J '* ' • 

• The latter method is rather tbfe most' expeditions' in prac- 
tice, as the twoisegments at the end of Ure *one are equal. 

Bib .!>• What is.the areanrf tfcvzobe ACDH, (Fig. 12.) if 
AC is 7.75, DH WIS* and the diameter of the circle 8? 

* Forlfc* tMfctil # iodl&g the areas of *efcttteitts by a fa6fe, see 
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& • MENSURATION OF 

The area of thettodlfe etrcleis : • ' «>.2B 

of the segment ABG -17 32' 
of the segment DFH 9.82 
of the zone ACDH 2&12 

2. What is the area of a zone, one side of which is 23.25, 
and the other side 20.6, in a circle whose diameter is 24 ? 

Ans. 208. 

v 3&rlf the dumtttr of the! cifrcle i* notgiren, it my be 
found from the sides auwi the (breadth rt*f the zone. 

Let the centre of the circle be at O. (Fig* 12L) Draw 
ON perpendicular to AH, NW perpendicular to Ltl, and 
HP perpendicular to AL. Then 

AN =.£AH, (Euc. 3. 3.) MN=4(LA+RH) , 
LM=iLR, (Euc. 2. 6.) PA=LA-RH. 

TKe. triangles APH and OMN are similar, because the 
sides of one are perpendicular to those of the other, each v tj» 
3ach» Therefore 

,PH:PA::<MN:MO 
MO being found, we hare ML-MO^OL. 

And the radius CO= ^tHiM-CL*. (Euc. «. I.) 

Ex. If the breadffi of fhe idrie ACI*H (Fig. 12.) be 6.4, 
jg^d the sides §.8 aqd 6 j - what is the radius of the ciqcle?^ 

PA=3.4-3=0.4 AndMN=t(i.44-3)tea2' -. 

Then 6.4:<K4<:3.2-<K2=M0. And 3J2-0.2s=3=sOL 

.-■.•»" -And the fad«»CO»Vi^+(a4)>«4i434-i: • 



To ^md *Ae area o/ a lune or erescenU 

39* Find f Ae difference of the two segments which are between 
the arcs of the crescent and its chord. 

If the segment ABC (Fig. 14.) be taken from . the seg- 
ment -ABD ; there will remain the lune or crescent ACBD. 

'Ex.'" If th* dtotd AB'bfe 8&, the height GH », and 'the 
height DH 40; what is the area of the crescent ACBD ? 
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•fllie area of the segment ABRis 

of the segment ABC 122Q / , ' 

of thectfeecientACBO - • 1478 

PROBLEM IX. 

3T* jfcirf l&eorta o)f * iu», inclttd^d between the periphefiefi 
of two concent^ ©ifde& '•-" , 

40. JW iKt diffearmce of the area* of the two riroks. < ■ 

•' ' " : o r ; ' • 

Multiply the product pf the sum .and difference of the two 
diameters by .7354. 

The area of the ring [Fig?. 13.) is .evidently equ^l tq^he 
difference between the areas df die two pircles AB and 
A'B'. '\ • ■ ^ ' -.■ ,/*' ■ 

But the area of each circle is equal to the square of its 
diameter multiplied into ,7884* ^Aft. S0#) And tbf differ- 
ence of thqsa squares is equal tp-tfcyiftwtf'tf thjet^uia and 
difference of thp d&B&te^s*. (£lg. 235.) Therefore the 
area of the ring is e'qttfcl to the product of the sum and dif- 
ferep^n of -fl* tara diptpiters wuitiplwd'by ^§54., i 

Ex. 1. if AB (Fig. 13.) be 221, and A'B' 106, wha* & 

the are* of the jiflf|_? '•■■ 

2. If the diameters of Saturn Vlirger ring be 305,000 
and 190,000 miles, how many square ifailes are there on one 
«de of the ring ? « 

Ans. 395000 x 15000* .1854=4,653,496,000** 



,, PROMISCUOUS EJUlfa^ES, OP ABEAf> . 

, Efc. 1. What is the expense of paving a street 20 rods 
long, and 2 rods wide, at 5 Gents for a square foot ? 
• Ans. SUi iltltt.- 

' ' 2: If an equilateral tpangle Qont&ms as many squtire feet, 
* Se«? note P. 
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24 MEN^ORAtlON l 0F 

as then;' are inches in one of its sides; wW if the am. of < 
> the triarigle ? / , >j c, 

Let i . * wthe number of square feet in the area. " J 

And (Art H.) a*4\i2/ x ^ 3 ~ot8 x v* 

■ * 576 i; 

Reducing the equation, a?fc-^j»382.55 the area, 

3. What is the aide of a square whose area is equal to 
that of a circl e 452 feet in diameter? 

Ans. V(4S2)» x .7g54«400.5T4. (Art. 30 and 7.) - 

4i fahtft is the diameter of a circle which is equal tQ.a « 
square whose side is 36 fee t ? 

Ans. V(3Q)» -r 0.78S4~40.6217. (Art 4.mkI3SL) 

& What j* the area rf * squat* inscribed in a circle 
whose diatpetetift 132 feet? - 

Ans. 8712$qtfarefeet (Art. 3a) 

6. How much carpeting, a ytad wide, wiff be netiettary 
to cover the floor of a room which is a regular octagon, the 
sides being 8 feet eatoh ? Ans. 34$ yard*. 

- *«•?'! 

7. If the diagonal of a- *p**re lie 16 feet, what is the 
area? Ans. 128 feet. (Art. 14.) 

8. If a carriage wheel 4 feet in diameter revolve 300 
times, in going round a circular green ; what is the area of 
the greet* r 

Ans. 4154J sq. rods, or 25 acres, 3 qrs. and 34} rods. 

9. What will be the expense of papering the sides of a 
room, at 10 jcents a square yard ; if the room be 21 feet long, 
18 feet broad, and 12 feet high ; and if there be deducted 3 
windows, each 5 feet by 3, two doors 8 feet by 4J, and one 
fire place 6 feet by 4| ? Ans. 8 dollars 80 cents. 

• > 10. If a circular pond of water 10 rods in diameter be 
surrounded by a gravelled walk 8£ feet wide; what is the 
area of the walk? Ans. lfi± sq. rods. (Art 40.) 



Digitized 



by Google 



SUPERFICIES. - 25 

IK If CD (Fig. 17.) the base of the isosceles triangle 
VCD, be 6Q feet, and the area 1200 feet; and if there he cut 
off, by the line LG parallel to CD, the triangle VLG, whose 
area is 432 feet; what are the sides of the latter triangle? 

Ans. 30, 30, and 36 feet. 

lSf. What is the area of an equilateral triangle inscribed 
in a circle whose diameter is 5&feet ? 

Afts. 618.15 'sq. feet. 

, 13. If a circular piece of land is enclosed by a fence, in 
which 10 rails make a rod m length; and if the field con- 
tains as many square rods, as there are rails in the fence j 
what is thfe value of the land at 130 dollars an acre ? 

Ans. 942.48 dbllttri. 

14. If th*. mteajrf theeqifiialseral triangle ABD (Fig. 9.) 
be 219.5375 feet;, what is die area of the jcircje Q£f>4i, ii* 
which' the mangle is inscribed? '' \, ., ' , > 

The sides of the triangle are. each 22.5167. (Art. 11.) 
4^tbe:^rea<af thet^roleis £30.93: 

'15* Jf 6 concentric circles are se drawoy that the space be- 
tween the least or 1st, and the 2d is . 21.2058, 
betwee»the2dand3d " 35.343, 
between the 3d and 4th 49.4802, 
between the 4th and Sth 63.6174;; 
,- between the 5th and 0th 77.7548; 
*fcat are the 'several diameters, supposing the torigesTtolje 
equal to 6 times the shortest ? 

•I ' • Ans. 5,^,9, 12, 15, and 18. \ x 
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SOLIDS BOUNDED B¥ PLANE SURFACES. 



A*™* /ii n*,™.«w,™, ? A PRI&M is * sdi4 bounded 
Aim 41, Definition I> A hy pkne fig|Jp ^ w ft^-^ 

parallel, similar, and equal; *nd tbp others ftp 
is. " » / / " 

rallel planes are sometimes eaJJed the#<we#ypr 
other figures, the wcfes of the prism. The lat- 
>the* constitute thte lateral surface. 

III. A prism is rtg-Atf or oblique, according as the sides are 
perpendicular or oblique to the bases. 

IV. The height of a prism ft*the perpendicular distance 
between the . pjanes of the bases. In a right prism, there- 
fore, the height is equal to the length of one of the sides. 

V. A* Paralldopiped is a prism whose bas«£ are, parallelo- 
grams. > 

VI. A Cube is. a solid bounded by six equal >4%ikm9& It 
is a right prism whose sides and bases are all eqijal. 

VIL A Pyramid is a solid bounded by a plane .figure fiplr. 
led the base, and several triangular planes, .proceeding from, 
the sides of the base, and all terminating in a single point. 
These triangles taken together constitute the lateral surface. 

VIII. A pyramid is regular, if its base is a regular poly- 
gon, and if a line from the centre of the base to the vertex 
of the pyramid is perpendicular to the base. This line i* 
called the axis of the pyramid. 

IX. The height of a pyramid is the perpendicular distances 
from the summit to the plane of the. base. In a regular 
pyramid, it is the length of the arts. 

X. The slant^height of a regular pyramid, Is the distance 
from the summit, to the. middle of one of the sides of the 
base. 

XL A frustum or trunk of a pyramid is a portion of the 
solid next the base, cut off by a plane parallel to the base. 
The height of the frustum is the perpendicular distance of 
the two parallel planes. The slant height of a frustum of a 
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MENSURATION OF SOLIDS. S7 

regular pyramid, is the distance from the middle of one of 
the sides of the base, to the middle of the corresponding 
tide in the plane above. It is a line passing on the surface 
of the frustum* through the middle of bne of its sides. 

XII. A Wedge is a solid of five sides, Viz. a rectangular 
base, two rhomboidal%idesftie«Ang ia .aa edge, and two tri- 
angular ends; as ABHG. (Fig. 20.) The base is ABCD, 

, *e sides are ABHG and l)CHG, roeetihg in the edge GH, 
and the ends are BCHantf ADG. The height of the wedge' 
%% perpendicular drawn frwrr.aDy point in the edge, to we 
plane of the fate, ds<GP. 

XIII. A Prismoid is a solid whose ends or bases are par- 
allel, fnrt not similar, and vrbose sides are quadrilateral. It 
di^fert* from a prism or A frustum of a pyramid, in having its 
ends dissimilar.- It is a rectangular prismoid, when its ends 
are right paralfclbgrams. 

XIV. A linear side or edge -of a solid is the line of in- 
tersection of two of the* planes which form the surface. 

'49.' The common measuring unit of solids is a cube, whose 
tides are squares of **the same name. The ' sides of a cubic 
inch are square inches, of a cubic foot, square feet, &c. 
Findfiig the eaparify diltdityf or, solid contents o( a body, is 
finding the mimber of cubic measures, of some given denom- 
ination, contained in the body. 

In solid measure* 

1728 cubic inches =1 cubic foot, 

27 cubic feet j=1 cubic yard, . 
4492} cubic feet =1 cubic rod, 
32768000 cubic rods --1 cubic mile, 
. ; 282 cubic inches =1 ale gallon, 
231 cubic inches =1 wine gallon,, 
r > . . 2150,42 cubic inches =1 bushel, 

1 cubic foot of pure water weighs 1000 
Avoirdupois ounces, or 62§ pounds. 

#, See note G. 
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8S MENSU&ATION OF 

PttOBLBtf I. 

To find the solidity •/ a nasir. 

43. Multiply the area of the base by the height* 

' This is a general rule, applicable to parallelepipeds wheth- 
er rigfct op Ofbjigue, jcubes, triangular prisms, &c. 

4s surfaces fire measured, by comparing them with a right 
parallelogram; (Art. 3.) so solids are* measured, by compar- 
ing them with a right parallelepiped. « * 

If ABCD (Fig. 1.) be the base of a right parallelopiped* 
as a stick of timber standing erect, it is evident that the 
©umber of cubic feet contained in one foot of the height, is. 
equal to the number of' square feet in the area of the base, 
Aroif the solid be of any other height, instead of one foot/ 
the contents must have the same ratio.' . For pamllelopipeds 
of the same base are to each other as their heights. (Sup. 
Euc. 9. 3.) The' solidity of a right parallelopiped, . there- 
fore, is equal to the product of its length, breadth, and thick* 
riess. See Alg. 523. 

; . Ami an oblique parallelopiped .being egjtpl tp a rightpne of 
the, same base and altitude, . (Sup 1 E^c v 7. 3.) is eqqal to the 
area of the base multiplied into the pe^pe^fUcuJar height. 
This is true also of prisms, whatever be the form of their 
bases. (Sup. Euc. & Cor. to 6. 3.) 

44. As the sides of a cube are all equal, the solidity is 
found by cubing one of its edges. Qn the othejr hand, if the 
solid eontents be given, the length of the edges may be 
found, by extracting the cube root. 

45. When solid measure is cast by Duodecimals, it is to be 
observed that inches are not primes of feet, but thirds. If 
the unit is a cubic foot, a solid which is an inch thick and a 
foot square is a prime ; a parallelopiped a foot long, an inch 
broad, and an inch thick is a second, or the twelfth part of a 
prime ; and a cubic inch is a third, or a twelfth part of a 
second. A linear inch is -^ of a foot, a square inch T £ T of 
a foot, and a cubic inch j-fj-g of a foot. 

Ex. 1. What are the solid contents of a stick of timber 
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which is 31 feet long, 1 foot 3 inches broad, and 9 inches 
thick ? Ans. 29 feet 9'', or 29 feet 108 inches. 

2. What is th* solidity of a wall which & 22' feet long, 
1 2 feet high, 'arid 2 feet 6. inohes thick ?^ T * . ., . 

Ans^ 660 cubic feet. 



\A 



i.: 



3. What is the capacity of a cubical vessel which is 2 

feet 3 inches deep? l i ! ;'* 

Ans. HF. # 6" S", wlVftirVW inches. 

4.. If the.b^se of a* prism be 108 square inches, and the 
height 36 feet, what are the solid contents ? 

Ans, 27 cubic feet. 

,5. Jf : the heighjt of a square prism be. 3| feet, and each 
side of .tlje base 10$ &et> .what is the solidity? 
. \ , Thejarea qf the base =*10$ X I0j==tl86^*q. feet* 
And the splid contents*^ 106 J x %\ =*240| cubic feet; 

. (}.. if fhe height of a prism be £3 feet ; and its base a reg- 
ular pentagdn, whose perimeter is 18 feet, what, is the solid* 
ity? , Ans, 512,84 cubic feet. 

4(fc The number of gdhnsbr-bftoNefc which a vessel will 
contain may be found, by calculating the capacity fa inches, 
and then dividing by the number of inches in 1 gallon or 
bushel. 

The weight of toater ip a** Vfc&Sel ofrgiven dimensions is 
easily calculated ; as if is found by, experiment that a cubic 
foot of pure water weighs 1000 ounces Avoirdupois. For 
the Weight in ounces, theti, multijfly the dfabic feet by 1000; 
or for the weight in pounds, 1 Multiply' by 6&|. ' r ' ; 

£■•>!; Ho,wj»any ata gftllaigi are tfcew in.ft.Qisterivwbich 
is 11 feet 9 inches deep, gad who&a.hwe w £{ve\£ iwhes 
square? • . * 

' The cistern contains 352500 cubic inphes^ 

* J ' And 3525CKH- 282= 1250. , ' 

2. How many wine gallons" will fill a ditch 3 feet 11 in- 
ches wide, 3 feet deep, and 462 feet long?* Ans. 40608. 

° ;$. What weight of water can be put into a cubical ves- 
sel 4 feet .deep ? Ans. 4000 lbs. 



Digitized 



by Google 



E 



9» MENSURATION OF 

, , PB6BMM II* 

To find CfteijrnHtja* stmr aoje of? *j&jGmr *«&#• *• 
4t. Multiply the length into the perimeter of the jKwe. * * '' 

Each of the sides of the prism is a right parallelogram, 
trhose area is the product of <rtsr length and breadth. But 
the breadth is one side of the base ; and therefore, the sum 
of the breadths i». equal to the perimeter .of the base. 
. Ex. X, If {he base of a right prism 'fce a regular hexa- 
\n whose sides are each 2 feet 3 inches, and u the height 
e 16 feet, what is the lateral surface ? 

Ansl 2f€ square feet 
If the areas of the two ends be added to the lateral sur- 
face, the sum "will be the whote surface of the prism. • Ani 
the superficies of any solid bonded by planes, is evidently 
f^ual to 4he areas of all itf sides. '.' . 

Ex. 2. If the base .of a prism, be an equilateral triangle 
whose perimeter is 6 feet, and if the height be 17 feet, what 
is the surface? 

The area of the triangle is 1.732. (Art. 11.) \ 
..'•. ( i. 4ff4 the whol^^Hrfoceis '105464* /? 

' ' *' '"*' PROBLEM III. '" ' % ''/ ' 

To Jmd the solidity of a jpyramid. 

4ft Multiply ike area of the base into | of the height* 

The solidity of a prism is equal to the product of the area 
of the base into the- height. (Art; 43.) And a pyramid is £ 
of a prism of the same base and altitude. (Sup. Euc. 15. 3. 
Cor. I.) Thereforeflie sohdhy of a pyramid whether right 
•roHiq«e, k equal to the product of the base into £ of the 
perpendicular height. 

Ex. 1. What is the solidity ..of a triangular pyramid, 
whose height is 60, and each side of whose base is 4 ? 
The area of the base i* , 6.928 

And the solidity is 138.56. 

2. Let ABC (Fig. 16.) he one side of an oblique pyra- 
mid whose base is 6 feet square ; let BC be 20 feet, and 
make an angle of 70 degrees with the plane of the base; and 
let CP be perpendicular to this plane*. What is the solidity 
ef the pyramid ? 
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fa the right angled tri*ngje BCP, {Trig. 134.) 

R?BC ::fiin'B:FO«18.7ft.' • \ 

And the solidity of the pyramid is 225.48 feet 

3. What js the solidity of a pyramid whose perpendicu- 
lar height Is TO, wid the aides ef whose baae*arfe 67, 64, and 
40? Alls. 2£92(K ' 



FROBLEM IV* 
7\> ^nrf tfo LATER Air SURFACE of a REGULAR PYRAMID. 

. 49. Multiply half the slant-height into the perimeter of the 

ia$t ' ? 

J^et the triande AQjC (Fig. 16.) be one of the sides of a 
regular pyramid • 4 s tlie "des AC and BC are equal, the 
angles A and B are equal. Therefore a line drawn from the 
yertex C to the middle of AB is perpendicular to AB. The 
area of the triangle is equal to tne product of half tMs per- 
pendicular into AB. (Art. 8.) The perimeter of the base 
is the 1 sum. of itfc sidfcs, each of which is equal to AB. And 
the areas dC all the equal triangles wfiicfe constitute the late- 
ral surface of the pyramid, are together equal to the product 
of the perimeter into hiSf' the slant-height CP. 

The slant-keigh? is the hypothesise of bright angled tri- 
angle, whose legs are the axis of the pyramid, and the dia^ 
tance from the centre of the hasp to the middle of one of th6 
sides. See Def. rO. 

Ex. 1. What is the lateral surface of a regular hexagon- 
al pyramid, whose axis is 2Q feet, apd the side* <*f whose base 
^re eaeh-S feet? 

> The square of the diatanoefromUhe ceptra of .thesh&se t» 
one of the sides jArt. 16.) «*4 Q. 

The slarit^heigbr (?uc. 47. 1.) =V*8+ 20* ^21.18. 

And the lateral surface »$1.16 x4x6ts£07.84 sq. feet 

2. What is the, whole surface of a regular triangular pyr- 
amid whose axis is 8, and the sides of whose base are each 
2<*78? ■ *- 

The lateral surface is » 312 

The area of the b*t* is 187 

And the whole "surfice is 499 
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3. What is the lateral surface of & regulfer pyramid whose 
axis is 12 feet, aAd whose base is *8 feet sqiiare ? 

.• * ' Ans. 540 square feet. 

The lateral surface of an oMipepytajnid may. he found, 
by taking the sum of the areas oi; tl|e,ui)ieip*l triaagl#6 which 
form its sides. 



PROBLEM V. 

To find the solidity of a frustum of a pyramid. 

50. Add together the areas of the two ends, and the square 
root of the product of these areas} and multiply the sum 6y -J 
of the perpendicular height of the solid. " 

Let CDGL (Fig. 17.) be a vertical section, through the 
nfiiddle of a frustum* of a right pyramid CDV whose base 
is a square. 

LetCD^a, LG=*6, RN=A. 

By similar triangles, LG :GDuRVjNV. 

Subtracting the antecedents, (Alg. 389.) 
LG:CD-LG::RV:NV-RV=RF. 

Therefore RV^^g^-j^^^^ 

The square of CD is the base of the pyramid CDV ; 

And the square of LG is the base of the small pyramid LGV. 

Therefore, the solidity of the larger pyramid (Art. 48.) is 

c5«xi(RN+RV)=a*xi(A+^-)= = ^ 

And the solidity of the smaller pyramid is equal to 

If the smaller pyramid be taken from tlje larger, there 
will remain the frustum CDLG, whose solidity is equal to 
Aa'-M' , a 8 -ft* ■ , m ' ' 

"sszsr*** x ~^r=* A x (* + ah + b *) (Alg- *»•) 

Or, because Va , 6*=aJ, (Alg. 259.) 
ihx{a*+b*+ Vtfb*) 
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Here A, the height of the frustum, is m ultiplie d into a* and, 
i*, the areas of the two ends, and into ^a % b\ the square 
root of the products of these areas. 

la this ^eroonstratiort, the pyramid is supposed to be 
$quare. But the rule is equally applicable to a pyramid of 
any other form. For the solid contents of pyramids are. 
equal, when they have equal heights and bases, whatever be 
the figure Qf their bases. (Sup. Euc. 14. 3.) And the sec- 
tions parallel to the bases, and at equal distances, are equal 
to one another. (Sup. Euc. 12. 3. Cor. 2.)* 

Ex. 1. If one end of the frustum of a pyramid be 9 
feet square, the other end 6 feet square, and the height 
30 feet, what is the solidity? 

The areas of the two ends are 81 and 36. 
The square root of their product is 54. 
And the solidity of the frustum =(81 +36+54) x 12=2052. 

2. If the height oil a feustum of a pyramid be 24, and 
the areas of the twQ ends 441 and 121 ; what is the solidity? 

Ans. 6344. 

& If the height of a frustum' of a hexagonal pyramid be 
48, each side of one end 26, and each side of the other end 
16 ; what is the solidity ? Ans. .56034. 



PROBLEM VI. 

To find the lateral surface of a frustum of a regular 
pyramid. f 

51. Multiply half the slant-height by the mm of the perm- 
afer* of the two er^ds^ , 

' Each'side of a frustum of a regular pyramid is a trapezoid, 
as ABCD. (Fig. 19.) ' The slant-height HP, (Def. 11.) 
though it 19 cJ&qne-ty the base of the solicj, is perpendicu- 
lar to the line A3. The area of the trapezoid is equal to 
the product of half this perpendicular into the sum of the 
parallel sides AB and DC. (Art 12.) Therefore the area 
of all the equal trapezoids vrhieb form. the lateral surface of 

* See note H. 
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the frustum, if equal to the product of half the slant-heigj& 
into the turn of the perimeters of the ends. 

Ex. If the slant-height of a frustum of a regular octa- 
gonal pyramid be 42 feet, the sides of one end 5 feet. eaoh y 
and the side* of the other end 3 feet each ; what is the late- 
ral surface ? Ans. *344 square feet. 

52. If the slant-height be not given, it may be. obtained 
from the perpendicular height, and the dimensions of the 
two ends. Let GD (Fig. 17.) be the slant-height of the 
frustum CDGL, KM or (5r the perpendicular height, ND 
and RG the radii of the: circles inscribed, in the perimeters 
of the two ends. Then PD i* the difference of the two 
radii: _ 

And the slant-heigBtGD'« V £F * +PD * 

Ex. If the perpendicular height of a frustum of a regu- 
lar hexagonal pyramid be 24, the sides of one end 1*3 each, 
and the sides of the other end 8 each; what is the whole 
surface? 

^BC'-BP^-GP, (Fig/7.) that is, V W^&= 11.258 

And V f 8 r -4*=s 6.928 

The difference of the two radii is, therefore, 4.33 

The slant-height = ^2A % + &33* =24.36*75 
The lateral surface is 1536.4 

And the whole surface*, 2141.7$ 

53. The height of the tahole pyramid may be calculate* 
from the dimensions of the frustum. Let VN (Fig. 17.) be 
the height of the pyramid, RN or GP the height of the 
frustum, ND and RG the^radii of the. circles inscribed in the 
peri/neters of the ends of the frustum. 

Then, m the similar triangFes GPD and VOID, 
DP:GP::DN:VN. 

The height of the frustum subtracted from VNyghres VR 
the height of the small pyramid VLG. The solidity and lat- 
eral surface of the frustum may* then be found, Igr subtract- 
ing from the whole pyramid, the part which iftibor* the cut- 
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ling plane. This method may serre to verify the calculations 
whicn are made by the -rules in arts. 50 and 51. 

Ex. If one end of the frustum CDGL (Fig. 17.) be 96 
feet squate, the' other end 60 feet square, and the height RN 
36 feet; what is the height of the whole pyramid VCD; 
and what are the solidity and lateral surface of the frustum f 

DP=DN-GR=*45-30==15. AmLGP=RN=86. 

Then 1*: 36 : :45s 108 ss VN, theieight of the whole pyramid. 

And 108-36 =72fe= VR, the height of the part VLG. 

The sdlidity of the large pyramid is 291600 (Art.48.) 
of the small pyramid 86400 

of the frartum CDGL 205200 



The lateral surface of the ferge^yiamid is 21060 (Art.49.) 
of the small pyramid 9360 

of 4be frustum 11700 , 



. 9R0B&EM VII. 

. To find the solidity of a wedge. 

TWv J&ddihe length of the edge to twice the length of the 
$«•£, md multiply the sum by $■ of the product of the height o/" 
the tfedjge and the breadth of the base. 

I*et Ti^AB the length of the base. (Figl 20.) 
7=Gfl the lengthof the edge. 
*s:BC the breadth of the base. 
A=PG the height of the wedge. 
Then L-Z=AB-GH==XM. 

If* t&e length of the base and the edge T)e equal, as BM 
and GH, (Fig. 20.) the wedge MBHG is half a parallelopi- 
~**a ^# *i*« „«,—: ik«„~ -.-.j u^^.1,4. a^a ^jj e solidity (Art. 

into the length 




If the length pf the base be greater than that of the edge, 
«s ABGHj let a section be made by the plane GMN, par- 
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atfel to HBC. This will divide the Whole ifreclge fotd t*b 
parts MBHG and AM G. The latter is a pyramid, tfhosS 
solidity (Art. 46.) is $ bh x (L —J) r 

The solidity of f the parts together is, therefore, / < "* 
j&ftH4Mx(L-7)=^ 

If the length of the base be few than that of the edge, it 
is evident that the pyramid is to be subtracted from half a 
parellelopifted, which h equtal in height and breadth : to *fc« 
wedgfe, and equal id length to the edge. 
■' The solidity of the wedge is, therefore^ 

Ex. 1. If the base of a wedge be 35 by 15, the edge 55 $ 
and the perpendicular height 12.4; what is the solidity ? 

, 15x12.4 

Ans. (70+55)x—jr-—**3&76. 

2. If the base of a wedge .be 27 by 8, the edge 36, and 
the perpendicular height 42; what is die solidity? 

Ans. 5040. 



problem ttn. 

Te find the soLlirtT* of drtci4tngidarvniSMOix>. 

5ft %o the areas <ff the two^endsj add four timtsrffo. etft* #f 
a paptitttl sedtkte equally distant from the ends, *md muttipfy 
(he sum by % of the height. ,,»<»? ' * 

Let L and B-(Fig.2L) be,th&fengtfc and breadth of one qnd, 
I and o the length and breadth of the other end, 
1 M and m the length and breadth of the section in the 
middle, 
And h the height of the prismoid. 

The Sefci njay be divided into two wedges, whose bases 
are the ends of the prismoid, and whose edges are L and L 
The solidity of the whole, by the preceding article, is 

|Bftx (2L+Z)+|6Ax(2Z+L)=iA{2BL+iKfr26i+6L) 
As M is equally distant from L stad I, 
2M=L+Z,2w==B+Mnd4Mm=(L+0(B+&)^9I^BML+ 
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Substituting 4Mm for its value, in the preceding expres- 
sion for the solidity, we bare -"• •• ■ 

; w _, $A(BI,+«+4Mm) . 

That $,^tfte solidity <rfj the prismoid is equal to -J- of the 
height, multiplied into the area© of the two endfi, and4tim<eS 
the area of the section in the middle. 

This rule may be, applied to • pri^jnoids of ottier f 
For, whatever be the figure of the two en$s> iuece ni 
drawn in each, such a number of small .rectangles*, ths 
sum of them shall differ less, t^ian by ,r»y fiivep c] 
ty. from the figure m which they are conumed. u Ai 
solids between these 'rectangles will be rectangular prismtods. 

Ex. 1. If one end of a rectangular prismdid be 44 
feet by 23, thfc other end 36 by 21, and the perpendicular 
height 72 ; what is the solidity ? 

• The area of the, larger end =44x23=1012 ' 
of the smaller e^d =36x21=756, 
l' of the middle section —40 x 22=. £80 

And the solidity =(1012+756+4 x 880) x 12=63456 feet 

% What is the solidity of e stick of hewn timber wboee 
ends are 30 inches by 27, and 24 by 18, and. whose length 'iff 
4Qfeet? ., Ans. 204 feet. 

Other, solids not treated of in this section, if they be bom> 
ded by plane surfaces, may be measured by supposing them 
4» be divided iato prisms, pyramids, and wedges. f J^nd in- 
deed, evtery *uch solid m^y be^considered as made up of tri- 
angular pyramids. . > 



I 



Digitized 



by Google 



MENSURATION OF 



THE FIVE REGULAR SOLIDS, 



£6, A solid if said to It regular, when all its solid angles 
w« equal, and all its sides are equal and rtgvktr .polygon*. 
The following figures are of this description; 

J. The Tetraedron 1 f four triangles j 

2. The Hexaedron or cube J , I six squares ; 

3. The Octaedron } Jdes we 1 "&* ****&*; 

4. The Dodecaedron J CSIW * j twelve pentagons; 
& The Icosaedron J (^twenty triangles * 

Besides these five, (here can be no other regular solids* 
The only plane figures which can form such solids, arenri- 
tagks, senates, ana pentagons. For the plane angles which 
contain any solid angles ape together less than lour right an- 
gles or 360°. (Sup. Euc. 21. 2.) And the least number v 
which can form a, solid angle is* three. (Sup. Euc. t)ef. 8. 2.) 
If they tore angles of equilateral triangles, each ft 80*.' The 
aim of three of them is 160°, of four 240°, of five 300°, and 
of six 360°. The latter number is too great for a solid 
angle. 

The angles of squares are 90* each. The sw of three 
of these is 270°, of four 360*% and of any pther greater 
number, still more. 

The angles of regulafr petitagm* are 109* each. The sum 
of three, of them is 324° ; of four, or any other greate? num- 
ber, more than 360*. Thte angles of aft other regular poly- 
gons are still greater. » • ' ' A 

In a regular solid, then, each solid angle must be contain- 
ed by- three, four, or "five? Equilateral triangtes, by three 
squares, or by three regular pentagons. 

57. As the sides of a regular solid are similar and equal, 
and the angles are also alike; it is evident that the sides are 
all equally distant from a central point in the solid. If then, 
planes be supposed to proceed from the several edges to the 
centre, they will divide the solid into as many equal pyra- 
mds, as it has sides. The base of each pyramid will be one 
of the sides ; their common vertex will be the central point; 
And their height will be a perpendicular from the centre t# 
one of the sides. 

•Far the geometrical construction of these solids, sm Legendre 1 ! 
Ceometry ; Appendix to Books vi and vu. 
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PROBLEM IX. 

To find the surface of a regular solid. 

58. Multiply the area of one cf the sijes by the number of 
sides. Or, 

Multiply the square of one of the edges> by the surface of a 
similar soKd whose edges are 1» 

As all the sides are equal, it is evident that the area of one 
of them, multiplied bythe number of sides, will give the area 
of the whole. 

Or, if a table is prepared, containing the surfaces of 'the 
several regular solids whose linear edges are. unity ; this may 
be used for other regular solids, upon the principle, that the 
areas of similar polygons are as the squares of their homolo- 
gous sides. (Euc. 20. 6.) Such a fable is easily formed, by 
multiplying the area of one of the sides, as given in art 17, 
by the number of sides. Thus the area, of an equilateral 
triangle whose side is I, is 04380127. Therefore the surface 

Of a regular tetraedron =.4330127 x 4= 1.7320568. 
Of a regular octaedron =.4330127 x 8 =3:46410*6. 
Of a regular icosaedron =.4330127 x 20=8.6*02540. 
See the table in the following article, 

Ex. 1.' What is the surface of a regular dodecaedron 
whose edges are each 25 inches ? 

The area of one of the sides is 1075.31 
And the surface of the whole solid =1075.3x 12=12903.6. 

2. What is the surface of a regular icosaedron whose 
edges are each 102? Ans. 90101.3. 



PROBLEM X. 

To find the soumxy of a regular solid. 

59. Multiply the swface by £ of the perpendicular distance 
fivm tk* centre to one of the sides. 

Multiply the cube of one of the edges, by the solidity of a 
similar solid whose edges are 1. 

As the solid is made up of a number of equal pyramids, 
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whose bases are the sides, and whose height is the perpen- 
dicular distance of the sides foam the centre ; (Art. 57.) the 
sblidity of the whole mti9t be eqwal to the areas of all the 
sides, multiplied into £ of this perpendicular. (Art 48.) 

If the contents of the several .regular solids whose edges 
are 1, be inserted in a table, thfe may be used to measure 
other similar solids. For two similar regular solids contain 
the same, number of similar pjtfamiHs 5 and Ihefee are to each 
other as the cubes of their linear sides or edges. (Sup. £u<% 
15.3. Co?.&) 

A TABLE QF REGULAR SOLIDS WHOSE 
EDGES' ARE 1. 



m 



■ "" f 



ames* 



JVb. of sides. 



Tetrapclron ., 
Hexaedron . 
Octiaedron 
t>odecaedron 
Icosae<fron 



4 

6 

8 

12 

20 



Surfc 



aces* 



1.732050S 
6.0000000 
34641016 
20,6457288 
a6602540 



Solidities* 



0.U78513 
1.00000QQ 
0.47,14045 
7.6631189 
2.1816950 



For the fcriethod of calculating the last columtt of this ta- 
ble, see Hutton's Mensuration, Part IJL See. Sv ; 

Ex. What is, the spljdfty of a regular octaedron whose * 
edges are each 32 inches? Ans. 15447 inches. 
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THE CYLINDER, CONE, AND SPHERE. 



A*,, ft i n,» Bmn . r A RIGHT CYLIJWER is a 
AaT. 61. Definition I. A ^ described by the rew>l»- 

tion of a rectangle about one of its sides. The ends or bases 
are evidently equal and parallel circles. And the orw, which 
is a line passing through the middle of the cylinder, is per- 
pendicular to the bases. 

The ends of an oblique cylinder are also equal and paral- 
lel circles; but they are not perpendicular to the axis. The 
height of a cylinder is the perpendicular distance from one 
base to the plane of the other. In a right cylinder, it is the 
length of the axis. 

II. A right cone is a solid described by the revolution of a 
right angled triangle about one of the sides which contain the 
right angle. , The base is a circle, and is perpendicular to the 
oris, which, proceeds from the middle of. the base to the 
vertex. 

The base of an oblique cone is also a circle, but is not per- 
pendicular to the axis. The height of a cone is the perpen- 
dicular distance fronrthe vertex to the plane of tne base. 
In a right cone, it is the length of the axis. The slant-height 
of a right cone is the distance from the vertex to the circum- 
ference of the base. 

III. A frustum of a cone is a portion cut off, by a plane 
parallel to the base. The height of the frustum is the per- 
pendicular distance of the two. ends. The slant-height of a 
frustum of a right cone, is the distance between the periphe- 
ries of the two ends, measured on the out side of the solid ; 
as AD, (Fie. 23.) 

IV. A sphere or globe is a solid which has a centre equally 
distant from every part of the surface. It may be described 
by the revolution of a semicircle about a diameter. A ra- 
dius of the sphere is a line drawn from the centre to any 

* Button's Mensuration, West's Mathematics, Legendre's,Ciairaut's, 
and Camus 1 Geometry. 
G 
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part of the surface. A diameter is aline passing through the 
centre, and terminated at both ends by the surface. The 
circumference is the same a* the cmmnferenee of a circle- 
whose plane passes through the centre of the sphere. Such 
a circle is called a great circle. 

V. A segment of a sphere is a part cut off by any plane. 
The height of the segment is a perpepdicular from- the mid- 

. die of the base to the convex surface, as LB. (Fig. l£) 

VI. A spherical zone or frustum is a part of the sphere in- 
cluded between two parallel planes. It is called the middle, 
zone, if the planes are equally distant from the centr?. The 
htight of a tone, is the, cttetance of the two planes, as LBL 



(■£*?> 



A spherical j*tor is a eoltd produced hy v circulate 
sector, revolt i w in the earn e; maimer as, the semicirele whicl|< 
describes the whole sphere. Thus a spherical sector is de^ 
scribed by die circular eeetor AGP (Fig> 1&) or GCE re- 
yoking on, the ask CP* 

VUI. A solid described by the netoHktto* of nay figai** 
about a fixewLaxis, is called a stlid of revolution* 



raoBiiEM n 
To find the convex suetacb of a bkjht cisuiHJKBr- 

62: Multiply, the hqgth info the circumference of the imt, 

If a rteht cylinder he covered with a thin substance like-* 
paper, which can be spread out into a plane ; it is evident 
that the plane will be a parallelogram, whose length and* 
breadth will be equal to the length and circumference of th^r 
cylinder. The area must, therefore, be equal to thp length 
multiplied into the circutirference. (Xr\. *•) 

Ex. I. y^atistheconTexsiir&ceof k arfghtcyKDderwhis%^ 
is, 42 feet tyng> and 15 inches in diameter? ' 

Ans. 42 x 1.25 x 3.141b0=: 164.938 sq. feet 

** According; to some writers, a spherical segment is either a .solid • 
which is cut off from a sphere by a single plane, or one which is in* 
eluded between two planes, : and Jk zone ia the surface of either of tite^e* 
la thU sense, the terpi zone is comrnonly used in geography. 
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H tVhat is the wbofc surface of a right «jrl inder* whicB is 
Sieet m diameter tod 36 feet long ? 

The convex surface is 226.1949 

The area of the two ends (Art. S9>) is 6.8832 x 

The whole surface is 232^777 

•% Wbat is ihe whdle surface oF a right cylinder whose ax- 
is is 82, and circumference 1i f Ans, 6624.32. 

61 It will be observed tfttft the rtire^ for th£ pSiitn start! 
pyretmid in the preceding taction, are Silbstahtislty rite same, 
*» tlfonUey lot Cbe tylindir and eorte fc tfcfel There May be 
some advantage, bowever,»> in considering thfe litter by them- 
-selves. 

In tbebase of a€yiw^cr,theretnay be inscribed a polygon, 
which shall differ from it lestfthaft by anj given space, (feup. 
fine. 6. 1* Cor.) If the polygon be the base of a prism, of 
the same iieigbt as ttiexylmdery the two soHdfc may differ less 
•than by any given quantity. In the same manner, the base 
Of a pyramid may be a polygon of so many sides, as to differ 
less than bv any given quantity, from the base of a code frt 
which it is inscribed; A cylinder is therefore considered, by 
many writers, as a prism Qt *n infinite number of sides ; and 
a cone, as a pyramid of an Infinite number of sides. For i lief 
meaning <>f the term "infinite'," when used in the rriaffietnat- 
ic^^ense, see Alg. Sec.si. 



PROBLEM JI,, 

Td jind the solomtx of a ctu#*b*. . : 

f fSty, Multiply the ar$a cf ttelmtH *h* height. 

The solidity of a paralUlopvped is equal to the product of 
tike* taee ftftft the fjerpendictiiaY altitude. (Art! 43.) And a 
parallelopiped and a cylinder whfefi havd equal bases and al- 
titudes aire equal to each o(he#. (Sup. Euc. 17,3,) ., 

< Ex. 1. What is the soUdity of a cylinder, whose height is 
121, and ifiameter 45.2 ? _____ 

Aas. 45.2* x .7854X 1*21 »194lflft>6. 



, 
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2. What is the solidity of a cylinder, whose height is 424 
and circumference 213 ? An*. £538687*. , 

, S. If the side AC of an oblique cylinder (Fig. 22.) be 
27, and the area of the base 32.61, and if the side make an 
angle of 62° 44' with the base, what is the solidity ? 

R : AC : : Sin A; BC =24 the perpendicular height 
And the solidity is 782.64. 

4. The Winchester bushel is a hollow cylinder, 18£ in- 
ches in diameter, and 8 inches deep. What is Us capacity ? 

The area of the base ^(lS^) a x. 7853982^266,8925 < 
And the capacity is 216a4a^*bic inches. See the table 
in art. 42, 



problem in. 

To find the convex surface of a bight cone. 

65. Multiply half the slant-height into the circumference of 
the b*$e. 

If the convex surface of aright cone be spread out into a 
plane, it will .evidently form a settor q{ a circle, whose radius 
19 equal to the slant-height of the cone. But the area t)f the 
sector is equal to the product of half the radius into the 
length of the arc. (Art. 34.) Or if the cone be considered 
as a pyramid of an*, infinite number of sides, its lateral sur- 
face is equal to the product of half the slant-height into the 
peraneterof-tke.'bftse. (Art. 49.) 

E*. 1. If the slant-height of a right cone be 82 feet, and 
the diameter of the base 24, what is the convex surface? 
Ans. 41 x 24x3.14150 =x3091.3 square feet. 

2. If the axis of a right cone be 43, wd the diameter of 
the base 72, what is the whole surface? 

The slant-height =* ^W +48* =60. (Euc. 47. 1.) 
The eenves surface is 6736 

The area of the base ' 4071.6 



And the wfcele surface 10857,6 
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* 3. If the axid of a right cone be 16, and the circumfer- 
cjwe of tlje base 75.4; what is the whole surface? 

Ans. 1266.4. 



PROBLEM IV. 

To find the soLtmur of a cowe. ' 

. 60> Multiply the arm of the base into $ q£ the height. 

The solidity of a cylinder is equal to tbe product of tlie 
tag km> the perpendicular feeight. (Ait. 64^ And if a cone 
and* a cylinder have tbtf some base and altitude, the cone is 
-| of the cylinder. (Sup. Euc. 18. 3.) Or if a cone be con- 
sidered as a pyramid of an infinite number of sides, the so- 
lidity is equal to the product of the base into -J of the height, 
by art. 45. 

> Ex. 1. What is the solidity of a righj cone \diose height 
is 663, and the diameter of whose base is 101'? 

An*, 10l , x..7S§4x22^1770e22. 

- . 2. If the axis of an oblique cone be 738, and make an 
. angle of 30° with the plane of the base ; and if the circum- 
, ference of the base be 355, what is the solidity i 

Am. 1333536. 



PROBLEM V. . 

i 

To find the convex surface if a frustum of a right cone. 

* , 67. Multiply half the slant-height by the sum of tke periph- 
eries of the two ends. t " ' , - 

This is the rule for a frustum of * pyramid; (Art. 51.) and 
is tequafly 1 applicable to a frustum- of a tone^if a cone be 
considered as a pyrfetaid - of mi ininite number of sides. 
{Art. 63.) ; 

Or thus, 
Let the sector ABV (Fig. 2$.) represent the convex sur- 
J face of a right cone, (Art. 85.) ; and DCV the surface of a 
.portion of the cone, cut off by a plane parallel to the base- 
Then will ABCD be the surfece of the fruttuttii 
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LftfrAB***, BC=fr, VD==d, AD*=L 

Then the area ABV=£ax(ft+rf)==iaA+!<Mf. (Art. 31) 

And the area DCV=|M. 

Subtracting the one from the other, 

The area ABDC==}oA4-ioi-|AA 

But d:d+h::b: a. (Sop.Euc.8-L) Therefore |adf-}Mss|U. 

Thfe surface of the frustum, then, is equal to 

Cor. The surfaoe of the frustum is equal to the £>«* 
duct of the slant-height into the circumference of a circle 
which is equally distant from the two ends. Thus the sur- 
face ABCD. (Fig. 23.) is equal to the product of AD into 
MN. For MNi» equal to half the sum of AB and DC. 

Ex. 1. What is the convex surface of a frustum of a 
right cone, if the diameters of the two ends be 44 and 38, 
and the slant-height 84? Ans, 10159.8- 

&. If the perpendicular height of a frustum of a right 
cone be 24, and the diameters of the two ends 80 and- 44, 
what is the whole surface ? 

Half the differe nce ©f the diameter* is 18. 

And ^16* +24* ==30, the slant-height. (Art.iB.) 
The convex surface of the frustum is 5643 

The. sum of the areas of the two ends is - 0547 

And the whole surface is 12390 



PROBLEM VI. 

To find the souaity qf a hhtoto&i of atone. 

68. Add together the areas of the two ends, and. the square 
root of the product of these areas; and multiply the sum by { 
of the perpendicular height. 

This rule, which was given for the frustum of a pyrdfnid, 
(Art 50.) is equally applicable to the frustum of a cone; be- 
cause a cone and a pyramid which have equ&l bases and atti- 
tudes are equal to each other. 
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I& 1, .What i$Jte/solidity of aif«et whij* fe^Ject 

I^g, 2feetin diameter at one enc}, and 1 8 Laches at th* 
other? 4ns. 174.36 cubic feet. 

2. What is the capacity of a conical cistern which is 9 
feet deep, 4 feet in diameter at the bottom, and 3 feet at th« 
top? Anar. 87.18 cubic feets=652.15 wine gallons. 

3. How many gallons of ale can ha put into a Tat in the 
form of a conic M-EttiHB, if the larger diameter be 7 feat, th* 
smaller diameter 6 feet, and the depth 8 feet? 



TKOBLEM fXI, 

To. Jind the surface of a sphere. 
,69, Multiply the diameter by the circumference. 

Let a hemisphere be described by the quadrant ,CPt> r 
{Fig. 25,} revolving on the line CD. Let AB be a side of a 
regular polygon inscribed in the circle of which DBF is aa 
ait. Draw AO and BN perpendicular to CD, and BH per-* 
pendicular to ' AO. Extend AB till it meet CJ) continued! 
The triangle AOV, revolving on OV as an axis, will describe 
a right cone. (Defin. 2.) AB will be the slant-height of a 
frnsitmoi this Q$m extending from AO to BN, From G 
the middle of AB, draw GM parallel to AO. The surface ofi 
the frustum described by AB, (Art. 67* Cor-) ia equal to * 

ABxcfe'GM* 

From the centre C draw CG, which will be perpendicular 
to AB, (JSuc. 3. 3<)r and the radius of a circle inscribed in the 
polygon. The triangles ABH and CGM are similar, be- 
cause the sides are perpendicular, each to each. Therefqrt, 

HB 6* ON : AB r. GM ? GC : : circ GM : circ GC. 

So thatON^czVcGC^ABX4iirc.G^I, that is, thp surface <rf, 
the frustum is equal to the, product q( ON the perpendicu- 
lar height, into GC the perpendicular distance mm the 
centre of the polygon to one of the sides. 

* By cmj GM is meant the circumference of a circle of which Gflf 
is the ndtufi. . 
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In the same manner it may be proved* that the surfaces 
produced by the revolution of the lines Bl) and AP about 
the axis DC, are equal to 

i NDxcircGC, and CO x circ GC„ 

The surface of the whole solid, there fore, (Euc. 1 . 2.) is equal to 
CDxcircGC. 

' The demonstration is applicable to a solid produced by 
the revolution of a polygon of any number of sides* But a 
polygon may be .supposed which shall differ less than by any 

f'ven quantity from the circle tin which it is inscribed ; (Sup. 
uc. 4. 1.) and in which the perpendicular GC shall differ . 
less than by any given quantity from the radius of the circle. 
Therefore the surface of a hemisphere is equal to the product 
of its radius into the circumference of its base; and the sur- 
face of a sphere is equal to the product of its diameter into its 
circumference. 

Cor. 1 . From this demonstration it follows, that the sur- 
face of any segment or zone of a sphere is equal to the pro- 
duct of the height of the segment or zone into (lie circum- 
ference of the sphere. The surface of the zone produced 
by the revolution of the arc AB about ON, is equal to 
ON x circ CP. And the surface of the segment produced 
by the revolution of BD about DN is equal to DN x circ CP. 

Cor. 2. The surface of a sphere is equal to four times 
the area of a circle of the same diameter; and therefore, the 
convex surface of a hemisphere is equal to twice the area of 
its base. For the area of a circle is equal to the product of 
half the diameter into half the circumference ; (Art 30.) 
that is, to £ the product of the diameter and circumference. 

Cor. 3. The surface of a sphere, or the convex surface 
•f any spherical segment or zone, is equal to that of the cir- 
cumscribing cylinder. A hemisphere described by the rev- 
olution of the arc DBP, is circumscribed by a cylinder pro- 
duced by the revolution of the parallelogram DdCP. The 
convex surface of the cylinder is equal to its height multi-* 
plied by its circumference. (Art. 62.) And this is also the 
surface of the hemisphere. 
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So the surface produced by the revolution of AB is equal 
to that produced by the revolution of ab. And the surface 
produced by BD is equal to that produced by bd. 

Ex. 1. Considering the earth as a sphere 7930 miles in 
diameter, how many square miles are there on its surface ? 

Ans,, ^ 197,558,500. 

2. If the circumference of' the sun be 2,St)0,000 miles, 
what is his surface ? Ans. 2,495,547,600,000 sq. miles, 

S. How many squarfe feet of* lead will it require, to cover 
a hemispherical dome whose base is 13 feet across ? 

Ans. 265f. 



* • PROBLEM VIII. 

To find the solidity of a sphere. 
70. 1. Multiply the cube of the diameter by •52S6. 

2. Multiply the square of the diameter by \ of the circum* 
ference. Or, 

3. Multiply the surface by $ of the diameter* 

1. A sphere is tufo thirds of its circumscribing cylinder. 
(Sup. Euc. 21. 3.) The height and diameter of the cylinder 
are eaeh equal to the diameter of the sphere. The solidity 
of the cylinder is equal to its height multiplied into the area 
of its base, (Art. 64.) that is, putting D for the diameter, 

DxD*x.7854 or D*x.7854. 

And the solidity of the sphere, being | of this, is 

D 8 X.5236. 

2. The base of the circumscribing cylinder is equal to 
half the circumference multiplied into half the diameter, 
(Art* 30.) that is, if C be put for the circumference, 

iCD, and the solidity is £CD*. 
Therefore the solidity of the sphere is 
| of iCD*=D*x£C. 
H 
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S. In the last expression, which is the sante as CO x Jl>, 
we may substitute S, the surface, for CD. (Art. 69.) We 
then have the solidity of the sphere equal to 

Sx*D. 

Or, the spherfe may be supposed to be filled with small 
pyramids, standing on the surface of the sphere, and having 
their common vertex in the centre. The number of these 
may be such, that the difference between their sum and the 
sphere shall be less than any given quantity. The solidity of 
each pyramid is equal to the product of its base into £ of 
its height. (Art. 48.) The solidity of the whole, therefore, 
is equal to the product of the surface of the sphere into -J of 
its radius L or £ of its diameter. 

71. The numbers 3.14159, .7854> .5236, should be 
made perfectly familiar. The first expresses the ratio of the 
drcuwference of a circle to the diameter} (Art. 23.) the sec- 
ond, the ratio of the area of a circle to the square of the dir 
ameter ; (Art. 30.) and the third, the ratio of the solidity of 
a sphere to the cube of the diameter. The second is \ of the 
first, and the third is \ of the first. 

As these numbers are frequently occurring in mathematic- 
al investigations, it is common to represent the first of them 
by the Greek letter **. According to this notation, 

"=3.14159, i*=.7854, &=5236. 

If D=tbe diameter, and R=tbe radius of any circle or sphere j 

Then 1>=2R t>»=4R» D S =8R 9 . 
And -D V ^ >ft **D* ) -theareaotfrtt* > .£• 
Or 25rR S r . orxR* ) the cure, or |*\R 3 ) *oZtd- 

ity of the sphere. 

Ex, 1. What is the solidity of the earth, if it he a sphere 
7930 miles in diameter ? 

Ans. 261,107,000,000 cubic miles. 

% How many wine. gallons will fill a hollow sphere 4 feet 
in diameter ? 

Ans. The capacity is S3.5104 fefct *=250f gallons. 

3. If the diameter of the moon be 2*80 miles, what is its 
solidity ? Ans. 5,424,600,000 mile* 
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12L If the solidity of a sphere be gi$m y tbg diameter i»ay 
be found by reversing the first rule in the preceding article a 
that is, dividing bjf .5236 and extracting the cube root of the 
quotient. 

Ex. 1. What is the diameter of a sphere whose solidity 
is 65.45 cubic feet ? Ans. 5 feet. 

2. What must be the diameter of a globe to contain 
1G155 pounds of water? Ans. 8 feet. 

PROBLEM IX. 

To find the convex surface of a segment or zone of a 

sphere. 

73. Multiply the height of the segment or zone into the cir- 
mmferenee of the sphere. 

For the 4emoi^tratipn of this rule, see art. 69. 

Ex. 1. If the earth be considered a perfect sphere 7930 
miles in diameter, and if the polar circle be 229 28' from the 
pole, bow man; square mile* are there in one of the CrigicJ 
zones? 

If PQjOE (Fig. 15.) be a meridian on the earth, ADB one 
of the polar circles, and P the pole ; then the frigid zone i? 
a spherical segment described oy the revolution of the arc 
APB about PD, The angle ACD subtended by the arc 
AP is 23* 28'. And in the right angled triangle ACD, 

R : AC :: Co$ ACD : CD=3637. 

\ Then CP-CD=3965-3637=328=PD the height of 

Jhe segment. 

And 328 x 798G x 3.14159=8171400 the surface.. 

2. If the diameter of the earth be 7930 miles, what is 
the surface of the torrid zone, extending 23? 28' on each 
side of the equator ? 

If EQ, (Fig. 15.) be the equator, and GJI one of the tro- 
pics, then the angle ECG is 23* 28'. And in the right aa- 
| gled triangle GCM, 
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R:CG: : Sin ECG:GM=CN= 1578,9 the height of half 
the zone. 

The surface of the whole zone is 78669700, 

3- What is the surface of each of the temperate zones? 

The height DN=CP-CN-PD=2058.1 

And the surface of the zone is 51273000. 

The surface of the two temperate zones is 102,546,000 
of the two frigid zones 16,342,800 

of the torrid .zone 78,669,700 



of the whole globe 197,558,500 

PROBLEM X. 

To find the solidity of a spherical sector* 

74. Multiply ike spherical surface by \ of the radius of the 
sphere. 

The spherical sector, (Fig. 24.) produced by the revolu- 
tion of ACBD about CD, may be supposed to be filled with 
small pyramids, standing on the spherical surface ADB, and 
terminating in the point C. Their number may be so 'great, 
that the height of each shall differ less than by any given length 
from the radius CD, and the sum of their bases shall diner 
less than by any given quantity from the surface ADB. The 
solidity of each is equal to the product of its base into -J of 
the radius CD. (Art. 48.) Therefore, the solidity of all 
of them, that is, of the sector ADBC, is equal to the pro- 
duct of the spherical surface into | of the radius. 

Ex. Supposing the earth to be a sphere 7930 miles in 
diameter, and the polar circle ADB (Fig. 15.) to be 23° 26' 
from the pole: what is the solidity of the spherical sector 
ACBP? 

Ans. 10,799,867,000 miles. 
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PROBLEM XI. 

To find the solidt*y of a spherical segment. 

75. Multiply half the height of the segment into the area of 
the base, and the cube of the height into. .5236 ; and add the , 
two products: 

As the circular sector AOBC (Fig. 9.) consists of two 
parts, the segment AOBP and the triangle ABC ; (Art. 35.) 
so the spherical sector produced by the revolution of AOC 
about OC consists of two parts, the segment produced by the 
revolution of AOP, and the cone produced by the revolution 
of ACP. If then the cone be subtracted from the sector, 
the remainder will be the segment. 

Let CO—R the radius of the sphere, 

PB=r the radius of the base of the segment, 
PO=A the height of the segment, 
Theto PC=R— h the axis of the cone. 

The sector=2*RxAx£R (Arts. 71, 73, 74.) =f*-AR s ' 
Thecone=*r* x$(R-A) (Arte- M. 66,) =l*r*R-**hr*: 

Subtracting the one from the other,. 

The segment=firAR 3 — $*-r*R+**hr*. 

But DOxPO=B0 2 (Trig.97*) = P0 2 + PB 2 (Eu.47.1.) 

That is, 2RA=*A*+r*. So that, R=— gj— 



AndR^(-^J -~ 



+2A 2 r 2 +r 4 



4A 2 

Substituting then, for R and R 2 , their values, and multi- 
plying the factors, 

The segment = $*h 3 + $*hr * + |-j-~ -£*ftr 2 -£-j- + j *hr * 

which, by uniting the terms, becomes 
t*hr*+i*h*. 

* Euclid 31,3, and 8, 6. Con 
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The first term here is ^h x *r s , half the height of the seg- 
ment multiplied into the area of the base ; (Art. 71.) and the 
other A 5 X -J-"", the cube of the height multiplied into .5236. 

If the segment be greater thm a hemisphere, as ABD; 
(Fig. 9.) the cone ABC must be added to the sector ACBD. 

Let PX>=A the height of the segment, 
Then PC = h — R the axis of the cone. 

The sector ACBD=f *AR* 

The eooe~*r* x-J.(A-R)«4**r* -j*r*R 

Adding them together, we hare as before, 

The segment=4*-AR*— |*r*R+^rAr*. 

Cor. The solidity of a spherical segment is equal to half 
a cylinder of the same base and height +» a sphere whose 
diameter is the height of the segment. For a cylinder is 
equal to its height multiplied iota the area of its base ; and a 
sphere is equal to the cube of Us diameter multiplied by 
.5236, 

Thus if Oy (Fig. 15.) be half Or, the spherical segment 
produced by the revolution of Oar/ is equal to the cylinder 
produced by tvyx + the sphere produced by Oyxz ; suppo- 
sing each to revolve on the line Or. 

Ex 1. If the height of a spherical segment be 8 feet, 
and the diameter of ita base 25 feet ; what is the solidity? 

Ans. 25 a x.7854x4+8 3 x.5236=2231.58feet 

2. If the earth be a sphere 7930 miles in diameter, and 
the polar circle 23° 28' from the pole, what is the validity of 
one of the frigid zones ? 

Ans. 1,303,000,000 miles. 
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PROBLEM Xli. 

To finS Me soUeht* of u spherical zo**e or frustum* 

76. From the solidity of ike tbhole sphere, subtract the two 
segments on the sides *of the zone. 

Or, 

Add together the squares of the radii of the two ends, and 
\ the square of their distance j and multiply the sum by three 
times this distance, and the product by .5236. 

If from the whole sphere, (Fig. 15.) there be taken the 
two segments ABP and GHO, there win remain the zone or 
frustum ABGH. 

Or, the zone ABGH is equal to the difference between the 
segments GHP and ABP. 

Let DP=F1 the * ci £ 71 ** ^ th * two scgowHte- 

ADs* 1 ^ e ra ^ °^ *eir " )ases# 

DN=«dssH— h -the distance of the two bases, 
or the height of the zone. 

Then the larger segment =£*HR* +1*11 3 t / Arf 7 - « 
And the smafler segment =l*hr*,+frh* > ^ ArL 7& ' 

Therefore the zone ABGH=i*(3HR* +H 3 -3Ar* -A 3 ). 

By the properties of the circle, (Euc. 35, 3.) 

ONxHr^R*. Therefore tON+H)xH=R*+H*. 

R*+H* 



Or OP=- 



H 



r*+h 2 ' 

In the same manner, OP= — t- — * 

Therefore 3Hx(r*+A*)=»3Ax(R*+H»). 
Or 3Hr»+3HA*-3AR 2 -3H 3 A=0. (Alg. 178.) 



i 
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To reduce the expression for the solidity of the zone to 
the required form, without altering its value, let these terms 
be added to it : and it will become 

J«r(3HR*+3Hr».- 3AR a -3*r»+H*-3H 8 A+8HA»-A 5 ) 

Which is equal to 

frx3{H-h)x-(R*+r*+$m-h)*) 

Or, as £*- equals .5236 (Art. 71.) and H—h equals d, 
The zone=.5236x3dx(R 2 +r s +|rf 8 ) 

£x. 1. If the diameter of one end of a spherical zone is 
24 feet, the diameter of the other end 20 feet, and the dis- 
tance of the two ends, or the height of the zone 4 feet ; 
what is the solidity ? Ans. 1566.6 feet. 

2. If the earth be a sphere 7930 miles in diameter,' and 
the obliquity of the ecliptic 23° 28' ; what is the solidity of 
one of the temperate zones ? 

Ans. 55,390,500,000 miles. 

3. What is the solidity of the torrid zone ? 

Ans. 147,720,000,000 miles. 
• ' 
The solidity of the'two temperate zones is 1 10,781,000,000 
of the two frigid zones 2,606,000,000 

of the torrid zone 147,720,000,000 

of the whole globe 261,107,000,000 
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PROMISCUOUS EXAMPLES OF SOLIDS. 

Ex. 1. How much water can be put into a cubical yes* 
sel three feet deep, which has been previously filled with 
cannon balls of the same size, 2, 4, 6, or 9 inches in diame- 
ter, regularly arranged in tiers, one directly above another? 

Ans. 96| wine gallons. 

2. If a cone or pyramid, whose height is three feet, be 
divided into three equal portions, by sections parallel to the 
base ; what will be the heights of the several parts ? 

Ans. 24.961, 6.488, and 4.551 inches. 

3. What is the solidity of the greatest square prism which 
can be cut from a cylindrical stick of timber, 2 feet 6 inches 
in diameter and 56 feet long ?* 

Ans. 175 cubic feet. 

4. How many such globes as the earth are equal in bulk 
to the sun ; if the former is 7930 miles in diameter, and the 
latter 890,000? Ans. 1,413,678. 

5. How many cubic feet of wall are there in a conical 
tower 66 feet high, if the diameter of the base be 20 feet 
from outside to outside, and the diameter of the top 8 feet ; 
the thickness of the wall being 4 feet at the bottom, and de- 
creasing regularly, so as to be only 2 feet at the top ? 

Ans. 7188. 

♦The common rule for measuring round timber is, to multiply the 
square of the quarter-girt by the length. The quarter-girt is one 
fourth of the circumference. This method does not give the whole 
solidity. It makes an allowance of about one fifth, for waste in hew- 
ing, bark, he. The solfdity of a cylinder is equal to the product of 
the length into the area of the base. 

If C=the circumference, and a^S.14159, then (Art. 31.) 
The area of the base --jy- \^7^J HaSw/ 

If then the circumference were divided by 3.545, instead of 4, and 
the quotient squared, the area of the base would be correctly found. 
See note I. 

I . 
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6. If a metallic globe is filled with wine, which cost as 
much at 5 dollars a gallon, as the globe itself at 20 cents for 
every square inch of its surface ; what is the diameter of the 
globe? Ans. 55.44 inches. 

7. If the circumference of the earth be 25,000 miles, 
what must be the diameter of a metallic globe, which, when 
drawn into a wire ^ of an inch in diameter, would reach 
round the earth ? Ans.. 15 feet and 1 inch. 

8. . If a conical cistern be 3 feet deep, 7 J feet in diame- 
ter at the bottom, and 5 feet at the top ; what will be the 
depth of a fluid occupying half its capacity ? 

Ans. 14.535 inches. 

- 9. If a globe 20 inches in diameter be perforated by a 
cylinder 16 inches in diameter, the axis of the latter passing 
through the centre of the former ; what part of the solidity, 
and .the surface of the globe will be cut away by the cylin- 
der? 

Ans. 3284 inehes of the solidity, and 502,655 of the surface* 

10. What fe the solidity of the greatest cube which can: 
he cut from a sphere three feet in diameter? 

Ans. 5|fett* 



Digitized 



by Google 



SECTION V. 



ISOPEBIMETRY* 



Art 77 T^ * s °^ ten nece!Wa T to coi»pa re * number of dif- 
' A ferent figores or solids, for the purpose of ascer- 
taining which has the greatest area, within a given perimeter, 
or the greatest capacity under a given surface. We may have 
occasion to determine, for instance, what must be the form 
of a fort, to contain a given number of troops, with the least 
extent of wall ; or what the shape of a metallic pipe to con- 
vey a given portion of water, or of a cistern to hold a given 
♦quantity of liquor, with the least expense of materials. 

78. Figures which have equal perimeters are called hope" 
rmeters. When a quantity is greater than any other of the 
same class, it is called a maximum. A multitude of straight 
lines of different lengths, may he drawn within a circle. But 
among them all, the diameter is a maximum. Of all sines of 
angles which can be drawn in a jcircle, the sine of 90° is a 
maximum. 

When a quantity is less than any other of the same class, 
it is called a minimum. Thus, of all straight lines drawn 
from a riven point to a given straight line, that which isper- 
pendicular to the given line is a minimum. ' Of all straight 
lines drawn from a given point in a circle to the circumfer- 
ence, the maximum and minimum are the two parts of the di- 
ameter which pass through that point. (Euc. 7, 3.) 

In isoperimetry, the object is to determine, on the one 
hand, in what cases the area is a maximum, within a given pe- 
rimeter; or the capacity a maximum within a given sur- 
face : and on the other hand, in what cases the perimeter is 
a minimum for a given area, or Abe surface a minimum for a 
given capacity. 

* Emerson's, Simpson's, and Legendre's Geometry, Lhuillier, Fon- 
tenelle, Button's Mathematics, aad Lond. Phi!. Trans, vol. 75. 
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PROPOSITION I. 

79. An Isosceles Triangle has a greater area, than any 
scalene triangle of equal base and perimeter. 

If ABC (Vig. 26.) be an isosceles triangle whose equal 
sides are AC and BC ; and if ABC be a scalene triangle on 
the same base AB, and haying AC+BC=AC+BC; then 
the area of ABC is greater than that of ABC. 

Let perpendiculars be raised from each end of the base, 
extehd AC to D, make CD' equal to AC, join BD, and 
draw CH and CH' parallel to AB. 

As the angle CAB =. ABC, (Euc. 5, 1.) and ABD is a right 
angle, ABC + CBD=CAB+CDB=ABC+CDB. There- 
fore CBD=CDB, so that CD=CB; and by construction 
C'D'=AC. The perpendiculars of the equal right angled 
triangles CHD and CHjB are equal ; therefore BH=4&D. 
In the same manner, AH' =| AD'. The line AD == AC + BC 
=rAC+BC=D'C+BC. But D'C'+BC>BD' (Euc. 
20, 1.) Therefore AD>BD'; BD>AD', (Euc. 47, 1.) 
and £BD > £AD'. But £BD or BH is the height of the 
isosceles triangle ; (Art. 1.) and ?AD' or AH', the height of 
the scalene tnangle ; and the areas of two triangles which 
have the same base are as their heights, f Art. &!) There- 
fore the area of ABC is greater than that or ABC. Among 
all triangles, then, of a given perimeter, and upon a given 
base, the isosceles triangle is a maximum. 

* Cor. The isosceles triangle has a less perimeter^ than any 
scalene triangle. of the same base and area. The triangle 
ABC being less than ABC, it is evident the perimeter of 
the former must be enlarged, to make its area equal to the 
area of the latter. 



PROPOSITION II. 

80. A triangle in which two given jides make a right an- 
«le, has a greater area than any triangle in whicfi the same 
sides make an oblique angle. 

If BC, BC,and BC' (Fig.27.) be equal, and if BC be per- 
pendicular to AB ; then the right angled triangle ABC, ha* 
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a greater area tban the acute angled triangle ABC, or the 
oblique angled triangle ABC". 

Let P'C and PC" be perpendicular to AP. Then, as the 
three triangles have the same base AB, their areas are as 
their heights, that is, as the perpendiculars BC, P'C, and 
PC. But BC is equal to BC, and therefore greater than 
P'C. (Euc. 47, 1.) BC is also equal to BC", and therefore 
greater than PC". 



PROPOSITION III, 

81. If all the sides except one of a polygon he given, the 
area will be the greatest, when the given sides are so disposed, 
that the figure may be inscribed in a semicircle, of which 
the undetermined side is the diameter. 

If the sides AB, BC, CD, DE, (Fig. 28.) be given, and if 
their position be such that the area, included between these 
and another side whose length is not determined, is a maxi- 
mum; the figure may be inscribed in a semicircle, of which 
the undetermined side AE is the diameter. 

Let the figure be divided into two parts by the diagonal 
AD. By varying the angle at D, the triangle ADE may be 
enlarged or diminished, without affecting the area of the oth- 
er parts of the figure. The whole area, therefore, can not 
be a maximum, unless this triangle be a maximum, while the 
sides AD and ED are given. But if the triangle ADE be a 
maooimum, under these conditions, the angle ADE is a right 
angle ; (Art. 80.) and therefore the point D is in the circum- 
. ference of a circle, of which AE is the diameter, (Euc. 31, 
3.) In the same manner it may be proved, tbat the angles 
ACE and ABE are right angles, and therefore that the points 
C and B are in the circumference of the same circle. 

The term polygon is used in this section to include trian- 

fles, and four-sided figures, as well as other right-lined 
gures. 

82. The area of a polygon inscribed in a semicircle, in 
the manner stated above, will not be altered by varying the 
enter of the given sides. 

The sides AB, BC, CD, DE (Fig. 28.) are the chords of 
so many arcs. The sum of these arcs, in whatever order 
they are arranged, will evidently be equal to the scmicircum- 
ference. And the segments between the given sides and th$ 
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arcs will be the same, in whatever part of the circle they am 
situated. But the area of the polygon is equal to the area 
of the semicircle, diminished by the sum of these segments* 

83. If a polygon, of which all the sides except one are 
given, be inscribed in a semicircle whose diameter is the un- 
determined side ; a polygon having the same given sides can 
not be inscribed in any other semicircle which is either great- 
er or less than this, and whose diameter is the undetermined 
side. 

The given sides AB, BC, CD, DE, (Fig. 28.) are the 
chords of arcs whose sum is ISO degrees. But in a large* 
circle, each would be the chord of a less number of degrees, 
and therefore the gum of the arcs would be less than 180° : 
and jn a smaller circle, each would be the chord of a great- 
er number of degrees, and the sum of the arcs would be 
greater than 180°. 



proposition rv. 

84. Jt polygon inscribed in a circle has a greater area, 
than any polygon of equal perimeter, and the same number of 
sides, which can not be inscribed in a circle. 

If in the circle ACHF, (Fig. 30.) there be inscribed jajpo- 
lygon ABCDEFG ; and if another polygon abedtfg (Fig. 
31.) be formed of sides which are the same in number and 
length, but which are so disposed, that the figure can not be 
inscribed in a circle ; the area of the former polygon is great- 
er than that of the latter. 

Draw the diameter AH, and the chords DH and EH. Up- 
on de, make the triangle deh equal and similar to DEH, and 
join ah. The line ah divides the figure abedhefg into two 

Earts, of which one at least can not, by supposition, be insert- 
ed in a semicircle of which the diameter is AH, nor in any 
other semicircle of which the diameter is the undetermined 
side. (Art.83.) It is therefore less than the corresponding part 
of the figure ABCDHEFG. (Art. 81.) And the other part of 
abedhefg is not greater than the corresponding part of ABCD 
HEFG. Therefore the whole figure ABCDHEFG is greater, 
than the whole figure abedhefg. If from these there be taken, 
the equal triangles DEH and deh, there will remain the po- 
lygon ABCDEFG greater than the polygon abedefg. 
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85. A polygon of which all the sides are given in number 
and length, can not be inscribed in circles of different diam- 
eters. (Art 83.) And the area of the polygon will not be 
altered, by changing the order of the sides. (Art. 82.) 



proposition v. 

86. When a polygon has a greater area, than any other, of 
ike same number of sides, and of equal perimeter, the sides are 

The polygon ABCDF:(Fig. 29.) can not be a maximum, 
among all polygons of the same number of sides, and of 
eqUal perimeters, unless it be equilateral. For if any two 
of the sides, as CD and FD, are unequal, let CH and FH be 
equal, and their sum the same as the sum of CD and FD. 
The isosceles triangle CHF is greater than the scalene trian- 
gle CDF; (Art. 79.) and therefore the polygon ABCHF is 
greater than the polygon ABCDF; so that the latter is not a 
maximum. 



PROPOSITION VI. 

87. A regular polygon has a greater area than any oth- 
er polygon of equal perimeter, and of the same number of sides. 

For, by the preceding article, the polygon which is a max- 
imum among others of equal perimeters, and the same num- 
ber of sides, is equilateral, and by art. 84, it may be inscri- 
bed in a circle. But if a polygon inscribed in a circle is equi- 
lateral, as ABDFGH (Fig. 7.) it is also equiangular. For the 
sides of the polygon are the bases of so many isosceles tri-* 
angles, whose common vertex is the centre C. The angles 
at these bases are all equal ; and two of them, as AHC and 
GHC, are equal to AHG one of the angles of the polygon. 
The polygon, then, being equiangular, as well as equilateral, 
is a regular polygon. (Art. 1. Def. 2.) 

Thus an eqtiilateral triangle has a greater area, than any 
other triangle of equal perimeter. And a square has a great- 
er area, than any other four sided figure of equal perimeter. 
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Cor. A regular polygon has a less perimeter than any oth- 
er polygon of equal area, and the same number of sides. 

For if, with a given perimeter, the regular polygon is 
greater than one which is not regular; it is evident the pe- 
rimeter of the former must be diminished, to make its area 
equal to that of the latter. 



proposition m. 

88. If a polygon be described about a circle, the- areas 
of the two figures are as their perimeters. 

Let ST (Fig. 32.) be one of the sides of a polygon, either 
regular or not, which is described about the circle LNR. 
Join OS and OT, and to the point of contact M draw the 
radius OM, which will be perpendicular te ST. (Euc. 18. 3.) 
The triangle OST is equal to half the base ST multiplied 
into the radius OM. (Art. 8.) And if lines be drawn, in the 
same manner, from the centre of the circle, to the extremi- 
ties of the several sides of the circumscribed polygon, each 
of the triangles thus formed will be equal to half its base 
multiplied into the radius of the circle. Therefore the area 
of the whole polygon is equal to half its perimeter multipli- 
ed into the radius : and the area of the circle is equal to 
half its circumference multiplied into the radius. (Art. 30.) 
So that the two areas are to each other as their perimeters. 

Cor. 1 . If different polygons are described about the 
same circle, their areas are to each other as their perimeters. 
For the area of each is equal to half its perimeter, multipli- 
ed into the radius of the inscribed circle. 

Cor. 2. The tangent of an arc is always greater than the 
arc itself. The triangle OMT (Fig. 32.) is to OMN, as MT 
to MN. But OMT is greater than OMN, because the for- 
mer includes the latter. Therefore the tangent MT is great- 
er than the arc MN. 
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PROPOSITION Till. 



89. A circle has a greater arm than any polygon of equal 
perimeter. 

If a circle and a regular polygon have the same centre, 
and equal perimeters ; each of the sides of the polygon must- 
fall partly within the circle. For the area of a circumscribing 
polygon is greater than the area of the circle, as the one in- 
cludes the other : and therefore, by the preceding article, the 
perimeter of the former is greater than that of the latter. 

Let AD then (Fig* 32.) he one side of a regular .polygon, 
whose perimeter is equal to the circumference of the circle 
RLN. As this falls partly within the circle, the perpendicu- 
lar OP is less than the radius OR. But the area ot the po- 
lygon is equal to half its perimeter multiplied into this per- 
Eendicular; (Art. 15.) and the area of the circle is equal to 
alf its circumference multiplied into the radius. (Art. 30.) 
The circle then is greater tnan the given regular polygon ; 
and therefore greater than any other polygon of equal pe- 
rimeter. (Art. 87.) 

Cor. 1. A circle has a less perimeter, titan any polygon of 
equal area. 

Cor. 2. Among regular polygons of a 'given perimeter, 
that which has the greatest number of sides, has also the great- 
est area. For the greater the number of sides, the more 
nearly does the perimeter of the polygon approach to a co- 
incidence with the circumference of a circle.* 



proposition tx. 

90. A right prism whose bases are regular polygons, 
has a less surface than any other right prism of the same solidi- 
ty, the same altitude , and the same number of sides. 

If the altitude of a prism is gives, the area of the base is 
as the solidity ; (Art. 43.) and if the number of aides is also 
given, the perimeter is a minimum when the base is a regular 

* For a rigorous demonstration of this, see Legendrc's Geometry, 
Appendix to Book iv. 

J 
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polygon. (Art. 87. Cor.) But the lateral surface is as the 
perimeter. (Art. 47.) Of two right prisms, then, which have 
the same altitude, the same solidity, and the same number of 
sides, that whose bases a*e fCgohr polygons has fee least 
lateral surface, while the areas of the ends are equal. 

Cor. A right prism whose bases are regular polygons has 
st gteattr sotimty, ;thai* any other right prism of the same sur- 
face, the same tdtitade, and the same ntunbtr of sides. 



PKOPOS1TIOKT X. .•■••: 

9h Jt tight cTLiNOMt has a lets surface, tk*n> nay rigfo 
prism of the seam altitude and solidity. 

For if the prism and cylinder have the same altitude and 
solidity, the areas of their bases are equal. (Art. 64.) But 
the perimeter of the cylinder iB less, than that of the prism ; 
(Art. 89. Cor. 1.) and therefore its lateral surface is less, 
while the areas of the ends are equal. 

Cor. A right cylinder has a greater solidity f than any 
right prism of the saal&aMtiidfe and surface* 



v F&0BOSIT1OS XT* 

8&T A ctfBB Atf* a ie$s suffice thaw any other right ptmaMtt- 
opiped of the tame ifotidky. ' 

A parallelopiped is a prism, any one of whose faces may 
be considered a base. (Art- 41. Def. L and V.) If these are 
not all squares, let one which is not a square be taken for a 
base*. The perimeter of this may he diminished, without al- 
tering ita are*; .(Act. 67. Cor.) and therefore the surface of 
the solid may be diminished, without altering ks altitude or 
solidity. (Arts. 43, 47.) The same may be proved of each 
of the other faces* -tehich lure net . squares. The sdrfacte is 
therefore kwt**riim r when tilhihe 1 foots are squires, that is, 
when tto «K>lid U^a duie. • 'f -,,> 

* . •• .'...* ii ........ » 

•Con. A cube has a greater solidity ..than any. other eight 
parallelopiped of the same surface. 
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.93. 4 cube fas a gre<*fr solidity, than any other right gtar- 
wllelopiped, the sum ofwhfite length, breadth, and depth is equal 
to the sum of the corresponding dimensions of the cube. 

The solidity is equal to th& product of the length, hpeadth, 
*nd depth* Jf the length and breadth; a** unequal,, the so- 
lidity may be increased, without altering the sum of the three 
dimensions. For the product of two factors whose sum is 
siren, is the greatest when the factors are equal. (Euc. 27.6.) # 
in the same manner, if the breadth and depth are unequal/ 
the solidity may be increased, without altering the sum* of 
the three dimensions. Therefore, the solid can not be a 
■maximum, unless its length, breadth, and depth are equal. 



»HGPOSraON XfK» 
94. If a PRISM BE DESCRIBED ABOUT A CTLINDER, the 

capacities of the two solids are as their surfaces. 

The capacities of the -solids are as the anas of their bases, 
4hat is, as the perimeters of their bases. (Art. 86.) But the 
lateral surfaces are also as the perimeters of the bases. 
Therefore the whole surfaces are as the solidities* . 

Cor. The capacities of different prisms, described *bout 
•the same right .cylinder, are to each briber as their surfaces. 



PROPOSITION *m 

95. A right cylinder whose height is £&t7al to the »i* 
ameter 09 its BASE has a greater solidity, than any other 
right cylinder of equal surface. 

Let C be a right cylinder whose -height is equal to the di- 
ameter of its base ; and C another right cylinder having the 
same surface, but a different altitude. If a. square prism 
P be described about the former, it will be a cube. But a 
square prism P' described about the latter, will not ht m 
*eube. 
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. Then the surfaces of C and P are as their bases ; (Arts. 
47 and 88.) which are a& the bases of C and P' ; (Sup. Euc. 
7. l.),so that, s 

sutfC :surfP::base C:baseP::baseC':baseP 9 ::surfC':sutfP' 

But the surface of C is, by supposition, equal to the sur- 
face of C'. Therefore, (Alg. 395.) the surface of P i* equal 
to the surface of P'. And by the preceding article, 
solidP isolidC iisurfPisurfC ztturfP'tnufC' :: solidP' isvlidC 

But the solidity of P is greater than that of P'. (Art 92. 
Cor.) Therefore the solidity of C is greater than that of C'. 

Schol. A right cylinder whose height is eqi^al to the di- 
ameter of ijts base, is that which circumscribes a sphere. It is 
also called Archimedes 9 cylinder ; as he discovered the ratio 
of a sphere to its circumscribing cylinder ; and these are the 
figures which were put upon his tomb. 

Cor. Archimedes' cylinder has a less surface, than any 
other right cylinder of the same capacity. 



PROPOSITION xv, 

96. If a sphere be circumscribed by a solid bounded 
by plane surfaces; the capacities of the two solids are as their 
surfaces. 

If planes be supposed to be drawn from the centre of the 
circle, to each of the edges of the circumscribing solid, they 
will divide it into as many pyramids as the solid has faces. 
The base of each pyramid will be one of the faces ; and the 
height will be the radius of the sphere. The capacity of the 
pyramid will be equal, therefore, to its base multiplied into | 
of the radius ; (Art. 48.) and the capacity of the whole cir- 
cumscribing solid, must be equal to its wnole surface multi- 
plied into -J of the radius, out the capacity of the sphere 
is .also equal to its surface multiplied into -J- of its radius. 
(Art. 70.) 

Cor. The capacities of different solids circumscribing the 
same sphere, are as their surfaces. 
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PROPOSITION XTI. 

97. A sphere has a greater solidity, than any regular po- 
lyedron of equal surface. 

If a sphere and a regular polyedron have the same centre, 
and equal surfaces ; each of the feces of the polyedron must 
fall partly toithin the sphere. For the solidity of a circum- 
scribing solid is greater than the solidity of the sphere, as the 
one includes the other : and therefore, by the preceding arti- 
cle, the surface of the former is greater than that of the Tatter. 

But if the faces of the polyedron fall partly within the 
sphere, their perpendicular distance from the. centra must be 
less than the radius. And therefore, if the surface of the 
polyedron be only equal to that of the sphere, its solidity 
must be less. For the solidity of the polyedron is equal to its 
surface multiplied into -J of the distance from the centre. 
(Art. 59.) And the solidity of the sphere is equal to ks sur- 
face multiplied into £ of the radius. . 

Cor. A sphere has a less surface, than any regular poly- 
jedron of the same capacity. 

For other cases of Isoperimetry, see Fluxions* 
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CONTAINING rv&es, tviihout demonstrations, for the 
mensuration of the Conic Sections, and other figures not 
treated of in Ae Elements of EucKd* 



PROBLEM I. 

To find the area of an ellipse. 

101. Multiply the product of the transverse and conjugate 
axes into .7654. 

Ex. What is the area of aa ellipse whose transverse axis 
is 36 feet, aad conjugate 28 ? Ans. 791 .68 feet. 

PROBLEM II. 

To find the area of a segment of an ellipse, cut off by a line 
perpendicular to either axis. 

102. If either axis of an ellipse be made the diameter of 
a circle ; and if a line perpendicular to this axis cut off a 
segment from the ellipse, and from the drcle; 

The diameter of the circle is, to the other axis of the ellipse 5 
As the circular segment, to the elliptic segment. 

* For demonstrations of these rules, see Conic Sections, Spherical 
Trigonometry, and Fluxions, or Button's Mensuration. 
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Ex. What is the area of a segment cut off from an effipse 
whose transverse axis is 415 feet, and conjugate 332; if the 
height of die segment is 96 feet, and its base is perpendicu- 
lar to the transverse axis ? 

The .circular aegmejttis 23680 feet 
And the elliptic segment 18944 



PROBLEM in. 

To find the area of a conic pababol*. 

103. Multiply the base by f of the height 

Ex. If the base of a parabola is 26 inches, and the height 
9 feet } what is the area? Ans. 13 feet 

PROBLEM IV. 

To find the area of a frustum of a parabtla, cut off by a 
line parallel to the base. 

104. Divide the difference of the cubes of the diameters 
of the two ends, by the difference of their squares ; and mul- 
tiply the quotient by | of the perpendicular height 

Ex* What is the area of a parabolic frustum whose height 
is 12 feet, and the diameters of its ends 20 and 12 feet ? 

Ans. 196 feet 



PR09UM v. 

To find the area of a conk htpsr&oca, 

105. Multiply the base by $ of the height; and correct 
the product, by subtracting from it the series 

/ * z* a 3 . z* \ 

C£=sthe b*se or double ordinate, 
In which < A=the height or abscissa, ' 

(gasthe height divided by the sum of the 
height and transverse axis. 
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The series converges so rapidly, that a few of the first 
terms will generally give the correction with sufficient exact- 
ness. This correction is the difference between the hyper- 
bola, and a parabola of the same base and height 

Ex. If the base of an hyperbola be 24 feet, the height 
10, and the transverse axis 30; what is the area? 

The base x | the height is 160. 



The first term of the series is 
The second 
The third 
The fourth 


0.016666 
0.000592 
0.000049 
0.000006 


Their sum 


0.017313 


This into 2bh is 


8.31 


And the area corrected is 


151.69 


PROBLEM VI. 





To find the area of a spherical triangle, foruted by three 
arcs, of great circles of a sphere. 

106. As 8 right angles or 720°, 

To the excess of the 3 given angles above 180° ; 
So is the whole surface of the sphere, 
To. the area of the spherical triangle. 

Ex. What is the area of a spherical triangle, on a sphere 
whose diameter is 30 feet, if the angles are 130°, 102°, and 
68»? Ans. 471.24 feet. 



PROBLEM VII. 

To find ike area of a spherical polygon formed by arcs 
of great circles. 

107. As 8 right angles or 720°, 

To the excess of all the given angles above the pro- 
duct of the number of angles —2 into 180° ; 
So is the whole surface of the sphere, 
To the area of the spherical polygon. 



Digitized 



by Google 



t Ex. Wtait is the area of a spherical polygon of seve^ 
sides, on a sphere whose diameter is 17 inches; if the sum 
of all the angles is 1080° ? Aos. 227 inches. 



PROBLEM Tin. 

$*o find the lunar surface included between two great circles of 

a sphere. 

108. As.360° 4 to the angle made by the given circle*; 
So 18 the whole surface of the sphere, to the surface 
between the circles. 
Or, 
, The lunar surface is equal to the breadth of the middle 
part of it, multiplied into the diameter of the sphere. 

Ex. If the earth be 7930 miles in diameter, what is the 
surface of that part of it which is included .between the 65th 
and 83d degree of longitude ? 

Ans. 9,878,000 square miles. 



PROBLEM IX. 

To find the solidity of a spheroid, formed by the revolution 
of an ellipse about either axis. 

109. Multiply the product of the fixed axis and the square 
of the revolving axis, into .5236. ■ 

' Ek. I. What is the solidity of an dblona spheroid, whode 
longest and shortest diameters are 40 and 30 feet ? 

Ans. 40x30* X. 5236=18850 feet. 

2. If the earth be an oblate spheroid, whose polar and 
equatorial diameters are 7930 and 7960 miles ; what is its 
solidity? Ans. 263,000,000,000 miles. 



K 
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FfU>BJUKM X. 

To find the solidity of the middle frustum of a spheroid, 
included between two planes which are perpendicular to 
the axis, and equally.distant from the centre. 

110. Add together the square of the diameter of one end; 
and twice the square of the middle diameter; multiply the 
sum by -J of the height, and the product by .7854. 

If D and d = the two diameters* and h = the height; 
The solidity = (2D* +d*) x$hx .7854. 

Ex. If the diameter of one end of a middle frustum of 
& spheroid be 6 inches, the middle, diameter 10, and the 
height 30 9 what is the solidity ? 

Ans. 2073.4 inches. 

- Cor. Half the middle frustum is equal to a frustum of 
which one of the ends passes through the centre. 

If then D and d=the diam'rs of the two ends, and h = the hei't, 
The, solidity =(2D* +<**)* \h x .7854. 



PROBLEM Jtt. 

To find the solidity of a paraboloid. 

111. Multiply the area of the base by half the height. 

, Ex. If the diameter of the base of a paraboloid be 12 
feet, and the height 22 feet, what is the solidity ? 

Ans. 1243 feet. 

Problem iir. 
To find the solidity of a Frustum of a paraboloid. 

112. Multiply the sum of the areas of the two ends by 
half their distance. 

Ex. If the diameter of one end of » frustum of a par** 
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tooloid be 8 feet, the diameter of the otber end 6 feet, and 
*he length 24 feet ; what is the solidity ? 

Ans. 942| feet. 

• # 

-Cor. If a cask be in the form of U»o equal frustums of* a 
paraboloid; and 

If D=sthemid(Ue diam. <?=the end dianx. and A=the length; 
The solidity =(D* +d 2 ) x %h x .7854. 



PROBLEM XIII, 

To Jind the solidity of a hyperboloid, produced by the 
revolution of a hyperbola oh its axis. 

113. Add together the square of the radius of the base, 
and the square of the diameter of a section which is equal- 
ly, distant from the base and the vertex j multiply the sum by 
the height, and the product by .5236. 

If R=the radius of the base, D=;the middle diameter, and* 
. ,A;=the height,; 

The solidity = (R* +D*) x h X .5236. 

Ex. If the diameter of the base of a hyperboloid be 
.24, the square of the middle diameter 2S2, and the height 
10, what is the solidity ? Ans. 2073.4. 



PROBLEM XtT. 

To find the solidity of a frustum of a hyperboloid. 

114. 1 Add together the squares of the radii of the two 
ends, and the square of the middle diameter ; multiply the 
sum by the height, and the product by .5236. 

If R and r = the two r$dii, D = the middle diameter, and 
A =s= the height; 
The solidity = (R 2 +r*+D*)xAx.5236. k 

Ex. If the diameter of one end of a frustum of a hy- 
perboloid be 32, the diameter of the other end 24, the 
sqnaure *>f the middle, (fiamettfr 793|, and the length £0, wb*t 
is the solidity? Ans. 12499,3 
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PROBLEM XT. 

To find the solidity of a circular spindle, produced by the 
revolution of a circular segment about its base or chord as 
an axis. 

115. From % of the cube of half the axis, subtract the 
product of the central distance into half the revolving cir- 
cular segment, and multiply the remainder by four times 
3.14159. 

If a=the area of the revolving circular segment, 
7=half the length or axis of the spindle, * 
c=the distance of this axis from the centre of 
the circle to which the revolving segment belongs. 
The solidity = ($l s -fac) x4x 3.141 W. 

Ex. Let a circular spindle be produced by the revolution 
erf the segment ABO (Fig. 9.) about AB. If the axis AB 
be 140, and OP half the middle diameter of the spindle be 
36.4; what is the solidity ? 

The area of the revolving segment is 3791 
The central distance PC 44.6 

The solidity of the spindle 374402 



PROBLEM XVI. 

To find the solidity of the middle frustum of a circular 

spindle. 

116. From the square of half the axis of .the whole spin- 
dle, subtract -J of the square of half the length of the frus- 
tum ; multiply the remainder by this half length ; from the 
product subtract the product of the revolving area into the 
central distance ; and multiply the remainder by twice 
3.14159. 

If L=e=half the length or axis of the whole spindle, 
Z=half the length of the middle frustum, 
c=the distance of the axis from the centre of they circle, 
a=the area of the figure which, by revolving, pro- 
duces the frustum ; 

The solidity = (L*-# 2 x l-ac) x 2 x 3.14159. 
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Ex. If the diameter of each end of a frustum. of a cir- 
cular spindle be 21.6, the middle diameter 60, and the length 
70 ; what is the solidity ? 

The length of the whole spindle is . 79.75 
The central distance > » 1 1 .5 

The revolving area 1703.6 

The solidity 136751.5 



PROBLEM XVII. 

To find the solidity of a parabolic spindle, produced by 
the revolution of a parabola about a double ordinate or 
base. 

117. Multiply the square of the middle diameter by T 8 T 
of the axis, and the product by .7354. 



Ex. If the axis of a parabolic spindle be 30, 
middle diameter 1 7, what is the solidity ? , 



and the 
Ans. 3631 .7, 



PROBLEM XVHI. 



To find the solidity of the middle prustum of a parabolic 

spindle. 

118. Add together the square of the end diameter, and 
twice the square of the middle diameter, from the suta sub- 
tract | of the square of the difference of the diameters; 
and multiply the remainder by £ of the length, and the pro- 
duct by .7854. 

If D and d = the two diameters, and I ==■ the length ; 
The solidity=(2D*+d 2 -f(D-d) 2 )xiZx. 7854. 

Ex. If the end diameters of a frustum of a parabolic 
spindle be each 12 inches, the middle diameter 16, and the 
length 30; what. is the solidity? Ans. 5102 inches. 
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GAUGING OF CASKS. 



. 119 fJAUGING is a practical art, which does not 
4t*iu JItf. M admit of being treated in a very scientific 
manner. Casks are not commonly constructed in exact con- 
formity with any regular mathematical figure. By most 
writers on the subject, however, they are considered as near- 
ly coinciding with one of the following forms ; 

*• ? Two equd frustums } "' * P"^'^. 
4. ) ^ ( of a cone. 

The second of these varieties agrees more nearly, than any 
of the others, with the forms of casks, as they are common- 
ly made. The Jirst is too much curved, the third too little, 
and the fourth not at all, from the head to the bung. 

120. Rules have already been given, for finding the capa- 
city of each of the four varieties of casks. (Arts. 68, 110, 
112, 118.) As the dimensions are taken in inche$ i these 
rules will give the contents in cubic inches. To abridge the 
computation, and adapt it to the particular measures used in 
gauging, the factor .7854 is divided by 282 or 231 ; and the 

3uotient is used instead of .7854, for finding the capacity in 
le gallons or wine gallons. 

.7854 
Now 262"=. 002785, or ,.0028 nearly; 

.7854 • » 

And -gjgj- =.00aL 

If then .0028 and .0034 be substituted for .7854, in the" 
rules referred to above ; the contents of the cask will be giv- 
«n in ale gallons and wine gallons. These numbers are tp 
€ach other nearly as 9 to H. 
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/ 

PROBLEM T. 



To calculate the contents of a" cask, in the form of the middle 
frustum of a spheroid. v 

121. Add together the square of the head diameter, and 
twice the square of the bung diameter ; multiply the sum by 
4 of the length, and the product by .0028 for ale gallons, or 
by .0034 for wine gallons. 

If D and d=the two diameters, and I=the length; 
The capacity iirinche8==(2D a +d*)x|/x. 7854.* (Art. 110.) 

And by substituting .0028 or .0034 for .7854, we have the , 
capacity m ale gallons or wine gallons. 

Ex. What is the capacity of a cask of the first form, 
whose length is 30 inches, its head diameter 18, and its bung 
diameter 24 ? 

Ans. 41.3 ale gallons, or 50*2 wine gallons v 



PROBLEM II. 

To calculate the contents of a cask, in the form of the middle 
frustum of a parabolic spinole. 

122. Add together the square of the head diameter, and 
twice the square of the bung diameter, and from the sum 
subtract £ oi the square of the difference of the diameters ; 
multiply the remainder by -J of the length, and the product 
by .0028 for ale gallons, or .0034 for wine gallons. 

The capacity in inches ={2D*+d*~* (D-d)*) x$lx 
.7854. (Art. US.) 

Ex. What is the capacity of a cask of the second form, 
whose length is 30 inches, its head diameter 18, and its bung 
4iameter 24 ? 

Ans. 40.9 ale gallons, or 49.7 wine gallons- * 
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PROBLEM ill. 



To calculate the contents of a cask, in the form of two eqmd 
frustums of a paraboloid. 

123. Add together the squarte of the head diameter, and 
the square of the bung diameter; multiply the sum by half 
the length, and the product by .0028 for ale gallons, or .00$4 
for wine gallons. 

The capacity in inches = (D*+d 2 )xiZx. 7854. (Art. 
112. Cor.) 

Ex. What is the capacity of a cask of the third form, 
whose dimensions are, as before, 30, 18, and 24 f 

Ans. 37.8 ale gallons, or 45.9 wine gallons. 



PROBLEM IV. 

To calculate the contents of a cask, in the form of two equal 
frustums of a cone. 

124. Add together the square of the head diameter, the 
square of the bung diameter, and the product of the two di- 
ameters ; multiply the sum by -J of the length, and the pro- 
duct by .0028 for ale gallons, or .0034 for wine gallons. 

./The capacity ininches.={D*+d* +Dd) x $1 X .7864. (Art.68.) 

Ex. What is the capacity of a cask of the fourth form, 
whose length is 30, and its diameters 18 and 24 ? 

Ans. 37.3 ale -gallons, or 46.3 s win©' gallons. 

125. The preceding rulos, though correct in theory,. ^re 
not very well adapted to practice, as they suppose the forjn 
of the cask to be known* The two following rules, taken 

"from Hutton's Mensuration, may be used for casks of the 
usual forms. For the first, three dimensions are required," the 
length, the head diameter, and the burig diameter. It is ev- 
ident that no allowance is made by this, for different degrees 

* of curvature from the head to the bung. If the cask is more 
or less curved than usual, the following rule is to be prefer- 
red, for which four dimensions are required, the head and 
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biing diameters, and a third diameter taken in the middle be- 
tween the bung and the head. For the demonstration of 
these rules, see Mutton's Mensuration, Part v. Sec. 2. Ch. 5- 
«d7. v ' 



. . PROBLEM ▼. 

To calculate the contents of any common cask, from three 
dimensions. 

126. Add together 

25 times the square of the head diameter, 

39 times the square of the bung diameter, and 

26 times the product of the two diameters; 
Multiply the sum by the length, divide the product by 90, 

and multiply the quotient by .0028 for ale gallons, or .0034 
for wine gallons. 

The capacity in inches=(39D , +25d*+26Dtf) x ^ X 17854* 

Ex. What is the capacity of a cask whose length is 30 
inches, the head diameter 18, and the bung diameter 24? 
Ans. 39 ale gallons, or 47-J wine gallons. 



problem vx. 

To calculate the contents of a cask from tour dimensions, the 
length, the head and bung diameters, and a diameter taken 
in the middle between the head and the bung. 

127. Add together the squares of the head diameter, of 
the bung diameter, and of double the middle diameter; mul- 
tiply the sum by £ of the length, and the product by .0028 
for ale gallons, or .0634 for wine gallons. 

If D=the bung diameter, c?=the head diameter, m=.tht 
middle diameter, and 1= the length; 

The capacity in inches*(D* +d* +2m*) X ilx .78S4. 

Ex. What is the capacity of a cask, whose length is 30 
inches, the head diameter 18, the bung diameter 24, and the 
middle diameter 22£ ? 

Ans. 41 ale gallons, or 49f wine gallons. 
L 
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12ft In mafcing the catenations in gakgfag, accordfrijt td 
the preceding rules, the multiplications Ana divisions are fre- 
quently performed by means of a Sliding Ride, on which are 
placed a number of logarithmic lines, similar to those on 
Gunter's Scale. See Tngonom. Sec. vi, and Note I, p. 122. 

Another instrument commonly used in gauging is the Di- 
agonal Rod. By this, the capacity of a cask is very expe- 
ditiously found; from a single dimension, the distance from 
the buns to .the intersection of the opposite stave with the 
the head. The measure is taken by extending the rod through 
the cask, from the bung to the most distant part of the head. 
The number of gallons corresponding to the length of the 
fine thus found, is rflarked on the rod. The logarithmic lines 
on the gauging rod are to be uSedin the same manner, as on 
the sliding rtile. 

ULLAGE OF CASKS. 

129. When a cask is partly filled, the whole capacity is 
divided, by the. surface of the liquor, into two portions; the 
feotf of Which, whether fall or empty, is called the tillage. 
In fiilding tire tillage, the cask is supposed to be id ofce of 
tw6 positions; eithet standing, witn its axis perpendicu- 
lar to the horizon ; or lying, with its axis parallel to the hori- 
zon. The rules for ullage which are exact, particularly those 
for lying casks, are too complicated for common ase. The 
following are considered, as sufficiently near approximations. 
See Hutton's Mensuration. 



PROBLEM VII. 

To calculate the ullage of a standing cash 

130. Add together the squares of the diameter at the sur- 
face of the liquor, 6f the aiameter of the nearest end, and 
'of double the diameter ih the middle between the other 
two ; multiply the sum by | of the distance between the sur- 
face and the nearest end, and the product by .0028 for alt 
gallons, of .0034 for trit*e gallons. 
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If D«tito diameter of the surface of the liquor, 
rfssthe diameter of the nearest end, 
n% =x the middle djpmeter, and [end$ 

Z=?the distance between the surface and the nearest 

The ullage in inches=(D 8 +d* +2^*) x #X ,7854 

Ex. If the diameter at the surface of the liquor, in a 
standing cask, be 32 inches, the diameter of the nearest end 
24, the middle diameter 29, and the distance between the 
surface of the liquor and the nearest end 12; what is the ul- 
lage? . Aks. 27$ ale gallons, or 33| wine gallons. 



,PR£BJ,EM VIII. 

To calculate the %dlage of a liing cask. 

Divide the distance from the buns to the surface of the 
liquor, by the wJ&ote fotng diar^e^ $od the ^quotient in the 
colun>H hi ^eights or versed gines in a tafeje of circular seg- 
ments, take out tb* corresponding gegKoopt, wd onujWply * 
by the whole capacity of the cask, and the product by J £/or 
the part which is empty. 

If the «ask be rot h$df full, divide the depth of the liquor 
by the whole bung diameter, take £ut the segment, multiply, 
fee. for (he contents *f the part which is full. 

Ex. tf the whole capacity of a lying cask -be 41 file gal- 
lons, or 49| wine gallons, the bung diameter 24 inches, *n^l 
the distance from the bung to the surface of the liquor, 6 
inches; what is th£ ullage ? * - 

Ans. 7£ ale gallons, or 9| wise gallons* 



Digitized 



:ed by GoOgk "~ 



NOTES. 



Note A. Page 9. 

1 OJHEN a trapezium can be inscribed in a circle, the area 
may be found by either of the following rules. 

I. Multiply together any two adjacent rides, and also the 
two other sides; then multiply half the, sum. of these products* 
by At sine of the angle included by either of the pairs of sides 
multiplied together* 

Or, 

II. From half the sum of all the sides, subtract each side 
severattf, multiply together the half sum and the four remain- 
ders, and extract the square root of the product. 

If the sides are a, b, c, and d; and if A=half their sum; 

The area *s V(Wa) x (h-b) x (A-r-«) X (A-d) 
» 
If the trapezium ABCD (Fig. 33.) can be inscribed in a 
cirde, the sum of the opposite angles BAD and BCD is 
1 80 Q . (Euc. 22. 3.) Therefore the sine of BAD is equal to 
that of BCD or P'CD. 

If *= the sine of either of these angles, radius being 1, and if 
AB=?<r, BC=&, CD=c, AD=dj 

The triangle BAD=J<Mix*, And BCD^bcxs; (Art. 9.) j 

Therefore, 

I. The area of ABCD =i(ad+bc) X s. 

To obtain the value of s, in terms of the sides of the tra- 
pezium, draw DP and DP' perpendicular to BA and BC t 

Then Had.:*:: AD: DP:: CI); DP'. 

Also AP* =*=AD* -^DP», and CP* =CD»-DP'*. 



CDP=ADxf^cb/ t S AP~ Jd*-d***=dVl-s % 
So that I vp-ci>xs=<x And I CP*V?^V =c Vl-*« 
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(BP=AB-AP=ar.dVl-^ 

But by the figure { BI*»BG+CP'=ft+c VI3,T 

And BP* + DP£= DB* =BP' 8 +DP'* 

That is a* -2adVT^*+d*=b*+2bcVI^*+e* 
Reducing. the. equation^ we have 
(&»+*» _a*-tZ*)* 

f,==l ~ — W+Vbcy Wld . . ;. 

V(2ad+26 c)* --(b*+c*-a i --d*) t 
9m ~ 2atf+2fc * ; 

Substituting for * in the first rule, the value here found, we 
have the area of the trapezium equal to 

$Jj2^+2bc)*~(b*±c*--a 2 --d % ) % 

The expression under the radipaj s}gn is the difference of 
two squared, and may be resolved* a* in Trig. 221; into* the 
factors 

and these again into 

^a+h'+c-+'d)(b y +c+d— a){a+b+d—c)(a+d+c—b) 

If then A=b^lf .the sum of the sides of the trapezium, 

II. The area= V{h-a) X (A-6) x (h^cjx^^ 

If one of the sides, as tf, is supposed to be diminished, till 
it is reduced to nothing; the figure becomes a triangle, and 
the expression for the area is the same a$ in art. 10. See 
Button's Mensuration. 



Note B. p. 14. 

One of the earliest approximations to the ratio of the cir- 
cumference of a circle to its diameter, was that of Archi- 
medes. He demonstrated that the ratio of the perimeter of 
a regular inscribed polygon of 96 side3, to the diameter of 
the circle, is greater than 3|£ : 1 ; and that the ratio of the 
perimeter of a circumscribed polygon of 192 sides, to the 
diameter, is less than 3|£ : 1, that is, than 22 : 7. 



Digitized 



by Google 



86 MENSURATION, 

Metius gave the ratio pf 35i ; 115, ^hich is more accurate 
than any ether expressed in small numbers. This was con- 
firmed by Vieta, who "by inscribed and circumscribed poly- 
gons of 393216 sides, carried fhe approximation to ten pla- 
ces of figures, viz. 

3.141592653. 

Van Ceulen of Leyden afterwards extended it, by the la- 
borious process of repeated bisections of an arc, to 36 pla- 
ces. This calculation was deemed of so much consequence 
at the time, that the numbers are .said to have been put upon 
his tomb. 

r But since the invention of fluxions, methods much more 
expeditious have been devised, for approximating to the re- 
quired ratio. These principally consist in fiudiiag the ?um of 
a series, m which the length of an arc is expressed in terms 
of its tangent. 

If H=the tangent of an arc, the radius being I, 
t* t* f t* 

The arc =*-"T +y""y+ o'" - &c. See Fluxions. 

This series i? in itself very simple. Nothing more is ne- 
cessary to make it answer the purpose in practice, than that 
; the arc be small, so as to render the series sufficiently con- 
verging, *ad that the tangent be expressed in such simple 
numbers, as can easily be raise4 to the several powers. The 
given series wHl be expressed in the most /simple numbers, 
when the arc is 45°, whose tangent is equal to radios. If the 
radius be 1, 

The arc of 45° = 1 - j + \ - \ + \ - &c. And this multi- 
plied by 8 gives the length of the whole circujmfereace.^ 

But a series in which the tangent is smaller, though it be 
less simple than this, is to be preferred, for the rapidity with 
which it converges. As the tangent of 30»=x/|, if the ra- 
dius be 1, 

«., « ^ , 1 ' 1 1 1 

The arc of 30**=y4x(l -^+Y&~T.3* + ~9.3 i ~ &c- 
And this multiplied into 12 will give the whole circumference. 

This was the series used by Dr. Haltey. By this also, 
Mr. Abraham Sharp of Yorkshire computed the circumfer- 
ence, to 72 places of figures, Mr. John Machin, Professor .of 
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Astronomy in Greshatn college, to 1JXJ places,, and M. De 
Lagoy to 128 places. Several expedients have been devised, 
by Jnachin, Euler, Dr.Hutton, and others, to reduce the la- 
bour of- summing the terms of th« series. See Euler's Anal- 
ysis of Infinites, Hutton's Mensuration, Appendix to Maseres 
on the Negative Sign, and Lond. Phil. Trans, for 1776. For 
k demonstration that the diameter and the circumference of 
a circle are incommensurable, see Legendre's Geometry, 
Note iv. 

The circumference of a circle whose diameter is 1, is 

3:1415926535, 897932^846, 2643383279, 

5028841971, ^939937510, 5820974944, 

5923078164, 0628620899, 8628034825, 

342*170679, 8214808651, 3272306647, 

1 0936446+ or 7-. 



Note C. p. 15. 

The following multipliers may frequently be useful ; 

( x.8962=the sWe of an eq'lsquare. 

The dian^ of a cirde / X .707 ==the side of aft ins'bed sq're. 

( X.666 ±==the side of an inscribed 

[equilateral triangle. 

. C x.282J.a=the side of an equal square. 

.The circxmif. < x .2251 =the side of an inscribed square. 
( X .2756 =the side of an ins'bed eqlat. trian # 

/ X 1. 128=a the diam. of an eq'l circle. 

wu* aiA« *?**„] X 3.545 =the circ.of an equal circle, 
lne siae oi a sq.< x 1 414==the dia< of the circunisc . circto# 

(^ x4.443=the cir. of the circumsc. circle. 

Note D. p. 17. 

The following approximating rules may be used for find- 
ing the arc of a circle. 

1. The' arc of a fcircfe is nearly equal to | of the -differ- 
ence between the chord of the- tfbole arc, and 8 times the 
chord of half the are. 
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'£. ff A=thie height of an arc, : and d=the diameter*b{ the 
' tircle:' ' 

' Thearc^a^gj^ Or, • ' 

/ 5A 

4. The are=f(5<?y -j ■ g, +4/t?A) very nearly. 

i.. If s=the tine of an arc, and r=thq,radius of the circle ; 

■ s* • 3»* 3.S** '. •. ■» 

The.aTC=«x(l+2^+^ 2 -^l+7^6 r -r&c.. : 

See Button's Mensuration. • * 

■• - " :■•* 

Note E. p. 21. : 

Tq expedite the calculation of the areas of circular seg- 
ments, a table is provided, which contains the areas of fceg- 
4i$ents in a circle whose diameter is 1. See the table «f> the 
end of the book, in which the diameter is supposed to J?e di- 
vided into 1000 equal parts. By this may be round the areas 
of segments of other circles. For the heights of siihilar 
segments of different circles are as the diameters. If 'thin 
the height of any given segment be divided by tile diameter 
of the circle, the quotient will be the height of a similar seg- 
ment in a circle whose diameter is 1. The area of ,th$ lat- 
ter is found in the table ; and, from the properties of 'similar 
figures, the two segments are to each other, as the squares 
of the diameters of the circles* We hav.e then the jwllow- 
ing rule; 

To find the area of a circular segmekt by the table. 

Divide the height of the segment by the diameter of the cir- 
clet look for the quotient in the column of heights in the table; 
take out the corresponding number in the. column of areas; 4Md 
multiply it by the square of the diameter. 

It is to be observed, that the figures in each of the col- 
umns ia the table are decimals. 
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. If accuracy is required, and the quotient of the height di- 
vided by the diameter, is between two numbers in the column 
of heights ; allowance may. be made for a proportional part 
of the difference of the corresponding numbers in the col- 
umn of areas ; in the same manner, as in taking out loga- 
rithms. 

Segments greater than a semicircle are not contained in 
the table. If the area of such a segment is required, as 
A6D (Fig. 9.) find the area of the segment ABO, and sub- 
tract this from the area of the whole circle. 

Or, 

Divide the height of the given segment by the diameter, 
subtract the quotient from 1, find the remainder in the col- 
umn of heights, subtract the corresponding area from .7854, 
and multiply this remainder by the square of the diameter. 

Ex. 1. What is the area of a segment whose height is 
16, the diameter of the circle being 48? Arte. 528. 

2. What is the area of a segment whose height is 32, the 
diameter being 48 ? Ans. 1281.55. 

The following rules may also be used for a circular seg- 
ment. 

1. To the chord of the whole arc, add | of the chord of 
half the arc, and multiply the sum by f of the height. 

If C and <s« the two chords, and h = the height ; 

The! segment = (C + £c)%h nearly. 

2. If A=the height of the segment, and <Z=the diameter 
of the circle; 

h A* A* 
The segment«»/dA x (i-^-^-^ te -> 



Note F. p. 23. 

The matter originally intended for this note, was after* 
wards thrown into the appendix. 



Note G. p. 27. 

The term solidity is used here in the customary sepse, to 
M 
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ejpress the magnitude or any geometrical quantity of three 
dimensions, length, breadth, and thickneiss} whether it be fc 
solid' body, e* a "fluid,- 6r eveft a portion t*f empty spabe.' 
This use of the word, however, tenet altogether free from 
objection. The* same term is Applied, to xme of the general 
properties of matter; and abo to that peculiar quality by 
Which certain substances are distinguished Worn fluids. There 
seems to be ah impropriety in speaking of the solidity of a' 
body of water y qr of a vessel which is empty. Some writers- 
have therefore substituted the word volume fof solidity. But 
the latter term, if it be properly defined^ may be retained 
without danger of leading ta mistake. * ' 

Note H„ p. 33. .'.'."' 

The geometrical demonstration of the rule for finding the 
solidity of a frustum Of a pyramid, depends on the following 
ppf>posilion ; . : «. • 

.A frwtim of a. triangular pyramid is equal to three pyrar 
mias ; the greatest and least of which are equal in height to tfi& 
frustum y and have ike two enas of the frustum for their bases ; 
and the third is a mean proportional between the other two. 

Let ABCDFG (Fig. 34,) be a frustum of a triangular pyr- 
amid. If a plane be supposed to pass through the points. 
AFC, it will cut off the pyramid ABCF. The* height of 
this is evidently equal to the height of the frustum, and its 
base is ACB* the greater end of the frustum. 

Let another plane pass through the points AFD. This 
will divide the remaining part of the figure into two triangu- 
lar pyramids AFDG amfcAFDC. The height of the for- 
mer is equal to the height of tli£ frustum, and its base is 
DFG, the smaller end of the frustum. 

To find the magnitude of the third pyramid AFDC, letF 
be now considered as the vertex of this, and of the second 
pyramid AFDC. Their bases will then be the triangles 
ADC and ADGr.. As these .are' in the same plane, the two 
'pyramids have the same altitude, and are to each other as 
their bases. But these triangular bases, being between th'c 
.same parallels, are as* the lines AC and DO. Therefore the 
»' pyramid, AFDC js to ,thej>ycamid AFPG as AC to DG ; 
and AFDC*: AFDG* :: AC* : DG*. <Alg. 301.) But the 
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NOTES. *4 

pyramids ABCF and AFDG, having the jame altitude, ape 
as their bases ABC apd DFG, that is, as A<D fl mid DG\ 
{Euc.1%6.) Wehavethea , * , 

A^DC* : £FDG* ;:~AC* : DG* 
ABCF:AFDGj: AC* : W 

Therefore AFDC* : AFDG* : : ABCF?AFDG. 
And XFBC* =AFDG x ABCF. 
. That is, the pyramid AFDC is a wean proportional be- 
tween AFDG and ABCF. 

Hence, the solidity of a frustum of a triaugtflar pyramid 
is equal to £ of the height, multiplied into 1 the sum of the 
areas of the two ends and the square root of the product of 
these areas. This is true also of a frustum of any. other 
pyramid. (Sup. Euc. 12, 3. Cor. 8.) 

IF the smaller end of a frustum of a pyramid be enlttiv 

fed, till it is made equal to the other end; the frustujn iril 
eeomp a »rwm, which may b$ divided into three equal pyr- 
amids. (Sup, Euc. 15, 3.J 

' Note T. p. 57. 

"■•' The following simple rule for the selidityof round timber, 
or of any cylinder, is nearly exact ; ' 

^Multiply the length into twice the square of %,of the circum- 
ference. . . 

If C^afcthe ^ircumferenpe of u cylinder? 

'* C* C* /C\« C* 

The area of the base ^^^Y^gg But 2^ ^J 2 ^ 

, Um common to measure hewn timber, fary multiplying the length 
into the square of the quarter-girL , This gives exactly the solidity of 
a pacallfclopiped, if the ends are squares. But if the ends are paral- 
lelograms, the area of 'each is less than the square of the quarter* 
• girt. (Euc. 87. 8.) 

Timber whidh is tapering may be exactly measured by the rule for 

. the frustum of a pyramid or cone,; (Art. 50, 68.) or, if the ends are 
uqt similar figures^ by the rule for a prismoid. (Art 55.) but for 
common purposes, it will be sufficient to Multiply the length by the 

• area of a seciieovf&t middle bctwten the Woi^flds. 
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; r ;j TABLE ' '.! 

OF THE SEGMENTS OF A CIRCLE, WHOSti DI- 
AMETER ISl,ANDIS SUPPOSED TO BE 
. DIVIDED INTO 1000 EQUAL PARTS. J 



4 $eigl*t tA*ea Seg.liHeight. 


Area $eg. 


Height. 


— i ■ 

Area Sag. 


.001 


.000042 .029 


.006527 


.057 


.017831 


002 


000H9J 030 


006865 


058 


018296! 


003 


©002191 031 


007200 


059 


018766' 


004 


600337I 032 


007558 


.060 


019239| 


005 


00047 J 1 033 


007913 


061 


019716 


'006 


000618 034 


008273 


062 


020206 
020690 ' 


007 


000779 


035 


008638 


063 


008 


000952 


036 


009OO8 


'064 


0211 7B 


609 


001135 


03^ 


009383 


065 


021659. 


010 , 


001329 


038 


009763 


066 


t)22l54. 


Oil 


001533 


039 


010148 


067 


022652* 


QJL2 


001740 


040 , 


010537 


068 


023154: 
023659 


013 


«01968 


041 


010932 


069 


014 


002199 


042 


011331 


070 


024168' 


015 


002436 


04£ 


011734 


071 t 


P24GQ0i 


016 


002665 


044 


OI2142! 


072 


025195 


on 


002940 


045 . 


pi 255,4 


073 


025714 | 


018 


003202 


046 


01297.1 


074 


026236| 


' 019 . 


003472 


047 ' 


013392 


075 


02Q761 : 


020 , 


003748 


043. 


015818 


076 


027289 


021 


0O4Q32 


049 


P14247. 
014661 1 


077 


D27S31 \ 


022 


004322 


050 


078 


4)23356 


023 


004618 


051 


015119 


079 ■ 


028894 


024; 


004921 


052 


01556! 


080 


029435 


025 


005231 


053 


P16007! 
016457 


081 


029.979 


, 026 , 


005546 


054 


,082 t 


D30526 


027*, 


0O5S67 


055 ; 


016911 


,083 •■ 


03lot6 


.028 


.006194 


.056 


.017369 


.084 


.031629 
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TABLE OF CIRCULAR SEGMENTS/ OS 



Height. 


Area Seg. 


Height. 


Area Se&. Height 


AreaSeg 


.085 


.032186 


.1£4 


.0$6qp3 


.163 


.083320 


086 


032745 


12S 


056663 


164 


084059 


087 


-03S3Q7 


126 


057326 


165 


.084801 


088 


033872 


127 


057991 


166 


085544 


089 ! 


'034441 


128 


058658 


I6t ■ 


086289 


090 


035011 


129 


069327 


16S* 


OOT&36 


091 


035585 


130 


059999 


169 


087785 


092 


036162 


1» 


060672 


-170 


068535 


09? 


036741 


132 


061343 


171 


089287 


094 


037323 


133 


062026 


172 


$90041 


095 


037909 


134 


062707 


173 


t>99797 


096 


038496 


135 


063389 1 


174 


091554 


097 


O39087 


136 


064074 


175 


092313 


098 


039680 


137 


064760 


176 


093074 


099 


04O276 


138 


065449 


177 


093836 


100 


04O875 


139 


> 066146 


178 


'094601 


101 


041476 


140 ' 


066S33 


179 


095366 


.102 


042080 


141 


' 067528 


160 


096134 


103 


042687 


142 


068225 


181 


096903 


104 


04^296 


143 


06S924 


182 


097674 


105 


043908 


144 


069625 


183 


098447 


106 


t>44522 


145 


070328 


184 


099221 


107 


045139 


146 


071O33 


185 


099997 


108 


045759 


147 


071741 


186 


100774 


, 109 


&463S1 


148 


072450 


187 '■ 


101553 


110 


047005 


149 


073161 


188 


102334 


111 


047632 


150 


073374 


189 


103116 


112 


048262 


151 


074589 


190 


103900 


113 


048894 


152 


075306 


191 


104685 


114 


049528 


153 


076026 


192 


105472 


115 


050165 


154 


076747 


193 "' 


106261 


116 


050804 


155 


077469 


194 


107051 


117 


051446 


156 


078194 


195 


107842 


118 


0520&O 


T57 


078921 


196 


108636 


119 


052736 


158 


079649 


197 


109430 


120 


053385 


159 


0803801 198 


110226 


121 


054036 


160 


081 1121 199 


111024 


122 


054689 


161 


0818461 200 


111823 


.123 ' 


.045345 J 62 


.08358211 .291 _ 


,.113624 
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W TABLE 6P CIRCULAR ^EGSfENTS.' 



height 


Area Seg. Height. AreaSeg. 


Height 


Area£eg* 


.fcoa 


.113426 


.241 


.145799 


•280 


,180019 


26$ 


114230 


242 


146655 


281 


,180918 


204 


115035 


243 


147512 


282 


181817 


205 


115842 1 


244' 


148371 


283 


182718 


205 


116650; 


245 


149230 


284 


188619 


207 


117460 


246 


150091 


285 


1B4521 


S08 


118271 


247 


150953 


286 


185425 


JK» ' 


119083 


248 


151816 


287 


18632$ 


210 


119897 


249 


152680 


288 


187234 


211 


120712 


250 


153546 


289 


188140 


212 


121529 


251 


154412 


290 


189047 


213 


122347 


252 


155280 


291 


189955 


214 


123167 


253 


1156149 


292 


190864 


415? 


123988 


254 


157019 


293 


191775 


216 


124810 


255 


157890 


294 


192684 


217 


\ 25634 


256 


158762 


i 295 


193596 


218 


126459 


257 


159636 


1 296 ' 


: 194509 


219 


127285 


258 


160510 


297 


195422 


220 


128113 


259 


161386 


298 


196337 


221 


128942 


260 : 


'162263 


299 


197252 


222 


129773 


261 


163140 


300 


198168 


223 


130665 


262 


164019 


801 


199085 


224 


131438 


263 


164899 


302 


'200003 


225 ' 


132272 
133108 


264 


165780 


303 


200922 


226 


265 


166663 


304 


201841 


227 


133945 


266 


167546 


305 


202761 


228 


134784 
1$5624 


267 


; 168430 


306 


203683 


229 


268 


} 169315 


307 


,204605 


230 


136465 


269 


170202 


308 


20552? 


231 


137307 


270 


171089 


309 


20645 i 


232 


138150 


271 


171978 


310 


207376 


233 


138995 


272 


172867 


311 


2083O1 


234 


139841 


273 


173758 


312 


209227 


235 


140688 


274 


174649 


313 


210154 


236 


141537 


275 


175542 


314 


211082 


237 


142387 


276 


176435 


315 


212011 


238 


143238 


277 


177330 


8*16 


212940 


239 


l44091 


278 


If 8225 


! 317 ' 


2J3871 


.240 


•144944 


.279 M79122I 


,318 


.214802 
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TABLE OF CIRCULAR SBGMPNTS. 9fc 



Height. |AreaSe 



.319 


.215733 


.358 


.252631 


.397 • 


320 


216666 


359 


253590 


398 


321 


^17599 


360 


254550 


399 


322 


218533 


361 


255510 
256471 
257433 


400 


323 


219468 


362 


401 


324 


220404 


363 


402 . 


323T 


221340 


364 


258395 


403 


326 


222277 


365 


259357 


404 


327 


223215 


366 


260320 


405 


328 : 


224154 


367 


261284 


406 


329 


225093 


368 


262248 


407 


330 


226033 


369 


263213 


408 


331 


226974 


370 


264178 


409 


332 


227915 


371 


265144 


410 


333 


228858 


$7% 


266111' 


■411- 


334 


229801 


373 


'267078 


412 


335 


230745 


874 


268045! 


413 


336 


231689 


875 


369013 


414 - 


337 


232634 


376 


269982 


415 


338 


233580 


377 


2709*1 


416 


339 


234526 


378 


.271920 


417 


340 


235473 


379 


.272890 


418 


341 


236421 


S80 


273861 


419 


342 


237369 


381 . 


274832 


420 


S*3 „ 


,238318 


382 


2f5803 


421 


344 


239268 


383 


276775 


422 


345 


240218 


384 


277748 


423 


346 


241169 


385 


278721 


424 


347 


242121 


386. 


2*96£4 


* 425 


348 


2*3074 


387 


280668 


426 


349 


244026 


388 


281642 


427 . 


350 


244980 


389 


282617 


428 


351 


245934 


390 


283592 


429 


352 


246889 


391 


284568 


430 


353 


247845 


392 


285544 


431 


354 


248801 


393 


286521 


432 


355 


249757 


394 


287498 


433 


356 


250715 


395 


288476 


1 434 


.357 


.2516731 


.$96 ! 


.28945* 


f.435 , 



55£ 

♦29043$ 
291411 
292390 
293369 
294349 
295330 
296311 
297292 
298273 
29S 
30C 
301 
30S 
30^ 
304 
30< 
30t 
-303 
,30* 

309uuo 
310081 
311068 
312054 
313041 
3}4029 
315016 
316004 
316992 
#17981 
318970 
319959 
3$0948 
321938 
3*2928 
323918 
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96 TABLE OF CIRCULAR SEGMENTS. 



Hei't |Area Seg. ||Heit |Area Seg. 


|Hei't |Area Seg, 


.436 


.328874 


.458 


.350748 


.480 


.372704 


437 


329866 


459 


351745 


481 


373703 


438 


330858 


460 


352742 


482 


574702 


439 


331850 


461 


353739 


483 


375702 


440 


332843 


462 


354736 


484 


376702 


441 


333836 


463 


355732 


485 


377701 


442 


334829 


464 


356730 


486 


378701 


443 


835822 


465 


357727 


487 


379700 


444 


336816 


466 


358725 


488 


380700 


445 


337810 


467 


359723 


489 


381699 


446 


338804 


468 


3607211 


490 


382699 


447 


339798 


469 


361719 


491 


383699 


448 


340793 


470 


362717 


492 


384699 


449 


341787 


471 


363715 


493 


385699 


450 


342782 


472 


364713 


494 


386699 


451 


343777 


473 


365712 


495 


387699 


452 


344772 


474 


366710 


496 


388699 


453 


345768 


475 


367709 


497 


889699 


454 


346764 


476 


368708 


498 


390699 


455 


347759 


477 


369707 


499 


391699 


456 


348755 


478 


370706 


500 


392699 


.457 


.349752 


.479 


.371705 





Forjhe use of this table, see Note E, p. 88. 
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(seau) J\ E IT REMEMBERED ; That on the W 
. * ^ ' tieth day of March, io the forty- firs* year of 

the Independence, of, the United Spates of 
America, Jeremiah D»AT 1? of the said, D^tr^, hath deposited in 
tbia Office, the title of a Book, the right whereof he claims as Au- 
thor, in- the words following, to wit : 

*• The Mathematical Principles of Navigation add SurTOprog, 
"whh the Mensuration of Heights, and Distances. Being the fourth 
part of a Course of Mathematics, adapted to the method of instruc- 
tion in the American Colleges. By Jeremiah Day, Professor or 
Mathematics and Natural- Philosophy, far Yale CoJfcge ;" 

In conformity to the Act of the Congress (if the United States, 
entitled, " An Act for the encouragement of Teaming, by securing 
the copies of Maps, Charts and "Books, to (he authors and proprie- 
tors of such copies, during the times therein mentioned.'* 

HENRY W. EDWARDS, Clerk ©/ th* 

District of Connecticut. 
A frae copy *f RetordV ♦ e*a mined and sealed by me r . 
' l ; H, W. EDWARDS, Cfcw* qftkt 

... . . . . District $f Connecticut 
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A S the following treatise has been prepared for the use of 
-**- a class in college, it does not contain all the details which 
would be requisite for a practical navigator or*surveyon 
The object -of a scientific education is rather to teach princi- 
ples, than the minute rules which are called for in profes- 
sional practice. The principle^ should indeed be accompa- 
nied with such illustrations and examples as will Vender k 
ea^ for .the student to. make., the applications fot himself, 
whenever occasion shaH require. : But a collection of rules 
anerady would .be learned only to be forgotten, extept by a 
few who. mjgbt hvre jise, for them ip tbe'Ogu&e of ttteir bu- 
siness. There ,are many \hwgp bcfc&ffiAgtie tffcfr art of tavi- 
gttiog, which are. not compflehepded in ,the mathematical 
p^jrt pf |.he_su!uecjt. „ Seamen .will ,qf cowse make use of the 
valuable system o/ Mackay, or the .still. *P0*e complete work 
orBpwditch. \ : 

The student is supposed to be familiar with the principles 
of Geometry and Trigonometry, before he enters upon the 
present number, which contains little more than the applica- 
tion of those principles to some of the most jsiqaple problems 
io heights and distances, navigation, and surveying. 
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HEIGHTS and DISTANCES. 



Art 1 TP*^ most direct and obvious method of detertoinr 
' - •*• ing the distance or height of any object, is to ap- 
ply to it some known measure of length, as a foot, a yard, 
or a rod. In this manner, the height of a room is found, by 
a joiner's rule ; or the side of a field, by a surveyor's chain. 
But in many instances, the object, or a part, at least, of the 
line which is to be measured is inaccessible. We may wish to 
determine the breadth of a river, the height of a cloud, or the 
distances of the heavenly bodies. In such cases, it is neces- 
sary to measure some otlier line ; from which the required 
line may be obtained, by geometrical construction, or more 
exactly, by trigonometrical calculation. The line first mea- 
sured is frequently called a base line. 

2. In measuring angles, some instrument is used which con- 
tains a portion of a graduated circle divided into degrees and 
minutes. . For the proper measure of an angle is an arc of a 
circle, whose centre is the angular point. (Trig. 74.) The 
instruments used for this purpose are made in different forms, 
and with various appendages. The essential parts are a gra- 
duated circle, and an index with sight-holes, for taking the 
directions of the lines which include the angles. 

3. Angles of elevation, and of depression, are in a plane per- 
pendicular to the horizon, which is called a vertical plane. 
An angle of elevation is contained between a parallel' to the 
horizon, and- an ascending line, as BAG. (Fig. 2.) An angle 
of depression is contained between a parallel to the horizon, 
and a descending line, as DC A. The complement of this is 
the angle ACB. 

4. The instrument by which angles of elevation, and of 
depression, are commonly measured, is called a Quadrant. 
In its most simple form, it is a portion of a circular board 

B s 
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2 MENSURATION OF 

/ 

ABC, (Fig* 1.) on which is a graduated are of 90 degree* 
AB, a plumb line CP, suspended from the central point C, 
and two sight-holes D and E, for taking the direction of the 
object 

To measure an angle otelevmtion with this, hold the {Jane 
of the instrument perpendicular to the borixon, bring the cen- 
tre C to the angular point, and direct the edge AC in such a 
manner, that the object 6 may be seep through the two 
sight-holes. Then the are BO measures the ancle BCO, 
which is equal to the angle of elevation FCG. For as the 
plumb-line is perpendicular to (he horizon, the angle FCO 
js a right angle, and therefore equal to BCG. Taking from 
these the common angle BCF, there will remain the angle 
6CO=FCG. 

In taking an angle of degression, as HCL (Fig. 1.) the eye 
is placed at C, so as to view ^he object at h$ through the 
sight-holes D and K 

• 5. In treating of the mensuration of heights and distances, 
no nw principles are to fee brought into view. We have only 
to mate aa application of the rules for the solution of trian- 
gles, to the particular circumstance* in which the observer 
may be placed, with respect to the line to be measured. 
These are so numerous, tb$t the subject may be divided into 
a great number of distinct cas$?. But as they are all solved 
upon the same general, principles, it will not be necessary to 
give examples under each. The following problems may 
serve as a specimen of those which most frequently occur is 
practice. 

Problem I. 

To find the perpendicular height of an accessible object stand- 
ing on a horizontal plane* 

6. Measure from the otyetf to a convenient station, and there 
take the angle of elevation subtended by the object. 

If the distance AB (Fia. 2L) be measured, and the angle of 
elevation BAG ; there will be given, in the right angled tri- 
angle ABC, the base* and the angles, to find the perpendicu- 
lar. (Trig. 137.) 

As the instrument by which the angle at A is measured, is 
commonly raised a few feet above the ground ; a point B 
must be taken in the object, so that AB shall be parallel to 
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HEIGHTS ASD Df StfAKCES. 3 

the horfeua. *£bt f*tt BP m*f iftertfar** tie added to the 
hrigfrt BC, fcefcd by trigoirtknfetneal dafadaftak. 

Ex- 1. What is the height of a tower B«X (Pig. 2) if this 
distance AB, on a horizontal place, he 98 feet ; and the an- 
gle BAG 251 degrees ? 

Making the hypotherase radios* (Trig. 121.) 
Cos BAC r AB r: SfeBAC : BCs6&9 feet. 
For the geometrtot cv*tir*cti<m of the prob&m, see TVfe 

2L What is the height of the perpendicular sheet of water 
at the (ails of Niagara, if it subtends as* angle of 40 degrees* 
at the distance of 163 feet from the bottom, measured on a 
horizontal plane ? Absl 136J feet. 

4 7. If the height of the object be fcawra, its dtsfaac* maj 
be found by the angle of elevation. In this ease, the angles 
and the perpendicular of the triangle are given, to find the 
base. 

Exr. A person on shore, taking a* observation of a ship's 
mast which is known to be 99 feet high, find* the angjte of 
elevation 3| degjries. Whtet is the distance of the ship from 
the observer ? Ana. 96 rods. 

8. If the obserVM* be statfohetf at the top of the perpen- 
dicular BC, (Fig. 2.) whose height is knourrt ; he may find 
the length of the base Ime AB, by measuring the angle of 
depression ACD, which is equal to BAG. 

Ex. A seaman at the top of a mast 66 feet high, looking at 
another ship, finds the angle of depression 1 degrees. What 
is the distance of the two vessels worn each other ? 

Ans. 22f rods.* 

We may find the distance between tw* objects wbkrb are 
in the same vertical plane with the perpendicular, by calcu- 
lating the distance of each from the perpendicular. Thus 
AG (Fig. 2.) is equal to the difference between AB and GB. 

Pitomue* II. 

To find the height of an accessible object funding on an stt» 
dined plane. # 

9. Measure (he distance from the object to a convenient sta- 
tion, and take the angles which this base makes with lines drawn 
from its two ends to the top of the objecU 
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i 

If the base AB (Fig. 3.) be measured, and the angtesBAC 
and ABC ; there will be given, in the oblique angled trian- 
gle ABC, the side AB and the angles, to find BC. (Trig. 
150.) 

Or the height BC may be found by measuring the dis- 
tances BA, AD, and taking the angles BAC and BDC. 
There will then be given, in the triangle ADC, the angles 
and the side AD, to find AC ; and consequently, in the tri- 
angle ABC, the sides AB and AC with the angle BAC, to 
find BC. 

Ex. If AB (Fig. 3.) be 76 feet, the angle B 101° 25', 
and the angle A 44° 42' ; what is the height of t*he tree 
BC? 

Sin C : AB :: Sin A : BC=95.9 feet. 

For the geometrical construction of the problem, see Tri^ 
169. 

10. The following are some of the methods by which the 
height of an object may be found, without measuring the an- 
gle of elevation. 

1. By shadows. Let the staff be (Fig. 4.) be parallel to 
an object BC whose height is required. If the shadow of 
BC extend to A, and that of be to a ; the rays of light GA 
afrid ca coming from the sun may be considered parallel; and , 
therefore the triangles ABC and abc are similar ; so that, 

ab : be:: AB : BC. 
* Ex. If ab be 3 feet, be 5 feet, and AB 69 feet, what is the 
height of BC ? Ans. 1 15 feet. 

2. By parallel rods. If two poles am and en (Fig. 5.) be 
placed parallel to the object BC, and at such distances as to 
bring the points C, c, a in a line, and if ab be made parallel 
to AJJ ; the triangles ABC and abc will be similar ; and we 
shall have 

ab: be:: AB : BC. 
One pole will be sufficient, if the observer can place his 
eye at the point A, so as to bring A, a, and C in a line. 

3. By a mirror. Let the smooth surface of a body of 
water at A, (Fig. 6) or any plane mirror parallel to the hori- 
zon, be so situated, that the eye of the observer at e may 
view the top of the object C reflected from the mirror. By 
a law of Optics, the angle BAC is equal to bAc ; and if be 
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be made parallel to BC, the triangle 6 Ac will be similar te 
BAC ; so that 

A6:4c::AB:BC. 



Problem III. 

To find the height of an inaccessible object above a horizon- 
tal plane. 

11. Take two stations in a vertical plane passing through 
the top of the object, measure the distance from one station to 
the other, and the angle of elepation at each* 

If the base AB (Fig. 7.) be measured, with the angles CBP 
and CAB ; as ABC is the supplement of CBP, there will be 
given, in the oblique angled triangle ABC, the side AB and 
the angles, to find BC ; and then, in the right angled trian-. 
gle BCP, the hypotbentise and the angles, to find the perpen- 
dicular CP. 

Ex. 1. If C (Fig. 7.) be the top of a spire, the horizontal 
base line AB 100 feet, the anrie of elevation BAC 40°, and 
the angle PBC 60* ; what is the perpendicular height of the 
spire ? 

The difference between the angles PBC and BAC is equal 
toACB. (Euc.32.1.) 

Then Sin ACB : AB ;: Sin BAC : BC = 187.9 
And R : BC :: Sin PBC : CP=162£ feet. 

2. If two persons 120 rods from each other, are standing, 
im a. horizontal plane, and also in a vertical plane passing 
through a cloud, both being on the same side of the cloud ; 
and if they find the angles of elevation at the two stations to 
be 68° and 76° ; what is the height of the cloud ? 

Ans. 2 miles 135.7 rods. 

12. The preceding problems are useful in particular ca- 
ses. But the following is a general rule, which may be used 
for finding the height of any object whatever, within mode- 
rate distances. 
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Pkoblem IV. 

To find the height of any object, 8y observations at two sta- 
tions. 

13. Measure the hose line between the two stations, the an- 
gles between this base and lines drawn from each of the stations 
to each end of the object, and the angle subtended by the object* 
at one of the stations. 

If BC. (Fig. 8.) be the object whose height is required, 
and if the distance between the stations A and D be mea- 
sured, with the angles ADC, DAC, ADB, DAB, and BAG ,- 
there will be given, in the triangle ADC, the side AD and 
the angles, to find AC ; in the triangle ADB, the side AD 
stnd the angles, to find AB ; and then, in the triangle BAC, 
the sides AB and AG with tl|e included angle, to find the re-* 
quitted height BC 

If the two stations A and D be in the same plane with BC, 
the angle BAC will be equal to the difference between BAD 
and CAD, in this case it will not be necessary to mear- 
aire BAC, 

Ex. If AD=*83 feet, (Fig. a) < ADB=33* 
<ADC=51^, (DAB=:l2l«\ 

{DAC =95*, BAC»26*> 

What is the height of the object BC ? 

Sin ACD : AD :: ADC : AC=tlI5.3 
Sin ABD : AD :: ADB : AB^ 103.1 

(Ae+AB) :(AC-AB)^:Tart |(ABC+A€B):Tan |(ABC 

• -*■ ACB) 3= 1 3^ 38 f 

Sin ACB i AB :: Sin BAC : BC=$0:&7 feet. 
If the object BC be perpendicular to the horiabnv its 
height, after obtaining AB and BC as before, may be found 
by taking the angles of elevation BAP and CAP. The dif- 
ference of the perpendiculars in the right angled triatfgles 
ABP and A€P, will be the height required. 

Problem Y. 
To find the distance of an inaccessible object. 

14. Measure a base line between two stations, and the an- 
gles between this and lines drawn from each of the stations to 
the object* 
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If C (Fig. 9.) be the object, and if the distance between 
Che stations A and B be measured, with the angles at B and 
A ; there will be given, in the oblique angled triangle ABC, 
the side AB and the angles, to find AC and BC 9 the distan- 
ces of the object from the two stations. 

For the geometrical coostruction, see Trig. 189. 

Ex. I. What are the distances of the two stations A and B 
(Fig. 9.) from the house C,on the opposite side of a river i 
if AB be 26.6 rods, B 92* 46', and A 38° 40' f 

The angle C=180-(A+B)=4S° 34'. Then 

SmC.AB:: J S in B : AC=35.44 

2. Two ships in a harbour, wishing to ascertain how far 
they are from a fort on shore, find that their mutual distance 
is 90 rods, and that the angles formed between a line froo* 
one to the other, and lines drawn from each to the fort, arc 
45° and 56° 15 1 . What are their respective distances from 
the fort/ Ans. 76*3 and 64.9 rods. 

1$. The perpendicular distance of the object from the line 
joining the two stations may be easily found, after the dis- 
tance from one of the stations is obtained. The perpendi- 
cular distance PC (Fig. 9) is one of the sides of the right an- 
gled triangle BCP. Therefor* 

R;BC::SinB:PC 



Problem VI. 

7V find the distance between two objects, when the jyissdgM 
pom one to the other> in * straight line, is obstructed. 

16. Measure the right lines from one station to each of the 
ejects, and the angle included between these lines. 

If A and B (Fig. 10.) be the two objects, and if the dis- 
tances BC and AC be measured, with the angle at C ; there 
will be given, in the oblique angled triangle ABC, two sides 
and the included a^gte, to find tlie other two angles, and the 
remaining side. (Trig. 153.) 

Ex. The passage between the two objects A and B (Fig. 
10.) being obstructed by a morass, the line BC was measured 
and found to be 109 rods, the line AC 76 rods, and the angle 
st C 101* 30'. What is the distance AB ? 

Ans. 144.7 rods. 
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Problem VII. 

to 

To find the distance between two inaccessible objects. 

17. Measure a base line betioeen two stations, and the angles 
between this base and lines drawn from each of the stations to 
each of the objects. 

If A and B (Fig. 11) be the two objects, and if the distance 
between the stations C and D be measured, with the angles 
BDC, BCD, ADC, and ACD ; the lines AC and BC may 
be found as in Problem V, and then the distance AB as in 
Problem VI. 

This rule is substantially the same as that in art. 13. The 
two stations are supposed to be in the same plane with the 
objects. If they are not, it 'will be necessary to measure the 
angle ACB. 

18. The same process by which we obtain the distance of 
two objects from each other, will enable us to find the dis- 
tance between one of these and a third, between that and a 
fourth, and so on, till a connection is formed between a great 
number of remote points. This is the plan of the great 
Trigonometrical Surveys which have been lately carried on, 
with surprising exactness, particularly in England and France. 
See Surveying, Section II. 

19. In the preceding problems for determining altitudes, 
the objects are supposed to be at such moderate distances, 
that the observations are not sensibly affected by the spherical 
figure of the earth. The height of an object is measured 
from an horizontal plane, passing through the station at which 
the angle of elevation is taken. But in an extent of* se- 
veral miles, the figure of the earth ought to be taken into 
account. 

Let AB (Fig. 12) be a portion of the earth's surface, H 
an object. above it, and AT a tangent at the point A, or a 
horizontal line passing through A. Then HT, the oblique 
height of the object above the horizon of A, is only a part of 
the height above the surface of the earth, or the level of the 
ocean. To obtain the true altitude, it is necessary to add 
BT to the height HT found by observation. The height 
BT may be calculated, if the diameter of the earth and the 
distance AT be previously known. Or if the height BT be 
first determined from observation, with the distance AT ; the 
diameter of th$ earth may be thenqe deduced. 
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Problem VIII. 

To find the diameter of the earth, from the known height of a 
distant mountain, whose summit is just visible in the horizon. 

20. From the square of the distance divided by the height, 
subtract the height. 

If BT (Fig. 12) be a mountain whose height is known? 
with the distance AT ; and if the summit T*be just visible in 
the horizon at A 9 then AT is a tangent at the point A. 

Let 2BC=kD, the diameter of the earth, 
AT=rf, the distance of the mountain, 
BT=A, its height. 

Then considering AT as a straight line, qpd the earth as a 
srphere, we have (Euc. 36. 3.) 

(2BC+BT)xBT=AT*; that is, (D+A)xA=d f , 
and reducing the equation, 

h 
Ex. The highest point of the Andes is about 4 miles above 
the level of the ocean. If a straight line from this touch the 
surface of the water at the distance of 178£ miles ; what is 
the diameter of the earth ? Ans. 7940 miles. 

21. If the distance AT (Fig. 12.) be unknown, it may be 
found by measuring with a quadrant the angle ATC. Draw 
BG perpendicular to BC ; and join CG. The triangles AC(J 
and BCG are equal, because each has a right angle, the sides 
AC and BC are equal, and the hypothenuse CG is common. 
Therefore BG and AG are equal. In the right angled tri- 
angle BGT, the angle BTG is given, and the perpendicular 
BT. From these may be found BG and TG, whose sum fs 
equal to AT, the distance required.* 

22. In the common measurement of angles, the light is 
supposed to come from the object to the eye in a straight 
line. But this is not strictly true. The direction of the light 
is affected by the refraction of the atmosphere. If the object 
be near, the deviation is very inconsiderable. But in an ex- 

*This method of determining the diameter of the earth is not as 
accurate as that by measuring a degree of Latitude. See Surveying, 
Sec. II. 

C ' * ' 
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tent of several miles, and particularly in such nice observa- 
tions as determining the height of distant mountains, and the 
diameter of the earth, it is nefcessary to make allowance for 
the. refraction.* 

Problem IX.. 

To find the greatest distance at which a given object- can be 
seen on the surface of the earth* 

23* Totheproduct^ofthe height of the object into the diame- 
ter of the earthy add the square of the height; and extract the 
square root of the sum. 

Let 2BC=D, the diameter of the earth, (Fig. 12.) 
BT^A^ the height of the object, 
ATr±:cZ, the distance required. 

Then (D+A).xA=d 3 . And rf==VDA+A T . 
Ex, If the diameter of the earth be 7940 miles, and Mount 
./Etna 2 miles high*; how far caxyts summit be seen at sea? 4 

Ans. 126 miles. 
The actual distance at which an object can be seen, is- 
increased by the refraction of the air.* 

24. In this problem, the eye is supposed to be placed at 
the level of the ocean. But if the observer be elevated above 
the surface, as on the deck of a ship, he can see to a greater 
distance. IfBT (Fig. 13.) be the height of the object, an* 
BT the height of the eye above the level of the ocean ; the 
distance at which the object can be seen, is evidently equal 
to the sum of the tangents AT and AT* 

Ex, The top of a ship's mast 132 feet high is just visible in 
the horizon, to an observer whose eye is 33 feet above the 
#irface of the water. What is the distance of the ship? 

Ans. 2LJ miles. 

25. The distance to which a person can see the smooth 
surface of the ocean, i£ no allowance he made for refrac- 
tion, is equal to a tangent to the earth drawn from his eye, as 
T'A (Fig. 13.) 

Ex. If a man standing on the lev.el of the ocean, has his 
eye raised 5£ feet above the water j to what distance can he 
see the surface? Ans. 2|. miles. 

* S«e No* A.. 
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36. If the distance AT, (Fig. 12,) with the diameter of the 
-earth be given, and the height BT be required ; the equation 
■in art. 23 gives r 

A=V^D , +rf s -| D 

See Surveying, Section IV. on Levelling. 

27, When the diameter of the earth is ascertained, this 
may be made a base line for determining the distances of the 
heavenly bodies,. A right angled triangle maybe formed, the 
perpendicular sides of which shall "be the distance required, 
and the semi-diameter of the earth. If then one of the an- 

. gles be found by observation, the required side may be easily 
calculated. 

Let AC (Fig. 14.) 'be the semi-diameter'of the earth, AIJ t 
the sensible horizon at A, and CM the rational horizon pa- 
rallel to AH, passing through the moon M. The angle 
HAM may be found. by .astronomical observation! : This an«- 
gle, which, is called the Horizontal % ParaUax, is equal .to 
AMC, the angle at the moon subtended by the Semirdiame- 
ter of the earth. (Euc. 29.1.)' ' / ' 

PftOJTLEM X. 

To find the distance of any heavenly "body whose horizontal 
parallax is known. 

28. As radius, to the semi-diameter of the earth ; 

-So is the cotangent of the horizontal parallax, to the 
distance. '•■ ... r , , 

In the right angled triangle ACJH, (Fig. 14.) if AC. be 
made radius ; 

R: AC:: Cot AMC 4 €M 

Ex, 4 If the horizontal paraHax of the moon be 0° 57', and 
the diamelfer of the earth 7940 mifes ; what is the dtetafcce 
of the moon from the centre $f »the earth ? '> . ■ 

i •' Afcs. 2$9,4i4;*niles. 

29. The fixed stars are too far distarjrt to have any sensi- 
ble horizontal parallax. But from late.observktrons it would 
seem, that some of them are near enough*, to snffera smalt 
apparent change of place, from the revolution 4f the earth 
round the sun. The distance of the sun, then, which is the 
semi-diameter of the earth's orbit,, may be taken as a bate 
line, for finding the distance of these stars. > 
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We thus proceed by degrees, from- measuring a fine on; the 
surface of the earth, to calculate the distances of the hea- 
renly bodies. From a base line on a plane, is determined 
the height of a mountain;; from the height of the mountain, 
the diameter of the earth ; from the diameter of the earth, 
the distance of the sun ; and from the distance of the sun, 
the distance of the stars. 

30. After finding the disfanceof a heavenly body, its mag- 
nitude is easily ascertained ; if it have an apparent diameter, 
sufficiently large to be measured by the instruments which 
are used. for faking, angles. 

Let AEB (Fig. 15) be the angle which a heavenly body 
subtends at the^eye. Half this angle, if C be the centre of 
the.b#dy, is AEC; the line EA is a tangent to the surface, 
and iherefere 1£AC is a right angle. Then making the dis- 
tance £& radius, 

; l R; EC:: Sin AEC: AC 

That :is» radios is to the distance, as the sine ©f half the 
angle which the body subtends, to its semi-diameter. 

Ex. If the sun subtends an angle of 32' 2", and if his 
distance from the earth be 95 million miles ; what is his dfr 
ameter? Ans. 885 thousand miles. 



- y - - ^ROMisccrotJS Examples. 

1* On the bank of a river, the angle of elevation of a tree 
ml thfc opposite side isifoimd to be 46° ; and at another, sta- 
tion 100 feet directly back on the same level, 31 <*. , What is 
the height of the tree:? * \ . • 
".:... ;«. r 'i, .d i o :a\ -} ' r : :. Ans. 1 43 feet. 

-•A Oh AiibcirbiJohlal plane, observations were taken of a 
tower standing on. the top af a hill. At one station, the an- 
gle of eleTOtid&.ftf 'the top of the tower was found to be 50° ; 
that of tjjf . .bo$tQp439? ; and at appther station 150 feet di- 
J#ctly. ba^. thje aj^gle pS elevation of the top of the tower 
*{as,32 Q . 7 tyh& aj:e t ,the*lieigbts of the hill and the tower ? 
. ; Ana. , ; :T£e hill h 134 feet high ; the tower 63. 

'•3. V^hat is tbfr altitude of the sun, when the shadow of fc 
trie, cast 6n a'hbrizontal plahe, is to the height of the tree 
as 4 to 3 ? * Ans. 36* 52T \2\ 
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4. If a straight line from the top of the White Mountains 
in New-Hampshire touch the ocean at the distance of 103-J 
miles ; what is the height of the mountains ? 

Ans. 7100 feet. 

5. From the top of a perpendicular rock 55 yards high, 
the angle of depression of the nearest bank of a river is 
found to he 55* 54', that of the opposite bank 33° 20'. Re- 
quired the breadth of the river, and the distance of its near- 
est bank from the bottom of the rock. 

The breadth of the river is 46.4 yards ; 
Its distance from the rock 37.2 

6. If the moon subtend an angle of 31' J 4", when her dis- 
tance is 240,000 miles ; what is her diameter? 

Ans. 2180 miles. 

7. Observations are made on the altitude of a balloon, by 
two persons standing on the same side of the balloon, and in 
a vertical plane passing- through it. The distance of the sta- 
tions is half a mile. At one the angle of elevation is 30° 
58', at the other 36° $2'. What is the height of the balloon 
above the ground ? Ans. 1£ mile. 

8. The shadow of the top of a mountain, when the alti- 
tude of the sun on the meridian is 32°, strikes a certain point 
on a level plain below ; but when the meridian altitude of 
the sun is 67°, the shadow strikes half a mile farther north, 
on the same plain. What is the height of the mountain above 
the plain. Ans. 2245 feet. 
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SECTION L 
Plane Sailing. 

Akt 33 ]V AVIGATI0N is the art of conducting a sKj> 
■^ on the ocean. The most accurate method of 
ascertaining the situation of a vessel at sea is to find, by as- 
tronomical observations, her latitude and longitude. But this 
requires a view of the heavenly bodies ; and these are often 
obscured by intervening clouds* The mariner must there- 
fore have recourse to* other means for determining the pro- 
gress which be has made, and the particular part of the ocean 
through which he is at any time making his way. The com- 
mon method is to measure the rate of the ship's going by a 
fog-line, and to find the direction in which she sails by a man- 
ner'*comp<M$. From these data, the difference of latitude, the 
departure, and the difference ©f longitude, may be calcula- 
ted. The two first may be found by plane sailing ; the last 
by middle latitude sailing, or more correctly by Meceator's 
spiling. See Sec. IL and III. 

34. The Ug-line is a cord which is wound round a reef, 
one end being attached to a piece of wood called a log- It 
is used to determine the distance which a ship runs in ah 
hour, by measuring the distance which she runs in half a 
minute. The log is commonly a small piece of board, m 
{he form of a quadrant of a circle. The arc is loaded with 
a quantity of lead sufficient to give the board a perpendicu- 
lar position, when thrown upon the water. This will pre- 
vent it from moving forward toward the vessel, while the line 
h running off the reel. So that the length of line drawn off 
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by the log in half a minute, is equal to the distance which the 
vessel moves through the water ia that time. 

The log-line, which is a hundred fathoms or more, is di- 
vided into equal portions called knots. Each of these has 
the same ratio to a nautical mile, which half a minute has to 
an hour. That is, a knot is the 120th part of a mile. If 
therefore the motion of the ship is uniform, she sails as ma- 
ny miles in an hour, as she does knots in half a minute. 

The time is measured by a half-minute glass, constructed 
like an hour glass. This is turned when the log is thrown 
upon the water ; and the knots drawn from the reel, while the 
sands are running, give the rate of the ship. The log is 
thrown either every hour, or once in two hours. 

35. The Mariner'* Compass is a circular card, attached to 
a magnetic needle, which is*balanced on an upright pin, so 
as to move freely in any direction. The ends of the needle 
turn towards the northern and southern points of the horizon. 
It places itself in the magnetic meridian, which nearly coin* 
cides with the astronomical meridian, or a north and south 
Jine.* Directly over the needle, a line is drawn on a card, 
one end of which is marked N, and the other S. The whole 
circumference is divided intcvequal parts by 32 points. Four 
of these, the N, S, £, and W, are called cardinal points. 
The interval between two adjacent points is 11° 15', which 
is the quotient of 360° divided by 32. The card And the 
needle are inclosed in a circular box, on the inside of which 
a black mark is drawn perpendicular to the horizon. When 
the compass is placed in the vessel, a line passing from this 
mark through the centre of the card should be parallel to the 
keel. The part of the circumference which coincides with 
the mark will then shew the point of compass to which the 
keel is directed. To prevent the needle from being affect- 
ed by the motion of the vessel, the box, and a brass ring, by 
which it is surrounded, have four points of suspension so con- 
trived as to keep the card nearly parallel to the horizon. 



*For the Variation of the needle, 9ee Surveying, Sec. V. 



Digitized 



byGoogle 



PLANE SAILING. 



rtr 



.•Fhe follbifriog is a Cable ©f the number of degrees and 
minutes corresponding to each point and quarter point of the 
compass. See Fig. 16, 
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tS NAVIGATION. 

36. Plane Sailing is the method of calculating the situ- 
ation and progress of a ship by means of a plane triangle. 
Though the surrace of the ocean, conforming to the general 
figure of the earth, is nearly spherical ;* yet the quantities 
which are the objects of inquiry in plane sailing, have the 
same relations to each other, as the sides and angles of a retf» 
tilinear trianglot The particulars which are either given or 
required are four, viz. 

1. The Course, 

2. The Distance, 

3. The Difference of Latitude, 

4. The Departure. 

37. The Course is the ancle between a meridian line pass* 
tag through the ship, and the direction in which she sails. 
It is described by saying that it is so manypoints or degrees* 
east or west from a north or south line. Thus if the vessel 
steers NE by E, the course is said to be N 5 points E, orN 
56° 1$' E : if SSW, it is said to be S 2 points W, or S 
22£°W. 

A ship is said to continue on the same course, when she 
cuts every meridian which she crosses at the same angU. 
She is steered in any required direction,- by causing the keel 
to make a constant angle witfci the needle. The line thus 
described is not a straight line, nor an arc of a circle, bat a 
peculiar kiad of curve called the Loxodromicf spiral or 
jRJiumb-Une* 

38. The Distance is the length of the line which the* ves- 
sel describes in the given time. 

39. Difference of Latitudes the distance between two pa- 
rallels of latitude, measured on a meridian. It is also called 
Northing or Southing. 

40. Departure is the deviation of a ship east or west from a 
meridian. If she sails on a parallel of latitude, her departure 
is the length of that portion of the parallel over which she 
passes. Hut if her course is oblique, she is continually cban- 

* The true figure of the earth is nearer a spheroid than a sphere. 
Bat the difference is too inconsiderable to be taken into account io 
any calculations for which the lines and angles are given from the 
log and the compass. I* this and the following sections, therefore, 
the earth will be considered as a sphere. 

t From A*fe; and ^**w?, an oblique cauito. 
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grng her latitude $ and her departure for each instant ought 
to be considered as measured on the parallel which she is 
then crossing. The measure will not be correct, if it be ta- 
ken wholly on the parallel which the ship has left, or on that 
upon which she has arrived. Suppose she proceed from 
A to C. (Fig. 18.) Let the whole distance be divided into 
indefinitely small portions Am, m», nC. D/aw the meridi- 
ans PM, PM', PM",,PM"'; and the parallels AB, o», yn, 
BC. The departure for the first portion is am, for the se- 
cond sn, for the third *C. And the whole departure is 
om+sn+tC ; which, on account of the obliquity of the me* 
ridians, is less than Bv+vt+ tC*=RC the meridian distance 
measured on the parallel upon which the ship has arrived, 
but greater than AD the meridian distaace on the parallel 
which she has left. 

41, The distance, departure, and difference of latitude, atfe 
jneasured in geographical miles or minutes ; one of which is 
-equal to the 60th part of a degree at the equator. As the 
circumference of the earth is about 25 thousand English 
miles, a degree is nearly 69 J miles. So that a geographical 
or nautical mile is nearly £ greater than the common English 
mile. A league is three miles. 

42. The peculiar nature of the Rhumb-Tint gives this im- 
portant advantage in calculation, that the distance, departure, 
and difference of latitude, though they are curve lines, may 
be exactly given in length by the sides of a right-angled plane 
triangle, in which one of the angles is equal to the course. 
Suppose a ship proceeds from A to C, (Fig. 1 8.\ describing 
the rhumb-line AwinC, on which the angles JIAro, M'mn, 
M"wC are equal. Let the whole distance be divided into 
portions so small, that the triangles Aiwo, fwtu, nCt shall not 
differ sensibly from plane triangles. The meridians and pa- 
rallels being drawn, the several differences of latitude * are 
Ao, ms, nt ; and the departures om, *», fC. (Art. 40.) 

* In the straight line AC (Fig. 19.) make AWtbAoi, (Fig. 
18.) wiVarawi, »'C' = nC, and the angle C'A'B' = «»Ao. 
Draw m'v' and n't 9 parallel to A'B'; and wV, n'y\ and C'B' 
perpendicular to A'B'. Then the triangles Ajnc, A Wo', mns, 
mn*s\ Ctn and C't'n are all similar to ABC'. The differ- 
ence of latitude is 

AB^Ao+ms+nt^A'o'+mV+nV^A'B'. 

And the departure is 

om+sn+tC^o'm'+s'n'+t'C'zsWC', 
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4& la plans sailing, then, the process of calculation is as 
accurate,* and as simple, as if the surface of the ocean were 
a plane. Let NS (Fig. 20.) be a meridian line. If a ship 
tails from A to C, and if BC is perpendicular to NS ; tbeif 

The Course is the angle hi A ; and the complement of the 
course, the angle at ; 

The Distance is the hypothem&e AC ; 

The Departure is the base BC, which is always opposite to 
the course ; and 

The Difference of Latitude is the perpendicular AB, which 
is opposite to the complement of the course. 

Ot these four quantities, any two being given, the others 
may be found by rectangular trigonometry* (Trig. 116.) 
The parts given may be 

1. The course and distance ; or 

2. The course and departure ; or 

3* The course and difference of latitude > or 

4. Tiie distance and departure ; 

5. The distance and difference of latitude ; or 

6. The departure and difference of latitude. 

The solutions may be made by arithmetical computation, 
by Gunter's scale or sliding rule, or by geometrical construc- 
tion. (Trig. Sec. HI, V, VI.) The first method is by far 
the most accurate. As the student is supposed to be already 
familiar with trigonometry, these operations will not be re- 
peated here. In the geometrical construction, it will be 
proper to consider the upper side of the paper as north, and 
the lower side south. The right hand will then be east, and 
the left hand west. 

Case L 

a k ci„r>~ S The course, ) f ^ «. A $ The departure, and 
44 Given J Afld dJstance . J to find J Diffe ^f ce of ]^ itude . 

Here we have the hypothenuse and angles given, to find 
.the base and perpendicular. (Trig. 134.) 

Making then the distance radius, 

Rad • Dist • - $ Sin Cou re e : Deparftire 

Kad • mi • ' i Cos Course : Diffi Lat. 

Example 1. 
, A ship sails from A (Fig. 20.) SW by S, 38 miles to C. 
Required her departure and difference of latitude ? 

* 8tee Note B. 
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The course is S points, or 33° 45' (Art. 35.) 

P . *fi .. $ Sln 8*> 45 ' : 21 -I -Depart. 
- ' * ' ' I Co? 33° 45' ; 31.6»Diff. Ut. 

Example 2. 

A ship sails $ 29° E, 34 leagues. Her departure and <fifr 
ference of latitude ane required. 

Ans. 16.5 and 29.7 leagues. 

The proportions in this and the following cases may be 
varied, by making different sides radius, as in Trigonometry 
Sec. III. 

Case II. 

a* r\™ n 5 The course, > * * -. , ( The distance, and 
45. Given J An( , depart > re . J to find J Diffep ^ e of f Utitude . 

Making the distance radius, (Trig. 137.) 

Example 1. 
A ship leaving a port in latitude 42 p N, has sailed S 37° 
W, till she finds Tier departure 62 miles. What distance has 
*he run, and in what latitude has she arrived ? 

q;« wo * fta • . S ^^ : 103 = Distance. 
&n 37? : 62 . . J Cog g?0 . ^ ^^ j^ 

THe difference of latitude is 82.3 miles, or 1° 12.3. (Art 
41.) This is to be subtracted from the original latitude of 
the ship, because her course was fofoards the equator. The 
remainder is 40* 47'.7, the latitude on which she has ar- 
rived. 

Example 2. 

A ship leaves a port, ip latitude 63° S, and runs N 54<> E f 
till she makes a harbour where her departure is found to be 
74 miles ; how great is the distance of the two places, and 
what is the latitude of the latter ? 

The distance is 91 J miles, and the latitude of the latter 
place is 62° 06.2. s 

Case III. 

Making the distance radius, 

r* n Tv* t ~* S Rad : Distance. 

Cos Course : Diff. Lat :: J ^ C(Wrge . Departttrf , • 
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# Example. 

A ship sails S 50° E, from latitude 7° N to latitude 4* & 
Required her distance and departure. 

As the two latitudes arte on > different sides of the equator, 
the distance of the parallels is evidently equal to the sum of 
the given latitudes. This is 11° or 660 miles. The dis- 
tance is 1026.8 miles, and the departure 786£. 

Case IV. 

*« r^~ S Tta distance, ) -, ( The cdursfe, andf 

47. Gi™nJ Anddep ^ 

Making the distance radius, (Trig. 135.) 
Dist : Rad :*: Depart : Sin Course, 
Rad : Dist : : Cos Cctar&e t Biff. Lat 

Example. 

A ship having left a port in Lat. 3° N, and sailing be* 
tween S and E 400 miles, finds her departure 180 miles. 
What course has she steered, and what is her latitude ? 

Her latitude is 2° 57'£ S, and her course S 26° 44'J E. 

CaseV. 

aq r:«»i } The distance, and > fl . fTTie course, 

48. GtvenJ D}ff :of latitudej { t0 find | And depart^ 

Making the distance radius, ' 
Dist : Rad :: Diffi Lat : Cos Course, 
Rad : Dist :: Sin Course : Departure* 

Example* # 

A vessel sails between N and £ 66 miles, from Lat. 34° 50 
16 Lat 35° 40'. Required her course and departure. 
The course is N 40° 45' E, and the departure 43.08 miles. 

Case VI. 

* *- { St ttsar*} - «- { "Siszl. 

Making the difference of latitude radius, (Trig. 139.) 
Diff. Lat : Rad :; Depart : Tan Course, 
Rad : Diff. Lat :: Sec Course : Distance. 

• Example. 

A ship sails from the equator between S arfd W, till her 



Digitized 



by Google 



TRAVERSE TABLE. 53 

latitude is 5° 52', and her departure 264 miles. Required 
her course and distance. 
The course is S 36° 52' } W, and the distance 440 miles. 

Examples for practice. 

1. Given a ship's course S 46* E, and departure 59 miles; 
to find tlje distance and difference of latitude. 

2. Given the distance 68 miles, and departure 47 ; to find 
the course and difference of latitude. 

3. Given the course SSE, and the distance 57 leagues ; to 
find the departure and difference of latitude. 

4. Given the course N\V by N, and the difference of lati-i 
tude 2° 36' ; to find the distance and departure. 

5. Given the departure 92, and the difference of latitude 
86 ; to find the course and distance. 

6. Given the distance 123, and the difference of latitude 
97 ; to find the course and departure. 



The Traverse Table. 

50. TO save the labour or calculation, tables have been 
prepared, in which are given the departure and difference of 
latitude, for every degree of the quadrant, or for every quar- 
ter of a degree.* These are called Traverse tables, or tallies 
of Departure ami Latiiude. The distance is placed in the 
left hand column, the departure and difference of latitude di- 
rectly opposite, and the degrees if above 45° or 4 points, at 
the top of the page, but if under 45°, at the bottom* The 
titles at the top of the columns correspond to the courses at 
top ; and the titles at the bottom, to the courses at the bot- 
tom ; the difference of latitude for a course greater than 45°, 
being the same as the departure for one which is as much 
Ze* than 45*. See Trig. 104. 

If the given distance is greater than any contained in the 
table, it may be divided into parts, and the departure and 
difference of latitude found for each of the parts. The sum* 
of the numbers thus found will be the nampers required. 

* See the tables published by Ktmber a«d Richardson, Philadel- 
phia* 
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24 NAVIGATION. 

The departure and difference of latitude for decimal parts 
may be found in the same manner as for whole numbers, by 
supposing the decimal point in each of the columns to be 
moved to the left, as the case requires. 

With the aid of a traverse table, all the cases of plane 
sailing may be easily solved by inspection. 

Ex. 1. Given the course 33° 45', and the distance 38. 
miles ; to find the departure and difference of latitude. 

Under 33°|, and opposite 38, will be found the difference 
of latitude 31.6, and the departure 21.11 * the same as in 
page 21. 

2. Given the course 57°, and the distance 163. 
The departure and diff. of lat. for 100 are 83.87 and 54.46 

for 63 52.84 34.31 



for 163 136.71 88.77 



3. Given the course 39°, and the distance 18.23. 
The departure and diff. of lat. for 18. are 1 1.33 and 13.9& 

for .23 0.14 0.18 



for 18.23 11.47 14.17 



4. Given the course 41° 15 r , and the departure 6Q. 
Under 41 ° J, and against the departure 60, will be found 

the difference of latitude 68.42 and the distance 91. 

5. Given the distance 63, and the departure 5b+ 
Opposite the distance 63, find the departure 56$ in the 

adjoining column w^H be the latitude 26.65, and at the bot- 
tom the course 62° J. 

6. Given the departure 72, and the difference of lati- 
tude 37. 

Opposite these numbers in the columns of latitude and de- 
parture, will be found the distance 81, and at the foot of the 
columns the course 62°?. 

51. The traverse table is useful, not pnly for taking out 
departure a,nd difference of latitude ; but for finding by in- 
spection the sides and angles of any ri^U-wgled trimngle 
whatever. In plane sailing, the distance is thehypotheftuse* 
(see Fig. 20.) the difference of latitude is the perpendicular, 
the departure is the base, and the course is the acute angle 
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at the perpendicular. If then lbe hypothenuse of any right- 
angled triangle whatever be found in the column of distances, 
in the traverse table ; the perpendicular will be opposite ia 
the latitude column, and the base in the departure column ; 
the angle at the perpendicular being at the top or bottom of 
the page. 

Ex. 1. Given the hypothenuse 24, and the angle at the, 
perpendicular 54°| ; to find the base and perpendicular by 
laspection. 

Opposite 24 in the distance column, and over 54° J will be 
found the base 19.54 in the departure column, and the per- 
pendicular 13.94 in the latitude column. 

2. Given the angle at the perpendicular 37°^, and the base 
46 ; to find the hypothenuse and perpendicular. 

Under 37°£, look for 46 in the departure column ; and 
opposite this will be found the perpendicular 60.5 in the la- 
titude column, and the hypothenuse 76 in the distance qo~ 
lunin. 

3. Given the perpendicular 36, and the base. 30.21 ; to 
find the hypothenuse apd angles. 

Look in the columns of latitude and departure, till the 
nunibers 36 and 30.21 are found opposite each other ; these 
will give the hypothenuse 47, and the angle at the perpen- 
dicular 40<\ 



SECTION II. 

Pah^uvl mbb Midple Latitude Sailing 

52. BY the methods of calculation in plane sailing, a 
ship's course, distance, departure, and difference of latitude 
are found. There is one other particular which it is very 
important to determine, the difference of longitude. The de- 
parture gives the distance between two meridians in miles. 
But the situations of places on the earth, are known from 
their latitudes and longitudes; and these are measured in 
degrees. The-lines of longitude, aa they are drawn, on th$ 
E 
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§lobc, are farthest from each other at the equator, and grad- 
ually converge towards the poles. A ship, in making a 
hundred miles of departure, may change her latitude in one 
case 2 degrees, in another 10, and in another 20. It is im- 
portant, then, to be able to convert departure into difference 
of longitude ; that is, to determine how many degrees of 
.longitude answer to any given number of miles, on any pa- 
rallel of latitude. This is easily done by the following 

Theorem. 

* 53. JIs the cosine of latitude, 

To radius ; 

So is the departure, 

To the difference of longitude. 
By this is to be understood, that the cosine of the latitude is 
to radius ; as the distance between two meridians measured 
qn the given parallel, to the distance between the same- me- 
ridians measured on the equator. 

LetP (Fig. 2L) be the pole of the earth,, A a point at 
the equator, L a place whose latitude is given, and LO a 
line perpendicular to PC. Then CL or CA is a semi-dia- 
meter of the earth, which may be assumed as the radius of 
the tables ; PL is the complement of the latitude, and OL 
the sine of PL, that is, the cosine of the latitude. 

If the whole be now supposed to revolve about PC as an 
axis, the radius CA will describe the equator, and OL the 
given parallel of latitude. The circumferences of these cir- 
cles are as their semi-diameters OL and CA, (Sup. Euc. 8. 
1.) And this is the ratio which any portion of one circum- 
ference has to a like portion of the other. Therefore OL 
is to CA, that is, the cosine of latitude is to radius, as the 
distance between two meridians measured on the given pa- 
rallel, to the distance between die same meridians measured 
on the equator. 

Cor. I. Like portions of different parallels of latitude are 
to each other, as the cosines of the latitudes. 

Cor. 2. A degree of longitude is commonly measured on 
the equator. But if it be considered as measured on a pa- 
rallel of latitude, the length of the (Jegcee will be as the co- 
sine of the latitude. 
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» 



The follotving table contains the length of a degree of longi* 
tude for each degree of latitude. * 



in: 



59.99 
59.96 
59.92 
59.65 
59.77 



8 



11 



"SffiT 



59.67 
59.55 
59.42 
959.26 
1059.08 



58.89 
,68 
46 
58.22 
4 1557.95 



1258.< 
1358./ 
14 



JfcEf 



16 

17 

18)57 

19 

20 



57.67 
57.38 
06 
56.73 
56.38 



25 



%£ir7iftL^&is: 



56.01 1 
55.63 1 
55.23] 



2454.81 



54.38 



53.93! 
53.46 
52.97 
52.47 
54.96 



51.43 

50.88 

32 

74 

49.15 



31 

82 

3350. 

3449 

35 



41 

42 
43 



45 



48.54 
47.92 
47.28 
.63 
40)45.96 



36 
37 
38 
3946.4 



45.28 
44.59 
43.88 



4443.16 



42.43 



46 
4740. 



48 
49 
50 



41J 

92 
46.15 

.36 
36.57 



4939 



51 



37.76 



5236.94 



53 
54 
55 



59 
60 



tret 



iU. j MU jift-Ef 



36.11 
35.27 
34.41 



33.55 
32.68 
5831.60 
30.90 
30.00 



6l!29.09| 
6228.17! 
63127.24! 
6426.30' 
6525.36 



66 24.40 
67i23.44 : 
68*22.48 
6921.50 
7020.52 



71:19.53 
7218.541 
73 17.541 

74 
75 



76 ! 14.52 
77113.50 

78112.471 



81 
82 
83 
84 
85 



16.54||89 
15.53)1 90 



11.45 
10.42 



9.39, 
8.35 
7.31 
6.27 
5.23 



4.19 
3.14 
2.09 
1.05 
0.00 



The length of a degree of longitude in different parallels 
is also shown by the Line of Longitude, placed over or un- 
der the line of chords, on the plane scale. See Trig. 165. 

54. The sailing of a ship on a parallel of latitude* is call- 
ed Parallel Sailing. In this case, the departure is equal to 
the distance. The difference of longitude may be found by 
the preceding theorem ; or if the difference oi longitude be 
given, the departure may be found by inverting the terms of 
the proportion. (Alg. 380. 3.) 

55. The Geometrical Construction is very simple. Make 
CBD (Fig. 22.) a right angle, draw BC equal to the depar- 
ture in miles, lay off the angle at C equal to the latitude in 
degrees, and draw the hypothenuse CD for the difference of 
longitude. The angles C, and the sides BC and CD, of this 
triangle, have the same relations to each other, as the lati- 
tude, departure, and difference of longitude. 

For Cos C : BC : : R : CD (Trig. 121.) 

And Cos Lat : Depart : : R : Diff. Lon. (Art. 5&) 

* See Note C. 
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56. The parts of the triangle may be found by inspection 
jp the traverse table. (Art. 51.) The angle opposite the de- 
parture is D the complement of the latitude, and the differ- 
ence of longitude is the hypothenuse CD. If then the de- 
parture be found in the departure column under or over the 
given number of degrees in the co-latitude, the difference of 
longitude will be opposite in the distance column. 

Example I 

A ship leaving a port in Lat. 38° N. Lon. 16° £. sails west 
on a parallel of latitude 117 miles in 24 hours. What is her 
longitude at the end of this time ? 

Cos 35° : Had :: J 17 : 14S'£:=s2° 28'f- the difference of 

longitude. 
This subtracted from 16* leaves 13° 31' J the longitude tc- 
quired. 

Example II. 

What is the distance of two places in Lat. 46° N. if the 
longitude of the one is 2 Q IS' W. and that of the other 1+ 
17' E.? 

As the two places are on opposite sides of the first meri- 
dian, the difference of Icmgitude is 2° 13+1° 17=3° 30', 
or 210 minutes. Then 

Rad : Cos 46° :: 210 : 145.88 miles, the departure, or the 
distance between the two places. 

Example III » 

A ship having sailed on a parallel of latitude 138 miles, 
finds her difference of longitude 4° 3' or 243 minutes. What 
is her latitude ? 

Diff. Lon. 243 : Dep. 138 : : Rad : Cos Lat 55* 23'£. 
Example iT 7 ". 

On what part of the earth are the degrees of longitude 
JUrjf as long as at the equator ? 

Ans* In latitude 60. 
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Middle Latitude Sailing. ^ 

57. BY the method just explained, is calculated the dif- 
ference of longitude of a ship sailing on a parallel of lati- 
tude. But instances of this mode of sailing are comparative- 
ly few. It is necessary then to be able to calculate the lon- 
gitude when the course is oblique. If a ship Sail from A to 
C, (Fig. 18.) the departure is equal to om+#n+*C. But the 
sum of these small lines is less than BC, and greater than AD. 
(Art. 40.) The departure, then, is the meridian distance 
measured not on the parallel from which the ship sailed, no* 
on that upon which she has arrived, but upon one which is 
between the two. If the exact situation of this intermedi- 
ate parallel could be determined, by a process sufficiently 
simple for common practice, the difference of longitude 
would be easily obtained. The parallel usually taken for. 
this purpose, is an arithmetical mean between the two extreme 
latitudes. This is called the Middle Latitude. The meridi- 
an distance on this parallel is not exactly equal to the depar- 
ture. But for small distances, the errour is not material, ex- 
cept in high latitudes. 

The middle latitude fa equal to half ike sum of the too 
extreme latitudes, if they are both north or both south ; but 
to half their difference, if one is north and the other south. 

56. In middle latitude sailing, all the calculations are 
made in the same way as in plane sailing, excepting the pro- 
portions in which the difference of longitude is one of the 
terms. The departure is derived from the difference of 
longitude, and the difference of longitude from the depar- 
ture, in the same manner as in parallel sailing, (Arts. 53, 54.) 
only substituting in the theorem the term middle latitude for 
latitude, 

Theorem I. 

As the cosine of middle latitude, 

7b radius ; 

So is the departure, 

'To the difference of longitude. 

59. The learner will be very much assisted in stating the 

I>roportions, by keeping the geometrical construction steadi- 
y in his mind. In Fijj. 20 we have the lines and angles in 
plane sailing, and in Fig. 22, those in parallel sailing. By 
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bringing these together, as in Fig. 23, We have all the pa* 
in middle latitude sailing. The two right angled triangles, 
being united at the common side BC, which is the depar- 
ture, form the oblique angled triaagle ACD. 

60. The angle at D is the complement of the middle lati- 
tude. (Art. 55.) Theninthetriangle ACD, (Trig. 143.) 

Sin D : AC :: Sm A : DC ; that is, 

Theorem II. 
As the eojtne of middle latitude. 
To the distance ; 
So is the sirie of the cotirse, 
To the difference of longitude. 

61. The two preceding theorems, with the proportions in 
plane sailing, are sufficient for solving all the cases in middle 
latitude sailing. A third may be abided, for the sake of re- 
ducing two proportions to one. 

In the triangle BCD (Fig. 23.) Cos BCD ; R : : BC : CD 
And in the triaqgle ABC, AB : R : : BC : Tan A* 

The means being the same in these two proportions, the 
extremes are reciprocally proportional. (Alg. 387.) We 
have then ' 

Cos BCD : AB ::Tan A : CD ; that is, 

Theorem III. 
As the cosine of middle latitude, 
To the difference of latitude ; 
So is the tangent of the course, ' 

To the difference of longitude. 

Among the other data in middle latitude sailing, one of 
the extreme latitudes must always be given. 

Example 1. 

At what distance, and in what direction, is Montock Point 
from Martha's Vineyard ; the former being in Lat. 41° 04' N. 
Lon. 72° W., and the latter in Lat. 41° 17' N. Lon. 70° 
48'W.? 

Here are given the two latitudes and longitudes, to find the 
course and distance. 

The difference of longitude is 72' 
The difference of latitude 13' 

The middle latitude 41° 10'£ 
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MIDDLE LATITUDE SAILING. 31 

Beginning with the triangle in which there are two parts 
given, by theorem I, 

R : Diff. Lon : : Cos Mid. Lat : Depart. = 54.2 

And by plane sailing, Case VI, 
Diff. Lat : Rad :: Depart : Tan Course = 76° 30'f 
Or to find the course at a single statement, by theo- 
rem III, 
Diff. Lat ; Cos Mid. Lat :: Diff Lon : Tan Course =76* 30$ 

To find the distance by plane sailing, Case III, 
Cos Course : Diff. Lat :: Rad ; Dist. = 55.73 

Example II 

A ship leaving New- York light-bouse in Lat 40° 28' N- 
and Lon. 74° 08 W. sails S. E. 67 miles in 24 hours. Re- 
quired her latitude and longitude at the end of that time. 
By plane sailing, 
Rad : Dist :: Cos Uourse : Diff Lat. =* 47'.4 
The latitude required; therefore, is 39* 40\6, and the mid- 
dle latitude 40* 04\3. 

' Then by theorem II, 
Cos Mid. Lat : Dist : : Sin Course : Diff. Lon.= 6I\9 
Or by theorem III, 
Cos Mid. Lat : Diff. Lat : : Tan Course : Diff. Lon. = 61 '.9 
The longitude required is 73° 06 M 

Example III. 

A ship leaving a port in Lat. 49° 57' N. Lon. 5° 14' W. 
sails S. 39* W. till her latitude is 45* 31'. Required her 
Jpngitude and distance. 

Ans. 10* 34'.3 W. and 342.3 miles. 

Example IV, 
A ship sailing -from Lat. 49* 57' N. apd Lon. 5* 14' W. 
$teers west of south, till her longitude is 23* 43', «nd her de- 
parture 789 miles. Required her course, distance, and la- 
titude. 

Course 51* 5 f W. 
Latitude 39* 20' N. 
Distance 1014 miles.. 
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SECTION III. 
Mercator's Sailing.* 



A 62 TPHIS calculations in middle latitude sailing are 
Art. . X simple^ and sufficiently accurate for short dis- 
tances, particularly near the equator. But they become 
quite erroneous, when applied to great distances, and to high 
latitudes. The only method in common use, which is strict- 
ly accurate, is that called Mercator'* Sailing, or Wright's Sail- 
ing. This is founded on the construction of a chart, publish- 
ed in 1556 by Gerard Mercator. About forty years after, 
Mr, Edward Wright gave demonstrations^ of the principles of 
this chart, and applied them to the solution of problems in 
navigation. 

63. In the construction of Mercator's chart, the earth is 
supposed to be a sphere. Yet the meridians, instead of con- 
verging towards the poles, as they do on the globe, are drawn 
parallel to each other. The distance of the meridians, there- 
fore, is every where too great, except at the equator. To 
compensate this, the degrees of latitude are proportionally 
enlarged,. On the artificial globe, the parallels of latitude 
are dnawn at equal distances. But on Mercator's chart, the 
distances of the parallels increase from the equator to the 
poles, so as every where to have the same ratio to the dis- 
tances of the meridians, which they have on the globe*. 
Thus in latitude 60°, where the distance of the meridians 
must be doubled, to make it the same as at the equator, a de- 
gree of latitude i» also rnade twice as great as at the eijua- 
toff. The dimensions of places are extended in the projec- 
tion, ia proportion as they are nearer the poles. The dia- 
meter of an island in latitude 60° would be represented 
twice as great as if it were on the equator, and its area four 
times as great 

* Robertson's Navigation, London Phil. Trans, for 1666 and 1696, 
Hutton's Dictionary, introduction to Hutton's Mathematical Tables, 
Bowditch's Practical Navigator, Emerson's and M ( Laurin's Fluxions, 
S^'Kay's Navigation, Emerson's Prin. Navig. Barrow's Navigation. 
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64. Tabie of Meridional Parts. If a meridian on a sphere 
be divided into degrees or minutes, the portions are all equal. 
But in Mercator's projection, they are extended more and 
more as they are farther from the equator. To facilitate the 
calculations in navigation, tables have been prepared, which 
contain the length of any number of degrees and minutes 
on this extended meridian, or the distance of any point of 
the projection from the x equator. These are called tables of 
Meridional Paris. The common method of comparing them 
is derived from the following proposition. 

65. Any minute portion of a parallel of latitude. 
Is to a like portion of the meridian; 
As radius, 
To the secant of the latitude. 

For, by the theorem in parallel sailing, (Art. 53.) the co- 
sine of latitude is to radius, as the departure to the difference 
of longitude measured on the equator; that is, as a part of 
the«parallel of latitude, to a like part of the equator. But on 
a sphere, the equator and meridian are equal. 

. Therefore Cos Lat : Rad : : a part of the parallel : a Wee 
part of the meridian. 

But Cos Lat : Rad :: Rad : Sec X«at. (Trig. 93. 3.) 
By equality of ratios then, (Alg. 384.) 
A part of the parallel : a like part of the mend : : R&d : Sec Lat. 
By like parts of the parallel of latitude and the meridian 
are here meant minutes, seconds, or other portions of a de- 
gree. The proposition is true when applied either to the 
circles on a sphere, or to the lines in Mercator's projection. 
For the parts of the latter have the same ratio to each other, 
as the parts of the former. (Art. 63.) The divisions of Mer* 
cator's meridian, however, should be made very small; for 
the measure of each part is supposed to be taken at the pa- 
rallel of latitude, and not at a distance from it. In the com-* 
mon tables, the meridian is divided into minutes. 

66. Suppose then that the length of each minute of a de- . 
gree of Mercator's meridian is required. By the proposition 
in the last article, 

1' of the parallel : Vofth* meridian :: Rad : Sec. L?t* 
• But in this projection, the parallels of latitude are all equal. 
F % 
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(Art 63,) - Whatever be the latitude, th#iv \be first terajof 
the proportion isjsqual to a minute at the equator, or a geo* 
graphical n^ile; and if this is assumed as the radius of the 
trigoaai»etric?d tables, (Trig. 100.) the first and tbird terras, 
Qre equal, and therefore the second and fourth must be equal 
also. (Alg. 3^5.) Th^t is, the length of any one minute of 
Mercator's meridian is equal to the natural secant of. the lati- 
tude of tha.t part of the meridian. 

The first } • * * ^ • r - ( one minute, 

The second \ ™ a *«<> *e meridian ,s \ ^^ 

The third ) e 1 ual t0 the aecant of \ three minute^ 

&c. &c. 
The table of meridional parts is formed by adding together 
the several minutes thus found.* Beginning from the equa- 
tor, an arc of the meridian 

of two minutes =*ec l'+sec2', 
of three minutes=sec t-^ sec 2'+ sec 3', 
of four minutes=sec i'+sec 2'+sec 3'+sec 4*, 
&c. &c. 
See the table at the end of this nymber. 
To find from the table the length of any given number of 
degrees and minutes, loojt for the degrees at the top of the 
page, and the minutes on the side ; then against the minutes, 
and under the degrees, will be the length pf the arc in nau- 
tical miles. 

67. Meridional Difference of Latitude. An are of Merca- 
tort meridian contained between two parallels of latitude, is 
called meridional difference of latitude. It is found by sub-* 
tracting the meridional parts for the less latitude from the 
meridional parts for the greater, if both are north- or 
south; or by adding them, if one latitude is north and the 
other south. 

Thus the lat. of Boston is 42° 23' Merid. parts 2813 
Baltimore 39 23 Merid. parts S575 

Proper difference of lat. 3° Merid. diff. of lat 23S 

68, If one latitude and the meridional difference of lati- 
tude be. given, the proper difference of latitude is found by re- 
versing this process. 

* See Note D. 
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When the two latitudes are on the same side of the equa- 
tor, subtracting the meridional difference of latitude from 
the meridional parts for the greater, will give the meridional 
parts for the less; or adding the meridional difference to the 
parts for the less latitude, will give the parts for the greater. 
But if the two latitudes are on opposite sides of the equator, 
subtracting the parts for the one latitude from the meridional 
difference, will give the parts for the other. 
Thus the meridional difference of latitude between 

New-York and N£w-6rleans is ?93 

The lat. of N.Orleans is 29*57' Merid. pArts J885 

The lat. of New-York 40 42 Merid. pitts\ »iB\ 

69; Solutions in Mercator's Sailing. The solutions in 
Mercator's sailing are founded on the similarity of two right- 
angled triangles , in one of which the perpendicular sides are the 
proper difference of latitude and the departure ; and in the other , 
ike meridional differ&ice of latitude and tht difference of lon- 
gitude. ,, . 

According to the principle of Metcfctor's projection, the 
enlargement of *ach minute portion of the ftetidiefc is pro- 
portioned to the enlargement of the parallel oflatititdffwhich 
crosses! it. . (Art. 63.) Any part of the meridian, befcfe it is 
enlarged, is proper difference of latitude; add after it is en- 
larged, is meridional difference: of latitude A part of ;tbe pa* 
tfalkl, before it is enlarged, i$ departure; and after it is-eu- 
iarged, is equal to the corresponding difference of longitude; 
because m this projection, the distance of the prieridians is the 
same on aay pWajieJ, as at the equator, wbfcre longitude » 
reckoned. 

If then we take a small portion qf the distance which a 
ship has sailed, as Am, (Fig, 18.) 
Prop. Dif* Lat. Ao : Depart, om m Merid. Dif. Lat : Dif. Lon, 

In the triangle ABC, (Fig;. £4.) let the ansle at A = the 
tourse o Am, (Fig. IB.) AB *= the. proper difference of lati- 
tude, AC = Aw+ron+nC the distance, and BC ^om+sn+ 
tC the departure. Then as the triangles Aom, fnsn, ntC are 
each similar to the triangle ABfc, (Fig. 24.) the difference of 
latitude for any one of the staall distances as Am, is to the 
corresponding departure 5 lis the whole difference of latitude 
AB to the whole departure BC. Therefore, 
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C for Am : C for Awfe 

P. Dif. Lat. AB : Dep. BC :: Men Dif. Lat. < for mn : Dif. Lon. < for win, 

( for nC : ( for nC. 

But the whole meridional difference of latitude for the 
distance AC, is equal to the sum of the differences for Am, 
inn, and nC ; and the whole difference of longitude is equal 
to the sum of the differences for Aw, mn, and nC. There- 
fore, (Alg. 388. Cor. 1.) 
Prop- Dif. Lat. AB : Dep. BC :: Merid. Dif. Lat : Dif. Lon. 

Extend AB, (tfg. 24.) making AL eqnal to the meridional 
difference of latitude corresponding to the proper difference 
of .latitude AB ; from L draw a line parallel to BC, and ex- 
tend AC to intersect ibis in D* Then is DL the difference 
of longitude. For it has been shown that the difference of 
longitude is a fourth proportional to the proper difference of 
latitude, the departure, and the meridional difference of lati- 
tude ; and by similar triangles, 

AB:BC:: AL : LD. 

70* To solve all the cases, then, in MercaWs sailing, we 
have only to represent the several quantities by the parts of 
two similar right-angled triangles, as ABC and ALlJ, (Fig. 
24.) and to find their sides and angles. In the smaller trian- 
gle ABC the parts are the same as in plane sailing, and the 
calculations are made in the same manner. The sides AL 
and DL are added for finding the difference of longitude ; or 
when the difference of longitude is given, to derive from it 
one of the other quantities. The course is common to 'both 
the triangles, and the complement of the course is either 
ACB or ADL The bypothemise AD is not one of the 
quantities which are given or required in navigation. 

71. In the similar triangles ABC, ALD, (Fig. 24.) 

AB : Als :: BC : LD; that is, 

TtfSOR&lf I. , 

A* the proper difference of latitude, ' 

To the meridional difference of latitude; 
So is the departure, 
. To the difference of longitude* 

72, In the triangle ALD, if AL be made radius, 

Bad : Tan A :: AL : DL 5 that is, 
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Theorem H. 
As radius, 

To the tangent of the course ; 
So is the meridional difference of latitude, 
To the difference of longitude. 

By this theorem, the difference of longitude may be, cal- 
culated, without previously finding the departure. 

73. In Mercator's, as well as in middle latitude sailing, 
one latitude must always be given. This is* requisite in con- 
vertipg proper difference of latitude and meridional differ- 
ence of latitude into each other. (Arts. 67, 68.) 

74. When the difference of latitude is very small, the dif- 
ference of longitude will be more correctly found by middle 
latitude sailing, than by Mercator's sailing ; unless a table is 
used in which the meridional parts are given to decimals. 
Mercator's sailing is strictly correct in theory. But the com* 
mon tables are not carried to a degree of exactness, sufficient 
to mark very minute differences. On the other hand, the 
frrour of middle latitude sailing is diminished, as the differ- 
ence of latitude is lessened. 

Example L 

t,. j _/41*4 

N. 

!their longitudes | 70 43^ 

Required the course and distance from one to the other. . 
Lat. of Martha's Vin. 41° IT Merid. parte 2724 
ofMontock 41 04 Merid. parts 2707 

Proper Diff. of Lat. 13' * Mer. Dif. Lat. 17 (Art. 67.) 

■ I II 111. !!■■ MHM 

The difference of longitude is 1* 12' =72 miles. 
To find the course by theorem II, (Fig. 24.) 
Merid. Diff. Lat : Diff. Lob : : Rad : Tan Course =76 ° 43\ 
To find the distance by plane sailing, 
Cos Course : Prop. Diff. Lat :: Rad : Dist.= S6.58. 
The results by middle latitude sailing, page 31, are a little 
different, as that method is not perfectly accurate. 



The latitudes ofMontock and Martha's Vineyard are^j/j* N * 
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Example II. 

A ship sailing from, the Lizard in Lat. 49* 57' N. Lon. 5 # 
15' W. proceeds S. 39 • W. till her latitude is found by ob- 
servation to be 45* 31' N. What is then her longitude, and 
what distance has she run ? 

Here are given the difference of latitude fend the cottifee, 
to find the distance and the difference of longitude. 
The proper difference of latitude i* 4° 26' =± 266' 
The meridional difference of latitude 396 

Then by plane sailing, 
Cos Course : Prop. Diff. Lat :; Had i Dist.ts 342.& 

And by theorem II, 
Rad : Tan Course r: M. DilV L*t : Dif. Lon, =32077 =5° 20.7 
This: added to the longitude of the Lizard 5* 14' gkvts tb« 
longitude df the ship 10° 34.7 W. 

Example III. 

A ship sailing from Lat. 49° 5T N. and Lon. 5* 14* W. 
steers west of south, till her latitude is 39° 20' N. and her 
departure 769 miles. Required her course, distance, and 
longitude. 

The proper difference of latitude is 10° 37's=63T 
The meridional difference of latitude 899; . 

Then by theorem I, (Fig. 24.) 
P.Dif. Lat :M. Dif. Lat ::Dep:Dif.Lon. = l 113.5 ==tl8^33T.5 
The longitude of the ship is therefore 23° 47 '| 

And by plane sailing, 
Prop. Diff. Lat : Had :: Depart : *Tan Course = 51° 5' 
Rad : Prop. Diff. Lat :: Sec Course : Distance =* 1014 miles. 

Example IV. 
A ship sailing from a port in Lat. 14* 45' N. Lon. 17° 33 r 
W. steeis S. 28° 7'j W. till her longitude is found by obser- 
vation to be 29° 26' W. Required her distance and latitude. 
The difference of longitude is 11° 53 =713 

By theorem II, 
Tan Course : Rad :: Dif. Lon : M. Dif. Lat. = 1334 9. 
Lat. of the port 14° 45' N. Merid. parts 895 N. 

of the ship 7 18 S. Merid. parts 439S.<Art.6S.) 

Diff. of Lat. 22° 3'= 1323' 
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By plane sailing, 
Cos Course : Diff. Lat :: Rad : Distance = 1500 miles. 

Example V* 
. A skip sails 300 miles between north and west, from Lat. 
37* N. to 41° N. What is her course and difference of lon- 
gitude ? ' , 

The course is N. 36° 52' W., and the difference of longi* 
tude 3° 52'. 

Example VI. 

A ship sails S. 67° 30' E. (row Lat. 50* 10' S. till her de- 
parture is 957 mttea. What is her distance, difference of la- 
titude, and difference of longitude ? 

The distance is 1036 mates. 

The difference of latitude 6° 36 .4 
The difference of longitude 26° 53' 

EwmpU VII. 
A ship sailing from Lat. 26* 13' N. proceeds S. 27° W„ 
231 miles. What is her difference of latitude a*i4 difference 
ofJk>ugtonde£ 

Example VIII. 
A ship sailing from Lat. 14* S. 260 miles, between south 
and west, makes her departure 173 miles. What is her 
course, difference of latitude, and difference of longitude ?* 

* See ?fete H. 
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SECTION IV. 
Traverse Sailing. 



Art. 

for a single course* But it is not often the fact that a ship 
proceeds from one port to another, in a direct line. Varia- 
ble and contrary winds frequently render a change of direc- 
tion necessary every few hours. The irregular path of the 
ship, sailing in this manner, is called a traverse* 

Resolving a traverse is reducing the compound course to a 
single one. This is commonly done at sea every noon. 
From the several courses and distances in the log-book,, the 
departure, difference of latitude, &c *are determined for the 
whole 24 hours. In the same manner, the courses of seve- 
ral successive days are reduced to one, so as ty ascertain, at 
any time, the situation of. the ship. The following methods 
by construction and by calculation, are sufficiently accurate 
for short distances, at least near the equator. 

76. Geometrical construction of a traverse* To construct 
a traverse, draw a meridian line and lay down the first course 
and distance ; from the end of this, lay down the second 
course and distance * from .the end of that, a third course, 
&c. Then draw a line connecting the extremities of the first 
and last of these, to show the whole distance, and the direc- 
tion of the ship from the point of starting. 

This will be easily understood by an example. 

Example I. 

A ship sails from a port in Lat. 32° N., and in 24 hours 
makes the following courses ; 

1. N. 25° E. 16 miles, 

2. S. 54* E. 11, 

3. N. 13* W. 7, 

4. N. 61* E. 5, 

5. N. 38* W. 18. 

It is required to find the departure, difference of latitude, 
distance, and course, for the whole traverse. 
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On A as a centre (Fig. 25) describe a circle, and draw the 
meridian NAS. Then considering the upper part as north, 
the right hand east, and the left hand west, draw the lines 
Al, A2, A3, A4, and A5, to correspond with the several 
courses; that is, make the angle NAl =25°, SA2=54°, 
NA3=13°, NA4=61% and NAe=38°. 

Make AlB=16, BC = 11 and parallel to A2, CD=7 and 
parallel to A3, DF=5 and parallel to A4, FG=18 and pa- 
rallel to A5 ; join AG, and draw GP perpendicular to NS. 

Then if the surface of the ocean be considered as a plane, 
G is the place of the ship at the end of the 24 hours, AG the 
distance from port, PG the departure, AP the difference of 
latitude, and GAP the course. The angles may be measured 
by a line of chords, and the distances taken from a scale of 
equal parts* (Trig, 148, 161, 2.) 

The distance is 32.3 miles. 

The departure 7.38 

The difference of lat. 31.45 

The course 13° 12' 

77. Resolving « traverse by Calculation, or Inspection. 
When a ship sails on different courses for a short time, the 
difference of latitude, at the end of that time, is equal to the 
difference between the sum of the northings and the sum of 
the southings, and the departure is nearly equal to the differ- 
ence between the sum of the eastings and the sum of the 
westings. See Arts. 78, 79. If then the difference of lati- 
tude and the departure for each course be found by calcula- 
tion or inspection, and placed in separate columns in a table; 
the difference of latitude for the whole time may be obtained 
exactly, and the departure nearly, by addition and subtrac- 
tion ; and the corresponding distance and course may be de- 
termined by trigonometrical calculation or inspection, as in 
the last case of plane sailing. (Art. 49.) 

The following table contains the courses, distances, depar- 
ture, and difference of latitude, in the preceding example. 
See Fig. 25. 

* See Note F. 
G 
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Traverse Table. 



Courses. 


Distances. 


Dip. Lett. 


Departure. 


N. | S. 


E. | W. 


1. N. 25* E. 


^ AB 16 


14.50 




6.76 




2. S. 54* E. 


BC 11 




6.47 


8.90 




3. N. 13* W. 


CD 7 


6.82 






1.57 


4. N. 6i°E. 


DF 5 


2.42 




4.37 




5. N. 38° W, 


FG 18 


14.18 


6.47 




11.08 


37.92 


20.03 


12.65 


N. 13° 12 '4 E. 


AG 32.3 


6.47 




12.65 




31.45 


7.38 



The sum of the northings is 37.92. Subtracting from this 
the southing 6.47, we have the difference of latitude AP 
31.45 N. 

The sum of the eastings is 20.03. Subtracting from this 
the sum of the westings 12.65 we have the departure GP 
7.38 £. Then (Art. 49.) 

Diff. Lat : Rad :: Depart : Tan Course NAG»l3*12 f £ 

Had : Diff* Lat :: Sec. Course ; Distance AG =32.3 

32° N. 
0* 31\45 N. 



The latitude of the port is 
The difference of latitude 



The latitude of the ship 32° 31.45 N. 

The meridional difference of lat. 37.5 

Then by Mercator's sailing, 
Rad : Tan Course :; Merid. Diff. Lat : Diff. Lon.=8'.S 

Example 11. 
A ship sailing from a port in Lat. 42* N. makes the follow- 
ing courses and distances. 

1. S. 13* E. 21 miles, 

2. S. 18* W. 16, 

3. N. 84* E. 9, 

4. S. 67* E. 12, 

5. N. 78* E. 14, 

6. S. 12* W. 35. 
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The difference of latitude, departure, be. are required. 
The departure is 26'. 19 E. 

The diff. of latitude, 1* 10'| S. 
Tbfc diff. of longitude, 35 '.07 
The direct course, S, 20* 18'f E. 
The distance, 75£ miles. 

Accurate method of resolving a traverse; 

78. The preceding method of resolving a traverse is fre* 
tjuenlly used at sea, because it is simple, and in most cases is 
sufficiently accurate for a run of 24 hours. But it is founded 
on the assumption, that when a ship sails from one place to 
another by several courses, she makes the same departure, as 
if she had proceeded by a single tourse to the same place. 
This is not strictly true. Suppose a vessel, instead of sail- 
ing directly from A to C, (Fig. 18.) proceeds by one course 
from A to H, and then by a different course from H to C. 
In the compound course, the whole departure, is bd+gH+ 
tC; (Art. 40.) which, on account of the obliquity of the me- 
ridians, is leys than om+sn+tC, the departure on the single 
course. If the compound course had been on the other side 
of the single one, nearer the equator, the departure would 
have been greater. 

79. But the difference of latitude is the same, whether the 
ship proceeds from one place to the other, on a single course, 
or on several. The difference of latitude AB (tig. 18) = 
Ao+ms+nt=Ab+ dg+Ht. The difference of longitude is 
also the same, whether the course is single or compound. 
For the difference of longitude is the distance between the 
meridians of the two places measured on the equator. 

If then the difference of latitude and difference of longitude be 
calculated for each part of the compound course ; the whole dif- 
ference of latitude and difference of longitude tvill be found by 
addition and subtraction ; and from these may be determined 
the direct course and distance. The difference of longitude 
for each course may be obtained independently of the de- 
parture, by theorem II. of Mercator's sailing. 

It will facilitate the calculation of the longitude, to place 
in the traverse table, the latitudes at the beginning and end 
of each of the courses, the corresponding meridional parts, 
and the meridional differences of latitude. 
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In tbe following example, the courses and distances are 
the same as in Art. 76. Ex. 1. The port from which the 
ship is supposed to sail, is in latitude 32° N. 

Traverse Table. 



Courses. 


Dist. 


Uiff. Lat. 


Latitudes. 


Merid. 
Partt. 


^^Diff.Long. 


N. ) S. 


32° 

32 14'.50 
32 8.03 
32 14.85 
32 17 .27 
32 31.45 


2028 

2045.5 

2038 

2045.8 

2048.3 

2065.5 


17.5 
7.5 
7.8 
2.5 

17.2 


; E. | W. 


1. N. 25° E. 

2. S. 54° E. 

3. N. 13° W. 

4. N. 61° E. 
5- N. 38° W. 


16 
11 

7 

5 

18 


14.50 

6.82 

2.42 

14.18 


6.47 


| 816 
(10.32 

4.51 


1.80 
13.44 






37.92 
6.47 


6.47 








'22.99 
15.24 


15.24 


11" 40' 87" 


32.12 


31.45 


.. 








7.75 





The difference of longitude is here found to be 7.75, and 
in Art. 77, 8.8, the errour there being 1.05. 

To find the direct course and distance from the port to 
the place of the ship, 

Merid. Dif. Lat : Dif. Lon : : Rad : Tan Course =1 1 ° 40' 37" 
Rad : Prop. Dif. Lat :: Sec Course : Distance =32. 12 

By comparing the results here with those in Art. 77, it will 
be seen that a small errour was introduced there, both into 
the course and the distance, by making them dependent on 
the departure ; which being obtained from the several cour- 
ses, is not the same as for a single course. (Art. 78.) 

Ex. 2. A ship sailing from a port in latitude 78° 15' N. 
makes the following courses and distances. 



1. N. 67* 


30' W. 


154 miles 


2. S. 45 


W. 


96 


3. N. 50 


37$ W. 


69 


4. N. Jl 


15 E. 


110 


5. N. 36 


33| W. 


56 


6. S. 19 


4U E. 


78 



Required the difference of latitude, the difference of longi- 
tude, and the distance the ship must have sailed, to reach 
the same place on a single course. 

The difference of latitude is 2° T 
The difference of longitude 22° 29' 
The direct course N.63* IW. 

The distance 279.9 railed. 
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SECTION V. 

Miscellaneous Articles. 

I. The Plane Chart. 



«** PpHE Charts commonly used in navigation a 
-*" Plane Charts, or MercatorU Charts. The 



are either 
latter are 
generally to be preferred. But plane charts will answer for 
-short distances, such as the extent of a harbour or small bay. 
In the construction of the plane chart, that part of the sur- 
face of the globe which is represented on it, is supposed to 
be a plane. The meridians are drawn parallel; and the 
lines of latitude at equal distances. Islands, coasts, &c. are 
delineated upon it, by laying down the several parts accor- 
ding to their known latitudes and longitudes., 

' 81. On a chart extending a small distance each side of the 
-equator, the meridians ought to be at the same distance from 
each other, as the parallels of latitude. A similar construc- 
tion is frequently applied to different parts of the globe. But 
this renders the chart much more incorrect than is necessa- 
Ty. A circular island in latitude 60 would, by such a con- 
struction, be thrown into a figure whose length from east to 
west would be twice as great, as from north to south ; the 
comparative distance of the meridians being made twice as 
great as it ought to be. (Art. 53. Trig. 96. cor.) 

But when the chart extends only a tew degrees, if the dis- 
tance of the meridiaps is proportioned to the distance of the 
parallels of latitude, as the cosine of the mean latitude to ra- 
dius ; (Art. 53.) the representation will not be materially in- 
correct. The meridian distance in the middle of the chart 
will be exact. On one side, it will be a little too great ; and 
on the other, a little too small. 

82. To construct a Plane Chart, then, on one side of the 
paper draw a scale of equal parts, which are to be counted as 
degrees or minutes of latitude, according to the proposed ex- 
tent of the chart. Through the several divisions, draw the 
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parajlels of latitude, and at right angles to these, draw the 
meridians in such a manner, that their distance from each 
other shall be to the distance of the parallels of latitude, as 
the cosine of the latitude of the middle of the chart, to ra- 
dius. 

After the lines on all the sides are graduated, the positions 
of the several places which are to be laid down, may be de- 
termined, by applying the edge of a rule or strip of paper, to 
the divisions for the given degree of longitude on each side, 
and another to the divisions for the degree of latitude* Jn 
the intersection of these, will be the point required. 

The distance which a ship must sail, in going from one 
place to another, on a single course, may be nearly found, by 
applying the measure of the interval between the two places, 
to the scale of miles of latitude on the side of the chart.* 

II. Construction -off Mercator's Chart. 

83. In Mercator's chart, the meridians are drawn at equal 
distances, and the parallels of latitude at unequal distances, 
proportioned to the meridional differences of latitude. (Arts. 
63, 67.) To construct this chart, then, niake a scale of equal 
parts on one side of the paper, for the lowest parallel of lati- 
tude which is to be laid down, and divide it into degrees and 
minutes. Perpendicular to this, and through the dividing 
points for degrees, draw the lines of longitude. For the se- 
cond proposed parallel of latitude, find from the table (Art. 
67.) the meridional difference of latitude between that and 
the parallel first laid down, and take this number of minutes 
from the scale on the chart, for the interval between the two 
parallels. In the same manner, find the interval between the 
second and third parallels, between the third and fourth, &c. 
till the projection is carried to a sufficient extent. 

Places whose latitudes and longitudes are known, may be 
laid down in the same manner as on the plane chart, by the 
intersection of the meridians and lines of latitude passing 
through them. 

If the chart is upon a small scale, the least divisions on the 
graduated lines may be degrees instead of minutes ; and the 
.meridians and parallels may be drawn for every fifth or every 
tenth degree. But in this case, it will be necessary to cU- 

* * See Note G. 
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Vide the meridional differences oflatitude by 60, to reduce 
them from minutes to degrees. 

84. The Line cf Meridional Parts on Gunter's scale is di- 
vided in the same manner as Mercator's Meridian, and cor- 
responds with the table of meridional parts ; except that the 
numbers in the latter are minutes, while the divisions on the 
other are degrees. Directly beneath the line of meridional 
parts, is placed a line of equal parts. The divisions of the 
latter being considered as degrees of longitude, the divisions of 
the former will be degrees of latitude adapted to the same 
scale. The meridional difference of latitude is found, by ex- 
tending the compasses from one latitude to the other. 

A chart rhay be constructed from the scale, by using the 
line of equal parts for the degrees of longitude, and the line 
of meridional parts for the intervals between the parallels o£ 
latitude. 

85. It is an important property of Mercator's chart, that all 
the rhumb-lines projected on it are straight lines. This ren- 
ders it, in several respects, more useful to navigators, than 
even the artificial globe. By Mercator's sailing, theorem IL. 
(Art. 72.) 

Merid. Diff. Lat : Diff. Lon : :, Rad : Tan Course 
So that, while the course remains the same, the ratio of 
the meridional difference oflatitude to the difference of lon- 
gitude is constant. If A, C, C, and C" (Fig. 26.) be several 
points in a rhumb-line, AB, AB', $uid AB", the correspond- 
ing meridional differences oflatitude, and BC, B'C, B"C", 
the differences of longitude; then 

AB :BC :: AB' : B'C :: AB" : B"C" 
Therefore ABC, AB'C, and AB"C", are similar trian- 
gles, and ACCC is a right line. (Euc. 32. 6.) 

III. Oblique Sailing. 

86t The application of oblique angled trigonometry to the 
solution of certain problems in navigation, is called oblique 
sailing. It is principally used in bays and harbours, to deter- 
mine the bearings of objects on shore, with their distances 
from the ship, and from each other. A few examples will 
be sufficient here, in addition to those already given under 
heights and distances. 
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One of the cases which most frequently occurs, is that ire 
which the distance of a ship from land is to be determined,, 
when leaving a harbour to proceed to sea. This is necessa- 
ry, that her difference of latitude and departure may be reck- 
oned from a fixed point, whose latitude and longitude are 
known. 

The distance from land is found, by taking the bearing of 
an object from the ship, then running a certain distance, and 
taking the bearing again. The course being observed, there 
will then be given the angles and one side of a triangle, to 
find either of the remaining sides. 

Example I. 

The point of land C (Fig. 27.) is observed to bear N 67° 
30' W. from A. The ship then sails S. 67° 3(H W. 9 miles 
from A to B ; and the direction of the point from B is found 
to be N. 11° 15'E. At what distance from land was the 
ship at A ? 

Let NS and N'S' be meridians passing through A and Bv 
Then subtracting CAN and BAS each 67°£ from 180°, we 
have the angle CAB =45°. And subtracting CBN' 11°^ 
from BAS or its equal ABN', we have ABC =56° J. The 
angle at C is therefore 78° 45'. And 

Sin C : AB :: Sin B : AC =7.63 miles. 
Example II. 

New-York light-house on Sandy-Point is in Lat 40° 28' 
N. Lon. 74° 8*W. A ship observes this to bear N. 76° 16' 
W., and after sailing S. 35° 10' W. 8 miles, finds the bearing 
to be N. 17° 13' VV. Required the latitude and longitude 
of the ship, at the first observation. 

The latitude is 40° 26' J 
The longitude 73 58 1 

In this example, as the difference of latitude is small, the 
difference of longitude is best calculated by middle latitude 
sailing. (Art. 74!) 

Example III. 

A merchant ship sails from a certain port S. 51° £. at the 
rate of 8 miles an hour. A privateer leaving another port 7 
miles N. E. of the first, sails at the rate of 10 miles an hour. 
What must be the course of the privateer, to meet the ship* 
without a change of direction in either ?' 

Ans. S. 7°43'E, 
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' Example IV* 

Two light-houses are observed from a ship sailing S. 38° 
W. at the rate of 5. miles an hour. The first bears -N. 21 • • 
W., the other N, 47° W. At the end of two hours, the first 
is found to bear N. 50° £., the other N. 13 p W.: What i» 
the distance of the light-houses from each other ? 

Ans. 6 miles add 30 rods. 

IV. Current Sailing. 

87. When the measure given by the log-line is taken as 
the rate of the ship's progress, the water is supposed to be 
at rest. But if there is a tide or current, the log being 
thrown upon the water, and left at liberty, will move With it, 
in the same direction, and with the same velocity. The rate 
of sailing, as measured by the Jog, is the motion through the 
water. 

If the ship is steered in the direction of thf current, b«r 
whole motion is equal to the rate given by the log, added to 
the rate of the current. But if the ship is steeled in oppo- 
sition to the current, her absolute motion is equal, to the $&/*- ' 
ference between the current, and the rate given W the )og. 
In all other cases, the current will not only affect the veloci- 
ty of the ship, but will change it© direction. 

Suppose that a river runs directly south,, and that a boat 
in crossing it is steered before the wind, from west $p past. 
It, will be carried down the stream as fast, as if it were mere- 
ly .floating on the water ip a calm. , And it will reach the op* 
\ posite side as soon, as if the surface of the river were -at 
rest. But it will arrive at a diflerent point of the shore. ~ 

Let AB (Fig. 28.) be the direction in which the. boat is 
steered, and AD the distance which the stream runs, while 
the boat is crossing. If DC be parallel to AB, and BC pa- 
rallel to AD ^ then will C be the point at which the boat 
proceeding from A, . will strike the opposite shore, and AC* 
will be the distance. For it is driven across by the tvind, to 
the side BC, in the same time thaj fc is carried down by the 
current, to the line DC. 

* In the same manner, if Am be way part of AB, and mn be 
the corresponding progress of the stream, the distance sailed , 
wifl be An. And if the velocity of the ship and of the stream 
continue uniform,- Am is to mn, as AB to BC; so that A»iC 
H 
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is a straight line. (Euc. 32/6.) The lines AB, BC, and AC, : 

form the three sides pf a triangle. Hence, 

* 88. If the direction and rate of, a ship's motion through 
the water, be Represented by the position and length of one 
slide of a triangle, and the direction and rate of the current, 
by a second side ; the absolute direction and distance will bt 
shown by the third side. 

Example i". 
If the breadth oF a river running south (Fig, 28.) be 300 
yards^ a^d. a boat steers S. 75° E. at the rate of 10 yards in 
a minute, w.h3a the progress of the stream is 24 yards in a - 
quelle > wh$t is the actual course, and what distance must 
t^e boat go jp crossing f 

CJos BAP : AP :: R : AB = 310.G 
And 10 : 24 :: AB : BC = 746.44 

Then in die triangle ABC, 

(BC+AB) : (BC- AB) : : Tan i (BAC+BCA) : Tan i (BAC 

-.BCA) = I7«33'50" 

The angle B AC is 55° 3' 50" Then 
Sin #AC : BC :; Siq ABC : AC =879 the distance. 
; ^nd DAC*BCA=19^ 56' 10" the course* 

Example 1L 

A boat moving through the water at the rate of five miles 
an hotir, is endeavouring, to make a certain point lying S» 
22f°W. while the tide is running S. 78 J Q E. three miles an 
hour. - In what direction must the boat be steered, to reach * 
the point by a single course ? 

Abs. S. 58* 33' W. 

89. But the most simple method of making the cataula*- 
tion for the effcet of a piwent, in common cases, especially 
ip resolving a traverse, is to consider the direction and rate 
of the current as an additional separate course. and. distances 
ai>d to find the corresponding departure and difference of 
latitude. 4 boat sajlipg frogi A (Fig. 28.) by the united ac- 
tion of the wind and current, will arrive at the same point, 
as if it were first carried by the wind ajone from A to B, and 
then by the current alone from B to C. 

Example I. 
A ship sails S. 17 Q E. for 2 hours, at the rate of 8 miles 
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atr!iout>thfen S. 18° W* for 4 hours, lit the rate Af 7 itf8e4 
a& hour ; arid daring the whole time, a current sets N; 7& # 
W. at the rate of 2 miles an hour. Heqtnred the direct 
course and distance. 



First Course 
Second de. 
Current 


&. 17° E. 

S. 18° W. 
N.76°W., 


Dist. 

16 

28 
12 


r». - 


S. Ji E. 

15.3 4.68 
26.6 

41.9 
2.9 

39. Dq». 


&.6S 
11*64 

2».20 
4.68 

19.61| 


2.9 


< 


Dif.Lat, 



The course is 21° 48' 50", and the distance 42 miles. 
Example II, 

A ship sails S. E. at the rite of 10 miles an hour by tte 
log, in a current setting E. N. E. at the rate of 5 miles an 
hour. What is her true course ? and what will be her dis- 
tance at the end of two hours ? 

The course is 66* 13', and the distance 25 .98 miles. 

V. Hadley's Quadrant. 

v 90. In the preceding sections, has been particularly ex- 
plained the process of determining the place of a ship from 
her course and distance, as given by the compass and the 
log. But this is subject to so many sources of erreur, from 
variable winds, irregular currents, lee- way, uncertainty of the 
B»agnetic needle, &c. that it ought not to be depended on, 
except for short distances, and in circumstances which forbid 
the use of more unerring methods* The marinervrhb hopes 
t6 cross the ocean with safety, must place his chief reliance, 
foj* a knowledge of his trde situation from time to time, on 
observations of the heavenly bodies. By these the latitude 
and longitude may be generally ascertained, with a sufficient 
degree of exactness. It belongs to astronomy to explain the 
methods of making the calculations. The subject will not 
be anticipated iq this place, any farther th^n to give a de- 
scription of the quadrant of reflexion, commonly called Had- 
lerfz Quadrant,* by which the altitudes of the heavenly bo- 

* See Note H. 
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dies, and their distances frond each other, are usually measur- 
ed ,at sea... The superiority of tbis, over most other astrono- 
mical instruments, for the purposes of navigation, h owing to 
the fact, that the observations which are made with it, are 
not materially affected by the motion of the vessel. 

91. In explaining the construction and use of this quad- 
rant, it will be necessary to take for granted' the following 
simple principles of Optics. 

1» The progress of light, when it is not obstructed, or turn- 
ed from its natural course bj the influence of some contigu* 
ous body, is in right lines. Hence a minute portion of light, 
called a ray, may be properly represented by a line. 

2. Any object appears in the direction in which the light 
from that object strikes the eye. If the light is not made to 
deviate from a right line, the object appears in the direc- 
tion in which it really is. But if the light is reflected, as by 

** common mirror, the object appears n^t in its true situa- 
tion, 'but in the direction of the glass, from which the Jigbt 
comes to the eye. 

3. The angle of refection is equal to the-angle of incidence ; 
that is, the angles which the reflected and the incident rays 
make with the surface of the mirror, are equal ; as are also 
the angles which they make with a perpendicular to the mir- 
ror. 

92. iVom these principles is derived the following propo- 
sition ; When light is reflected by two mirrors successively, the 
angle which the last reflected ray makes with the incident ray 9 
is double the angle between the mirrors. 

If C andD (fig. 29.) be the two mirrors, a ray of light 
coming from A to C, will be reflected so as to make the an- 
gle DCM=ACB ; and will be again reflected at D, making 
HDM=CDE. Continue BG and ED to H, draw DG pa- 
rallel to BH, and continue AC to P. Then is CPM the an- 
gle which the last reflected ray DP makes with the incident 
ray AC ; and DHM is the angle between the mirrors. 

By the preceding article, with Euc. 29. 1 and 15. I, 

GDg=IXM=ACB=PCM 

And HDM=EDC=EDG+GDC=DHM+PCM 

,.. • But by Euc. 32. I and 15. 1, 

CPM+PCM=DHM+HDM^2DHM+PCM 
Therefore CPM=2DHM 
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• Cor. 1. If the two mirrors make an angle of a certain num- 
ber of degrees, the apparent direction of the object will be 
changed twice as many degrees. The object at A, seen by 
the eye at P, without any mirror, would appear in the di- 
rection PA. But after reflexion from the two mirrors, the 
light comes to the eye in the direction DP, and the apparent 
place of the object is changed from A to R. 

Cor. 2. If the two mirrors be parallel, they will make no 
alteration in the apparent place of the object. 

93. The principal parts of Hadley's Quadrant are the fol- 
lowing; 

1. A graduated arc AB (Fig. 17.) connected with the ra- 
dii AC and BC. 

- .2. An index CD, one end of which is fixed at the centre 
C, while the other end moves over the graduated arc. 

3. A plane mirror oaMed the index glass, attached to the 
index at C Its plane passes through the. centre of motion 
C, and is perpendicular to tbe plane of the instrument ; that 
is, to the plane which passes through the graduated arc, and 
its centre' C - . 

4. Two other plane mirrors at £ and M, called horizon 
glasses. Each of these is also perpendicular, to the plane of 
the instrument. The one at £, called the/ore horizon glass, 
is placed parallel to the index glass when the index is at 0. 
The other, called the back horizon glass, is perpendicular to 
tbe first and to the index. at 0. This is only used occasional- 
ly, when circumstances render it .difficult to take a good ob- 
servation with the other. , > 

. Apart of each. of these glasses is eovered with quicksilver, 
so as to act as a mirror; while another part is left transparent, 
through which objects may be seen in their true situation. 

5. Two sight vanes at G and L, standing perpendicular to 
the plane of the instrument. At one of. these, the eye is 
placed to view the object, by looking on the opposite hori- 
zon glass. In the fore sight vane at <3, there are two perfo- 
rations, one directly opposite the transparent part of the fore 
horizon glass, the other opposite the silvered part. The back 
sight vane qt L has only one perforation, which is opposite 
the centre of the transparent part of the back horizon glass. 

6. Coloured glasses to prevept the eye from, being injured 
by the dazzling light of the sun. These are placed at H, be* 
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tween the mdex mirror and the fore horiiot* glass* Tfcey 
may be taken out when necessary, and placed at N be- 
tween the index mirror and the back horizon glass; 

94. This instrument, which is in form an octant, is calletj 
a quadrant, because the graduation extends to 90 degrees, 
although the arc on which these degrees are marked is only 
the eighth part of a. circle. The light coming iron* the ob* 
ject is first reflected by the index glass C, (fig. It.) and 
thrown upon the hbriaori glass E, by which it h reflected to 
the eye at G. If the index be brought to 0, so fits to make 
the index glass and the horizon glass parallel ; the object 
will appear in its true situation. (Art. 92. Cor. 2.) But if 
the index glass be turned, so as to make with the horizon 
glass an angle of a certain number of degrees; the apparent 
direction of the object will be changed twice as inauy degrees. 

Now the graduation is adapted to the apparent change hi 
Che situation of the object, and not to the motion of the in- 
dex. If the index move «>ver 45' degrees, it trill alter the ap- 
1>arent place of the object 90 degrees. 'The arc k oowiflioiv- 
y graduated a short distance on the other side of O towards 
P. This part is called the arc of excess. 

95. The -quadrant is used at sea, to measure the angular 
distances of the heavenly bodies from each other, and thei* 
elevations above the horizon. Otie of the objects is seen in 
its true situation, by looking through the transparent part of 
the horizon glass. The other is seen by reflection, by look- 
ing on the silvered part of the same glass. By turning the 
index, the apparent place of the latter may be changed^ till 
it is brought in contact wkh the other. The motion of the 
index which is necessary to produce this change, determines 
the distance of the two objects.* 

96. Tojind the distance of the moon from a star. Hold the 
quadrant so that its plane shall pass through the two objects* 
took at the star through the transparent part of the horizon 
glass, and then turn the index till the nearest edge of the 
image of the moon is brought in contact with the st$r. This 
will measure the distance between the star and one edge of 
the moon. By adding the semi-diameter of the moon, we. 
shall have the distance of its centrg from the star. 

* For the adjustments of the quadrant, see Three's Practical Astro- 
nomy, frlackay's Navigation, or Bowditch's Practical Navigator. 
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Thfc distance of the sun from the moon, or the distance of 
two ejars from each other, may- be measured in a sijoailaTv 
ihanner. 

97. To measure the! altitude of the sun above the horizon. 
Hold the instrument so that its plane shall pass through the 
sun, and be perpendicular to the horizon. Then move the* 
index till the lower edge of the image of the sun is brought 
in contact with the horizon, as .seen through the transparent 
part of the gfcss. 

The altitude of any other heavenly body may be taken in 
the .-eame manner* 

98, To measure altitudes by the back observation. When! 
the index stands at a, the index glass is at right angles with 
the back horizon glass. (Art. 93.) The apparent place of 
the object, as seen by reflexion from this glass, must there- 
fore be changed 180 degrees; (Art. 92. Cor. 1.) that is, it 
must appear in the opposite point of the heavens. In taking 
altitudes by the back observation, if the object is in the east, ' 
the observer faces the west ; or if it be in the south, he faces 
the north ; and moves the index, till the image formed by 
reflexion is brought tfown to the horizon. 

This method is resorted to, when the view of the horizon, 
in the direction of the object is obstructed by fog, hills, &c. 

59. JKp or Depression of the Horizon. In taking the al- 
titude of a heavenly body at sea, with Hadley's Quadrant, 
the reflected image of the object is made to coincide with 
the most distant visible part of the swrface of the ocean. A 
plane passing through the eye of the observer, and thus 
touching the ocean, is called the marine horizon of the place 
of observation. If BAB* (Fig. 13.) be the surface of the 
ocean, and the observation be made at T, the marine hevU 
xon is TA. But tbis is different from the true horizon at T, 
because the eye is elevated above the surface. Considering 
the fearth as a sphere, of which C is the centre, the true hori- 
zon is TH perpendicular to TC. The marine horizon TA 
falls below this. The angle ATH is called the dip of depres- 
sion of the horizon. This varies with the height of the eye 
above the surface. Allowance must be made for it, in obser- 
vations for determining the altitude of a heavenly body above 
the true horizon. 

In the right-angled triangH ATC, the angle ACT is equal 
to the angle of depression ATH ; for each is the comple- 
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ment of ATC. Tbe side AC is the semi-diameter of tlie 
earth, and the hypothenuse CT is equal to the same semi' 
diameter added to BT the height of the eye. Then 
AC : R :: TC : Sec ACT==ATH the depression * 

100. Artificial Horizon. Hadfey's Quadrant is particular- 
ly adapted to measuring altitudes at sea. But it may be 
made to answer the same purpose on land, by means of what 
is called an artificial horizon. This is the level surface of 
some fluid which can be kept perfectly smooth. Water will 
answer, if it can be protected from the action of tbe wind, 
by a covering of thin glass or talc which will not sensibly 
change the direction of the rays of light. But quicksilver, 
Barbadoes tar, or. clear molasses, will not be so liahje to be 
disturbed by the wind. A small vessel containing one of 
these substances,. is placed in such a. situation that, the object 
whose altitude is to be taken may be reflected from the sur- 
face. As this surface is in the plane pf the horizon, and as . 
the angles of incidence and reflexion are equal,, (Art. 91.) the 
image seen in the fluid must appear as far below the .horizon* 
as the object is above. The distance of the two will, there- 
fore, be double the altitude of the latter. This distance may 
be measured with the quadrant, by turning the indes so as to 
bring the image formed by the instrument to coincide with 
that formed by the artificial horizon. 

101. The Sextant is a more, perfect instrument tha^tlje 
quadrant, though constructed upon the same principle. . Its. 
arc is the sixth part of a circle, and is graduated, to 120 de- 
grees. In the. place of tbe sight vane* there is a small tele- 
scope for viewing the image. There is ^fao a magnifying 
glass, for reading off the degrees and miputes. It. iscqtn- 
monly made with more exactness than the quadranf, and is 
better fitted for nice observations, particularly for determining 
loogttude, by tbe angular distances of the he^avejaly bodies. . 

A still more accurate instrument for. the purpose, jstfye Or* 
tie of Reflation. For a description of this, see Borda on the 
Circle of Reflexion, Bees' Cyclopedia, and Bowditch's Prac- 
tical Navigator. 

* See Note I, and Table II. ' * 
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SECTION I, 

Surveying a field bt measuring round it. 

A 1 05 TP^E most common method of surveying a field," 
art. i • 1 j st0 measure the length of each of the sides, 
and the angles which they make with the meridian. The 
lines are usually measured with a chain, and the angles with 
a compass. 

106. The Compass* The essential parts of a Surveyor's 
Compass are a graduated circle, a magnetic needle, and 
sight-holes for taking the direction of any object. There 
are frequently added a spirit level, a small telescope, and 
other appendages. The instrument is called a Theodolite, 
Circumferentor, be. according to the particular construc- 
tion, and the uses to which it is applied. 

For measuring the angles which the sides of a field make 
with each other, a graduated circle with sights would be suf- 
ficient. But a needle is commonly used for determining the 
Position of the several lines with respect to the meridian, 
'his is important in running boundaries, drawing deeds, &c. 
It is true, the needle does not often point directly north or 
south. But allowance may be made for the variation, when 
this has been determined by observation. See Sec. V. 

107. The Chain. The Surveyor's or Gunter's chain is 
four rods long, and is divided into 100 links. Sometimes a 
half chain is used, containing 50 links. A rod, pole, or perch, 

* is 16£ feet. Hence 

1 Link = 7.92 inches = f of a foot nearly. 
lRod = 25 links =16 J feet. 
1 Chain = 100 links = 66 feet 

I 



Digitized 



by Google 



SB SURVEYING. 

108. The measuring unit for the area of a field is the acre;, 
which contains 160 square rods. If then the contents in 
square rods* be divided by 160, the quotient will be the Dum- 
ber of acres* But it is commonly most convenient to make 
the computation for the area in square chains or links, which 
are decimals of an acre. For a square chain = 4 x 4= 16 
square rods, which is the tenth part of an acre. And a square 
link = T fo y X T in = Tsltf* of a square chain = TTT Vw> o£ 
an acre. Or thus, 

625 links,,, or 272J -feet == 1, square rod, 
* 10000 4356 =x 1 chain or 16 rods, 

25000 10890. = 1 rood or 40 rods, 

100000 43560 = 1 acre or 160. rods. 

109. The contents, then, being calculated in chains and? 
links ; if fbttr places of decimals be cut off* the remaining, 
figures will be square chains ; or if/we places be cut off, the 
remaining figures will be acres. Thus the square of 16.32 
chains, or 163& links, is 2663424 square links, or 266.3424 
square chains, or 26*63424 acres. If the contents be con- 
sidered as square chains and, decimals, removing the decimal; 
point one place to the left will give the acres. 

110. In surveying a piece of land^ and calculating its con* 
tents, it is necessary, in all common cases, to suppose it to- 
be reduced" to a horizontal leveh Jf a hill, or any uneven 
piece of- ground, is bought and soH ; the quantity is com- 
puted, not from the irregular surface, but from the level base 
on which the whole may be considered as resting. In run- 
ning the lines, therefore, it is necessary to reduce them to a 
level. Unless this is done, a. correct plan of the survey can. 
sever be exhibited on paper. 

If a line be measured upon- an ascent which is a regular 
plane$ though oblique to the horizon ;. the length of the cor- 
responding level base may be found, by taking the angle o£ 
elevation. 

Let A&(Fig« 30;) be parallel to the horizon^ BC perpen- 
dicular to AB> and AC a line measured on the side of a hilk 
Then, the angle of elevation at A being taken with a quad- 
rant, (Art 4.) 

R : Cos A : : AC : AJJ } that is, 
As radius 9 to the cosine of the angle of elevation ; 
So is the oblique line measured^ to the corresponding ten- 
zontal base*. 
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if the chain, instead of being carried parallel to the sur- 
face of the ground, be kept constantly parallel to the hori- 
zoii; the line tbjus measured will be the base line required. 
The line AB (Fig. 30.) is evidently equal to the sum of the 
parallel lines ab, ctf, and eC. 

Plotting a Survey. 

111. When the sides of a fieSd are measured, and their 
"tearing* taken, ft is easy to lay down a plan of it on paper. 
A north and south line is drawn, and with a line jof chords* 
a protractor* or a sector, an angle is laid off, equal to the an- 
gle which the first side of the field, makes, with the meridi- 
an, and the length of the side is takes* from a scale of equal 
parts. (Trij. 156—161.) Through the e*trerajty of thw, a 
second meridian is drawn parallel to the first, and apqther 
side is laid down ; from the end of this, a third si.de, -&p. till. 
the plan is completed. Or the plot may be constructed, in 
the same manner as a traverse in navigation. (Art- 76.) If 
the field is correctly surveyed and plotted, it is evident the. 
-extremity of the last suje must coincide with the fceginniog 
of the first 

i&vctmph I. 
Draw a plan of a Held, from the following courses and dis^ 
stances, as noted in the field-book j 

1. N. 78°E. 
% S. 18* W. 

3. N.83° W. 

4. N. 12° E. 

5. N.60|«E. 
Let A (Fig. 31.) be the first corner df 4he field. 

Thro' A, draw the merid. NS, make BAN « 78*, &AB« 2.46 
Thro' B, draw N'S' par. to NS, make SBC « 1 6", h JBjU =3,34 
iThro' C, draw N"S"par. to NS, make DClfe83°,& CD =2.72 

•&c. 8$c. 

112. To avoid the inconvenience of drawing pamlleNines, 
the sides of a field may b* laid ^own from the angles which 
they make with each otfar, instead of the angles which they 
make with the meridi*n« The position of the line BC 
{Fig. 31.) is determined by the angle ABC, as well as by the 
«j)jpe SBC. When the several courses are given, the an? 
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gles which any two contiguous sides make with each other, 
may be known by the following rules. 

1. If one course is North and the other South, one East 
and the other West ; subtract the less from the greater, 

2. If one is North and the other South, but both East or 
West; add them together. 

3. If both are North or South, but one East and the other 
West ; subtract their sum from 180 degrees. 

4. If both are North or South, and both East or West : 
add together 90 degrees, the, less course, and the complement of 
the greater. 

The reason of these rules will be evident by applying them 
to the preceding example. (Fig. 31.) 

The first course is WAN, which is equal to ABS\ (Euc. 
29. 1.) If from this, the second course CBS', be subtracted 
there xHrill remain the angle ABC. 

If the second course CBS', or its equal BCN", be added 
to the third course DCN ; the sum will be the angle BCD. 

The sum of the angles CDS, NDE, and CDE, is 180 de- 
grees. (Euc. 13. 1.) If then the two first be subtracted from 
180 degrees, the remainder will be the angle CDE. 

Lastly, let EP be perpendicular to NS. Then the sum of 
th* angles DES, PES, and AEP the complement of AEN, 
is equal to the angle DEA. 

We have then the angle ABC =62°, DEA =1311°, 
BCD=99*, EAB=162|°. 
CDE=85*, 

With these angles, the field may be plotted without draw- 
ing parallels, as in Trig. 173. 

Finding the Contents of a Field. 

113. There are in common use two methods of finding the 
contents of a piece of land, one by dividing the plot into tri- 
angles, the other by calculating the departure and difference 
of latitude for each of the sides. 

When a survey is plotted, the whole figure may be divided 
into triangles, by drawing diagonals from the different an- 

I;les. The lengths of the diagonals, and of the perpendicu- 
ars on thfe bases of the triangles, may be measured on the 
same scale of equal parts from which the sides of the field 
were laid down* The area of each of the triangles is equal 
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to half the product of its base and perpendicular ; and their 
sum is the area of the whole figure. (Mens. 13.) 

Example I. 
Let the plan Fig. 32 be the same as Fig. 31, the sides of 
which, with their bearings, are given in art. 111. 
Then the triangle ABC=BC x JAP =3*84 sq. chains. 
ACE^ACxiEP' =1.53 
DCE=ECx£DP'=2.89 

The contents of the, whole =8.26 

1 14. This method cannot be relied on where great accuracy 
is required, if the lines are measured by a scale and compas- 
ses only. But the parts of the several triangles may be found 
by trigonometrical calculation, independently of the projec- 
tion; and then the area of* each may be computed, either 
from two sides and the included angle, or from the three 
sides. (Mens. 9, 10.) 

' The sides of the field and their bearings being given by the 
survey, the angles of the original figure may all be known. 
(Art. 112.) Then in the triangle ABC (Fig. 32.) we have 
the sides AB and BC, with the angle ABC, to find the other 
parts. (Trig. 153.) And in the triangle CDE, we have the 
sides DC and DE, with the angle CDE. Subtracting the 
angle BAC from BAE, we shall have CAE ; and sub- 
tracting DEC from DEA, we shall have CEA. There will 
then be given, in the triangle ACE, the side EA and the an* 
gles. (Trig. 150.) 

, , The skies and bearing^ as given in art. Ill, are 

1. AB N. 7S° E. 2.46 chains. 

2. BC S. 16 W. 3.54 

3. CD N. 83 W. 2.72 

4. DE N. 12 E. 2.13 

5. EA N. 60JE. 0.95 
Then by Mensuration, art. 9, 

R : Sin ABC :: ABxBC : 2 area ABC =7.69 sq. chains 
R : Sin AEC :: AE X EC : 2 area AEC=3.06 
R : Sin CDE : : CD X DE : 2 area CDE =5.77 



2)16.52 



t , Contents of the whole field, 8.26 
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Or the areas of the several triangles may be found hy fbe 
*ule in Mensuration, art. 10, viz. If a, 6, and c be the sides of 
any triangle, and A = half their sum ; 

The area =VAx (A-a) ~x{h-b) x (A-e) 

Example II. 

Courm. *CA* Lift**. 

1. E. 26 34 

2. S. I0°30 f E. 32 26 
a N.42 W. IS 35 

4. S. 58 W. 23 *2 

5. N. 30 55 
Contents of the field, 69.735 acres. 

The method which has been explained, of ascertaining tbe 
contents of a piece of land by dividing it into triangles, is of 
ose in cases which do not require a greater degree of accura- 
cy, than can be obtained by the scale and compasses. But if 
the areas of the triangles are to be found by trigonometrical 
calculation, the process becomes too laborious for common 
practice. The following method is often to be preferred. 

Finding the area of a field dt asPAitismjtE and 

DIFFERENCE OF LATITUDE. 

115. Let ABODE (Fig. 33.) be the boundary of a field. 
At a given distance from A, draw the meridian line NS» 
parallel to this draw L'R', AG, BH, and DK. These may 
be considered as portions of meridians passing through the 

Joints A, B, D, and E. For all the meridians which -Gross a 
eld of moderate dimensions, may be supposed to be paral- 
lel, without sensible errour. At right angles to NS draw tbe 
parallels AL, BM, CO, EP, and DR. These wilt divide 
the figure LABCDR into the three trapezoids ABML, 
BCOSl, and CDRO ; and the figure LAEDR into the tw* 
trapezoids DEPR and EALP. Tbe area of tbe field is evi- 
dently equal to the difference between these two figures. 

The sum of the parallel sides of a trapezoid, multiplied 
into their distance, is equal to twice the area. (Mens. 12.) 
Thus 

(AL+BM) x AG=2 area ABML. 

Now AL is a given distance, and BM=AL+BG. But 
BG is the departure, and AG the difference of latitude, cor* 
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fesponftine; to AB one of the sides of the field. (Arts. 39* 
40.) And by art. 44, 

t> a Tk*+ ah X Si » BAG*: Depart. BG 
Rad : D,st. AB :: ^ Cog . ba(J . ^ Lat A(J 

Or the departure and difference of latitude may be takea 
from the Traverse Table, as in Navigation. ( ArU 50.) 

In the same manner, from the sides BC, CD, DE, and: 
EA, may be found, the departures CH, CK, DR', AL', and 
the differences of latitude BB, DK, ER', and EIA We 
shall then have the parallel sides of each of the trapezoids, 
or the distances of the several corners of tile field from the 
meridian NS. For 

BM=AL+BG, BR^CO-CE, 

CO=*BM+CH, EP=vDR-DR\ 

If the field be measured in the direction ABCDE, the 
differences of latitude AG, BH, and DK, will be Southings, 
while R'E and E'L will be Northings. The former *re the 
breadths of the three trapezoids which form the figure 
LABCDR ; and the latter are the breadths of the two N tra- 
pezoids which form the figure LAEDR. The difference, 
then, between the sum of the products of the northings into 
the corresponding meridian distances, and the sum of the 
products of the southings into the corresponding meridian 
distances, is twice the area of the field. 

It wilt very much facilitate the calculation, to place in % 
fable the several courses, distances, northings, southings, be* 
We have, then, the following 

RtfLE. 

l'Hfc, Find the northing or southing, and the easting or 
westing, fe>r each side of the field, and place them in distinct 
columns in a table. To these add a column of Meridian Dis- 
tances, for the distance of one end of each side of the field 
from a given meridian ; a column of Multipliers, to contain the 
pairs of meridian distances for the two ends of each of the sides; 
and columns for the north and south Areas. See Fig. 23, and 
the table for example I. 

Suppose a meridian line to be drawn without the field, at 
any given distance from the first station ; and place the assumed 
distance at the head of the column of Meridian Distances. To* 
this add the first departure, if both be east or both west ; but 
subtraet, if one tie east and the other west ; and place the sum* 
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or difference in the column of Meridian Distances, against the 
first course. To or from the last number, add or subtract the 
second departure, fyc> fyc. 

For the column of Multipliers, add together the first and 
second numbers in the column of Meridian Distances ; the se- 
cond and third, the third and fourth, fyc. placing the sums op- 
posite the several courses. 

Multiply each number in the column of Multipliers into its 
corresponding northing or southing, ana place the product in 
the column of north or south areas. The difference between the 
sum of the mrth areas, and the sum of the south areas, uritt be 
twice the area of the field* 

This method of finding the contents of a field, as it de- 
pends on departure and difference of latitude, which are cal- 
culated by right-angled trigonometry, is sometimes called 
Rectcmgular Surveying. 

117. If the assumed meridian pass through the eastern or 
western extremity of the field, as L'ER' (I ig. 33.) the dis- 
tance EP will be reduced to nothing, and the figures AEL' 
and EDR' will be triangles instead of trapezoids. If the 
survey be made to begin at the point E, cipher is to be placed 
at the head of the column of meridian distances, and the 
first number in the column of multipliers will be the same, 
as the first in the column of meridian distances. See exam- 
ple II. 

118. When there is a re-entering angle in a field, situated 
with respect to "the meridian as CD£ ; (Fig. 3**.) the area 
EDM, being included in the. figure BCRA, will be repeated 
in the column of south areas. But, as it is also included in 
the figure DCRM, it will be contained in the column of north 
areas. Therefore the difference between the north areas and 
the south areas, will be twice the area of the field, in this 
case, as well as in others. 

119. If any side is directly east or west, there will be no 
difference of latitude, and consequently no number to be 
placed against this course, in the columns of north and south 
areas. See example II. Course 1. AB (Fig. 34.) 

The number in the columns of areas will* be wanting also, 
when any side of the field coincides with the assumed me- 
ridian. See example II. Course 5. EA (Fig. 34.) 



Digitized 



by Google 



SURVEYING. 



«ffi 



120. In finding the departure and difference of latitude 
from the traverse table, the numbers for the links may be 
looked out separately; care being taken to remove the deci- 
nial point two places to the left, because a link is the 1 00th 
part of a chain. 

Thus if the cburse be 29°, and the distance 2346 chains ; 

The dif. of lat. fe depart for 23 chains are 20.12 and 1 1.15 
for 46 links .40 .22 



for 23.46 



20.52 11.3? 



Example L See Fig. 33. 
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N. | S. 
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S0.E. 
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S. 64° £ 


AB 

30 ch. 

Tic 
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AG 
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GB 

26.96 
HC 
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BM 
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ALfBM 
6696 




2ABML 
880.5240 


2. CBH ' 
S. U* E. 




BH 

9.70 




CO 

49.38 


BM+CO 
96^4 




2BMOC 
9344980 


3. COK 
S35 n W. 


CD 
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KD 
2457 




CK 
1721 


DH 
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CO+DR 
8155 




2CDKO 
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DE 
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DR' 
18.13 


EP 

14.04 


DR+fiP 

46.21 


2DEPR 

390.4745 




5. L'EA 
N8°42'E. 


EL' 
38.97 




LA 
5.96 




AL 

20. 


EP+AL 

34.04 


2EPLA 
1326.5388 






47.42 


4742 


3534 


3534 






17171133 


3818.7055 



Twice the figure ABCDRL is 3818.7055 square chains; 
Twice the figure AEDKL 17J7.1133 



The difference 
The contents of the field 



2101.5922 

1050.7961 sq. ch. or 105.0796 
acres, (Art 109.) 
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Example 11 See Fig. 34. 
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Dirt. 
00 
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1 
if* Area** 
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N. | S. 


E. | W. 
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AB 
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00 


00 


26.34 




AB 

26.34 


00 


00 


oo. 


2;S10t°&. 


32-6 
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3t.72 


588 




CK 

32.22 


AB+CK 
58.56 




SABCR 
18575232 


3. N f ^ W 


CD 
18.35 
Tfc 
23.52 


i 
I 
1364 
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DM 

1995 


CR+DM 

52.12 


2CDMR 

711.5988 
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DM 
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2DME 

248.776$ 
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3055 
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ril.5WSBl2106.2997 



The contents of the field ==|(2106.3-7L1.6) =697.35 sq. du 

Or 69.735 acres. 
In this example, the meridian distance of the first station 
A being notbing, cipher is placed at the head of the columa 
bt meridian distances. (Art. 117.) The first side AB being 
directly east and west, has no difference of latitude, and. there- 
fore the number in the column of areas against this course is 
Wanting, as it is against the fifth course, which is directly 
north. (Art. 119.) The number against the fourth coon*, 
io the column of multipliers, is only the length of the line 
DM; the figure DME being a triangle, instead of a trape- 
zoid* 

Example UK: 

Find the contents of a field bounded by the following 
lines; 

I. N. Z5°> 30' E. 15 ch. 50 links. 



2. N. 72 
& S. 70 
4. S. 53 
S. 83 
S. 31 
S. 62 
8. N. 73 
9; N. 17 



5v 
6. 
7. 



45 E. 18 
45 E« 18 
W, 12 
15 E. 24 
1£ W. 15 
45 W. 22 
30 W. 27 
25 W; 14 



70 
70 
45 
10r 
20 
60 
3Q 
56 



The area is 1451 acres. 
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121. When a field is correctly surveyed, and the depar- 
tures and differences of latitude accurately calculated ; it is 
evident the sum of the northings roust be equal to the sum of 
the southings, and the sqm of the eastings equal to the sum 
of the westings. If upon adding up the numbers in the de- 
parture and latitude columns, the northings are fiot found to 
agree nearly with the southings, and the eastings with the 
westings, there must be an errour, either in the r survey or in 
the calculation, which requires that one or bojh should be 
revised. But if the difference be small, and if there be no 
particular reason for supposing it to be occasioned by one 
part of the survey rather than another; it m^y bp apportion- 
ed among the several departures or differences of latitude, 
according to the different lengths of the sides rffttbe field, by 
the following rule ; 

As the whole perimeter of the field, 

To the 'whole enrour in departure or latitude? 

So is the lepgth of one of the-sides, 

To the correction in the corresponding departure or 
latitude. 

x This correction, if applied to the column in which the sum 
*f the numbers is too small, is to be added; but if to tbt 
other column, it is to be subtracted* See the example on 
the next page. 



* Set the fourth number of Hie Analyst, f tifalHhrd fit Philaddfthia. 
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In this example, the whole perimeter of the field is 100 J 
chains, the whole errour in latitude .34, the whole errour in 
departure .42, and the length of the first side 19* To find 
the corresponding errours, 

inni ift • S »34 : .06 the errour in latitude, 
1UU » : 10 * : 1 .42 : .08 the errour in departure. 

The errour in latitude is to be added to 10.26 making it 
10.32, as in the column of corrected northings; and the er- 
rour in departure is to be added to 14.79 making it 14.67, as 
in the column of corrected eastings. After the corrections 
are made for each of the courses, the remaining pact of the 
calculation is the same as in the preceding examples. 

J22. If the length and direction of each of the sides of a 
field except one be given, the remaining side may be easily 
found by calculation. For the difference between the sum 
of the northings and the sum of the southings of the given 
sides, is evidently equal to the northing or southing of the 
remaining side ; and the difference between the sum of the 
eastings and the sum of the westings of the given sides, is 
equal to the easting or westing of the remaining side. Hav- 
ing then the difference of latitude and departure for the side 
required, its length and direction may be found, in the same 
manner as in the sixth case of [Jane sailing. (Art. 49.) 







Example 


V. 


What is the area ol 


' a field of six sides* of which fire are 


given, viz. 










1. 


<S. 


56° 


E. 


4.18 chains 


2. N. 


21 
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4.80 
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3.06 
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5. 
a 


N. 


66*-«W. 


1.44 


The 


ea is 


i two 


i acres. 






Example 


VI. 


1. 


N. 


38° 


W. 


17.21 chains 


2. N. 


13 


E. 


21.16 


3. 


N. 


72 


E. 


24.11 


4. 


S. 


41 


E. 


J 9.26 


5. 


S. 


11 


W. 


24.35 


6. 
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-m SURVEYING. 

123. Plotting iy departure and differme* *f latitude*. A 
survey may be easily plotted from the northings and south*- 
ings, eastings and westings, ff or this purpose, tne column of 
Meridian Distances is used. It will be convenient to atkf 
also another column, containing the distance of each station 
from a given parallel of latitude, and formed by adding the 
northings and subtracting the southings, or adding the south- 
ings and subtracting ibe northings. 

Let AT (Fig. 33) be a parallef of latitude passing through 
the first station of the field. Then the southing TB or LM 
is the distance of B, the second station, from the given pa* 
ralleL To this adding the southing BH, we have LO the 
distance of CO from L/T. Proceeding in this manner for 
«ach of the sides of the field, and copy rng the 7th column in 
the table, p. 65, we have the following differences of latitude 
aod meridian distances 



Diff.Lat. 


Mmd. Ditt. 




AL28 


1. LM 13.1* 


BM 46.06 


2 LO 22.8S 


CO 49.36 


a. LR 47.42 


D« 3247 


4. LP 38.97 


EP 14.04 



To plot the field, draw the meridian NS, and perpendicu- 
lar to this, the parallel of latitude LT. From L set off the 
-differences of latitude LM, LO, Lit, and LP. Through 
L, M, O, R, and P, draw lines parallel to LT; and set off' 
the meridian distances AL, BM, €0, D^ and EP. The 
points A, B, C, D, and E, will then be given. 

124. When a field i* a regular figure> as a parallelogram, 
triangle, circle, &c. the contents may be found by the rules 
£a Mensuration, Sec. I. and II. 

125. The area of a field, wbrcb has been plotted, n some- 
times found by reducing the whole to a TRiMfCJUE vfth& sum 
area. This is done by changing the figure io such a manner 
as, at each step, to make the number of sides okc Jess* till 
they are reduced to three. 

Let the side AB (Fig. 35} be extended indefinitely both 
ways. To reduce the two sides B€ and CD to one, draw a 
line from D to B, and another parallel to this from C, to in- 
tersect AB continued. Draw also a line from D to the point 
of intersection G. Then the triangles DBC and DBG are 
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equal. (Eoe. 37. 1.) Taking from each the common part 
&BH, there Teraahts BGH equal to DCH. If then tbfe 
triangle DCH be thrown out of the plot, and BOH be added, 
we shall have the five-sided figure AGDEF equal to the six* 
sided figure ABCDEF. 

In the same manner, the line EL may be substituted 
(or the two sides AF and EF; and then' DM, for EL and 
ED. This will reduce the whole to the triangle MGD, 
which is equal to the original figure. The area of the trian- 
gle may then be found by multiplying its base into half its 
height ; and this will be the contents of the field. 

In practice, it will not be necessary actually to draw the 
parallel lines BD, GC, &c. It will be sufficient to lay the 
edge of a rule on C, so as to be parallel to a line supposed 
to pass through B and D, and to mark the point of intersec- 
tion a 

126. If after a field has been surveyed, and the area com- 
puted, the chain is found to be too long or too short ; the 
true contents may be found, upon the principle that similar 
figures are to each other as the squares of their homologous 
sides. (Euc. 20. 6.) The proportion may be stated thus ; 

As the square of the true chain, to the square of that by 

which the sunrey was made ; 
So is the computed area of the fcld, to the true area. 

Ex. If the area of a field measured by a chain 66.4 feet 
long, be computed to be 32.6036 acres ; what is the area as 
measured by the true"chain 66 feet h>ng ? 

Ans. 33 acres. 

127. A plot of a field may be changed to a different scah t 
that is, it may be enlarged or diminished in any riven ratio* 
by drawing lines parallel to each of the sides of the original 
plan. 

To enlarge the perimeter of the figure ABCDE (Fig. 36) 
in the ratio of aG to AG ; draw lines from G through each of 
the angular points. Then beginning at a, draw ab parallel 
to AB, 6c parallel to BC, fcc. 
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■» SURVEYING, 

It is evident that the angles are the same in the enlarged 
figure, as in the original one. And by similar triangles, 
AG : aG :: BG : AG :: CG : cG :: &c. 

And 
AG : aG :: AB : ab :: BC : be :: &c. 

Therefore ABODE and abode are similar figures. (Euc 
Def. 1.6.) 

In the same manner, the smaller figure a'b'c'd'e' may be 
drawn, so as to have its perimeter proportioned to ABCDE 
%a a'G to AG. 
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Methods of Surveying in particular gases. 

A 128 TVfEASURtNG round a field, in the manner 
art. izo, ltx eX pi a i ne d ; n the preceding section, is by far 
the most common method of surveying. The following 
problems are sometimes useful. They may serve to verify 
or correct the surveys which are made by the usual method. 

Problem I. 

To survey afield from two stations. 

129. Find the distance of the two stations, and their bearings 
from each other ; then take the bearings of the several corners 
of the field from each of the stations. 

In the field ABCDE, (Fig. 37.) let the distance of the two 
stations S and T be given, and their bearings from each other^ 
By taking the bearing of A from S and T, or the angles 
AST and ATS, we have the direction of the lines drawn 
from the two stations to one of the corners of the field. 
The point A is determined by the intersection of these lines. 
In the same manner, the point B is determined, by the inter- 
aeCti<Jh of SB and TB ; the point C, by the intersection of 
SC and 1*C ; be. fee. The sides of the field are then laid 
down, by connecting the points ABCD, fee. 

The area is obtained, by finding the areas of the several 
triangles into which the field is divided by lines drawn from 
one of the stations. Thus the area of ABCDE (Fig. 37.^is 
equal to 

ABT+BCT+CDT+DET+EAT 

or to 
ABS+BCS+CDS+DES+EAS 

Now we have the base line STgiven and the angles, in the 
triangle AST, to find AS and AT; in the triangle BST, to 
f nd BS and BT, fee. After these are found, we have tw$ 
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74 SURVEYING. 

sides and the included angle in the triangles ABT, BCT, Sec*, 
from which, the areas may be calculated. (Mens. 9.) 

Example, 
Let the station T (Fig. 37.) be N. 80° E. from.S, the dis- 
tance ST 27 chains, and the bearings of the several- comers- 
of the field from S and T as follows ; 



TA N. 30» 


W. 


SA N. 17° E: 


TB N. 15 


E. 


SB N. 55 E. 1 


TC S. 53 


E. 


sc 


S. 73 E. 


TD S. 55 


W. 


SD 


S. 24 W. ! 


T£ N. 70 


w: 


SE N. 26 W. 


These will 


give the following angles ; 


ATS= 70° 


AST= 


63° 


ATB= 45* 


BTSsllff 


BST = 


25. 


BTC=U2 


CTS=U3 


CST= 


27 


CTD=10S- 


DTS= 25 


DST= 


124 


DTE= 55 


ETS= 30 


EST = 


106 


ETA= 40 


From which, with the base line ST, are calculated the fol- 


lowing lines and areas 


• 






AT =32.89 chains. 


ABT: 


=206.45 sq. chains 


BT = 17.75 




BCT= 


=294.95 


CT =35.84 




CDT: 


=740.7 


DT=43.46 




DET: 


=665.1. 


ET =37.36 




EAT=395. 



Contents of the field; =230.22 acres. 

The course 4 and length of each of the sides of the fiehf may 
be found, if necessary. After the parts mentioned above are 
calculated, there will be given two sides and the included an- 
gle, in the triangle ATB, to find AB, in BTC to find BC 
&c. ^ 

If the base line between the two stations be too short, com- 
pared with the sides of the field and their distances, the sur- 
vey will be liable to inaccuracy. It should not generally be 
less than one tenth of the longest straight line which can be 
<Jrawn on the ground to be measured. 

130. It is not necessary that the base line, from the extre- 
mities of which the bearings are taken, should be within the 
field. It may be one of the sides, or it may be entirely with- 
out the field. 
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"Let S and T (Fig. 38.) be two stations from which all the 
^corners of a field ABCDE may be seen. If the direction 
and length of the base Jine be measured, and the bearings of 
the points A, B, C, D, and E, be taken at each of the sta- 
tions; the areas of the several triangles. may be found. The 
"figure ABCTDE is equal to 

DET+EAT+ABT+BCT 

From this subtracting DCT, we have the area bf the field 
ABCDE. 

In this manner, a piece of ground may be measured which, 
Yrom natural or artificial obstructions, is inaccessible. Thus 
an island may be measured from the opposite bank, or ah 
enemy's camp, from a neighbouring eminence. 
• 

131. The meihod . of surveying by making, observations 
from two stations, is particularly adapted to the measure- 
ment of a bay or harbour. 

The survey may be made on the water, by anchoring two 
Tessels at a distance from each other, and observing from 
each the bearings of the several remarkable objects near the 
shore. Or the observations may be made from such eleva- 
ted situations on the land, as are favourable for viewing the 
'figure of the harbour. If all the parts of the shore cannot be 
seen from two stations, three or more may be taken. In this 
case, the direction and distance of each from one of the others 
should be measured. ' 

Problem II. 
To survey a field by measuring from one station. 

132. Take the bearings of the several corners of the field, 
-and measure the distance oj each from the given station. 

If the length and direction of the several lines AT, BX, 
CT, DT, and ET, (Fig. 37.) be ascertained ; there will be 
given two sides and the included angle of each of the trian- 
gles ABT, BCT, CDT, DET, and EAT ; from which their 
areas may be calculated, (Mens. 9.) and the sum of these wiH 
Jbe the contents of the whole figure. 
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The station paay be taken ip one of the sides or angles of 
the field, as at C. (Fig. 32.) The lines 

CD, CE, CA, CB, and the angles 

DCE, EC A, ACB, being given, 
the areas of the triangles may be found. 

Problem III. 

To survey a field by the chain alone. 

133. Measure the sides of the field, and the diagonals 
Ify which it is divided into triangles. 

By measuring the sides (Fig. 32.) 
AB, BC, CD, DP, EA, 
and the diagonals CA and CE, we have the three sides of 
each of the triangles into which the whole figure is divided. 
They may therefore be constructed, (Trig. 172.) and their 
areas calculated. (Mens. 10.) 

134. To measure an angle with the chain, set off equal dis- 
tances on the two lines which include the angle, as AB % AC, 
(Fig. 39.) and measure the distance from B to C. There 
will then be given tjie three sides of the isosceles triangle 

'ABU t to find the angle at A by construction or calculation. 

The chain may be thus substituted for the compass, in sur- 
veying a field by going round it, according to the method 
explained in the preceding section ; or by measuring from 
one or two stations, as in problems J. and II. 

Problem IV. 
To survey an irregular boundary by means of offsets. 

135. Run a straight line in any convenient direction, and 
measure the perpendicular distance of each angular point of the 
boundary from this line. 

The irregular field (Fig. 40.) may be surveyed, by taking 
the bearing and length of each of the four lines AE, EF, 
FI, IA, and measuring the perpendicular distances BB% 
CC', DD', GG', HH', KK\ These perpendiculars are cal- 
led qffsets. It is necessary to note in a field book the parts 
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7* 



into which the line that is measured is divided by the offsets, 
as in the following example. (See Fig. 40.) 



Offsets on the left. | Counts and Distance*. 


Offsets on the right. 




Chains. 


AE N.85«E. 12.74 ch. 




BB 


2.18 


AB' 3.25 


■ 


CC 


2.18 


B'C 2.13 




DD' 


1.23 


CD' 1.12 
D'E 6.24 






EF S. 24° E. 7.23 


i 






FI N. 87 W. 13.34 




;GG' 


2.86 


FG' 3.84 


% 


HH' 


1.48 


6'H' 2.22 
H'l 7.28 








1A N. 26 W. 5.J2 


. 






IK' 


KK' 2.94 






K'A 





As the offsets are perpendicular to tbe lines surveyed, the 
little spaces ABB', BB'CC, CC'DD' &c. are either right an- 
gled triangles, parallelograms, or trapezoids. To find the 
contents of the field, calculate in the first place the area be- 
tween the lines surveyed, as the trapezium AEFIA, (Fig. 40.) 
and then add the spaces between the offsets, if they fall with- 
in the boundary line ; or subtract them, if they fall without, 
as AIK. 

When any part of a side of a field is inaccessible, equal off- 
sets may be made at each end, and a line run parallel to the 
boundary. 

Problem V. 

To measure the distance between any two points on the sur- 
face of the earth, by means of a series of triangles extending 
from one to the other. 

136. M triangles for a base 

line, take her side, and measure 

the angles 

If it be ce between the two 

points A ai at tbe measure can- 

not be tak< » the other ; let a se- 
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tics of triangles be arranged in such a maminer between 
them, that one side shall be common to the first and second, 
as BC, to the second and third as CD, to the third and 
fourth, he. Then measure the length of BC for a base late, 
(take the bearing of the side AB, and measure the angles of 
•each of the triangles. 

These data are sufficient to determine the length and bear? 
ing of each of the sides, and the distance and bearing of I 
from A. For in the two first triangles ABC and BCD, the 
angles are given and the side BC, to find the other sides* 
tVben CD is found, there are given, in the third triangle 
CDE, one side and the angles, to find the other side. In the 
same manner, the calculation may be carried from one tri- 
angle to another, till all the sides are found. 

The bearings of the sides, that is, the angles which they 
make with the meridian, may be determined from the bear- 
ing of the first side, and the angles in the several triangles. 
Thus if NS be parallel to AM, the angle BAP, or its eqial 
ABN subtracted from .^BD leaves JNBD; and this taken 
from 180 degrees leaves SBD. 

From the bearing and length of AB may be found the 
southing AP, and the *asting_Pi$ In the same manner are 
found the several southings PP*, P'P", P"P"', P'"M. The 
sum of the southings is the line AM. And if the distance is 
so small, that the several meridians may be considered paral- 
lel, the difference between the sum of the eastings and the 
sum of the westings, is the perpendicular IM. We have 
then, in the right angled triangle AMI, the sides AM and MI, 
to find the distance and bearing of I from A. 

137. This problem is introduced here, for the purpose rf 
jiving the general outlines -of those important operations 
which have been carried on of late years, with such admira- 
ble precision, under the name of Trigonometrical Surveying. 
Any explanation -ofthe subject, however, which can be made 
in this part of the course, must be very imperfect. In the 
demonstration of the problem, the several triangles are sup- 
posed to be in the same plane, and the distances of the me- 
ridians so small, that they may be considered parallel. But 
in practice, the ground upon which the measurement is to be 
made is very irregular. The stations selected for the angular 
points of the triangles, are such elevated parts of the coun- 
try as are visible to a considerable distance. They should 
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fie so situated, tbat a signal staff, tower, or other conspicuous* 
object in any one of the angles, may be seen from the other 
two angles in the same triangle. It will rarely be the case- 
that any two of the triangles will be in the same plane, or 
any one of them parallel to the horizon. Reductions wilL 
therefore be necessary to bring them to a common leveL 
But even, this level is not a, plane. In the cases in which this 
kind of surveying is commonly practised, the measurement 
is carried over an extent of country of many miles. The se«* 
veral points, when reduced to the same distance from the 
centre of the earth, are to be considered as belonging to a~ 
spherical surface. To make the calculations then, if tbe line 
to be measured is of any considerable extent, and if nice ex- 
actness is required, a knowledge of Spherical Trigonometry 
is necessary. 

138. The decided superiority of this method of surveying* 
in point of accuracy, overall others which have hitherto been 
tried, particularly where the extent of ground is great, is ow- 
ing partly to the fact that almost all the quantities measured 
are angles ; and partly to this, that for the single line which 
it is necessary to measure, the ground may be chosen, any 
where in the vicinity of the system of triangles. It would be 
next to impossible to determine the precise horizontal dis- 
tance between two points, by carrying a chain over an irre- 
gular surface. , But in the trigonometrical measurements 
which are made upon a great scale, there can generally be 
found, somewhere in the country surveyed, a level plane, a 
heath, or a body of ice on a river or lake, of sufficient extent 
for a base. This is the only line which it is absolutely neces- 
sary to measure. It is usual, however, to'measure a second, 
which is called a line of verification. If tbe length of the 
base BG (Fig. 41.) and the angles be given* all the other 
lines in the figure may be found by trigonometrical calcula- 
tion. But if GH be also measured, it will serve to detect 
any errour which may have been committed, either in taking 
the angles, or in computing the sides, of the seties of trian- 
gles between BC and GH. 

139. In measuring these lines, rods of copper or platina 
have been used in France, and glass tubes or steel chains in 
England. The results have in many instances been extreme- 
ly exact. A base was measured, on Hounslow Heath, by 
UeneratRoy, with glass rods. Several years after, it was re>- 
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measured by Colonel Mudge, with a steel chain or very nice 
construction. The difference in the two measurements was 
less than three inches in more than five miles. Two parties 
measured a base in Peru of 6272 toises, or mbre than seven 
miles ; and the difference in their results did not exceed Hvo 
inches. 

Exact as these measurements are, the exquisite construc- 
tion of the instruments which have been used for taking the 
angles, has given to that part of the process a still higher 
degree of perfection. The amount of the errours in the an- 
gles of each of the triangles, measured by Ramsdetfs The- 
odolite, did not exceed three seconds. In the great surveys 
in France, the angles were taken with nearly the same cor* 
rectness. 

140. One of the most important applications of trigono- 
metrical surveying, is in measuring arcs of the meridian, or of 
parallels of latitude, particularly the former. This is neces- 
sary in determining the figure of the earth, a very essential 
Eroblem in Geography and Astronomy. A degree of zeal 
as been displayed on this subject, proportioned to its prac- 
tical importance. Arcs of the meridian have been measured 
at great expense, in England, France, Lapland, Peru, &c. 
Men of distinguished science have engaged in the under- 1 
taking. 

A meridian line has been measured, under the direction of 
General Hoy and Colonel Mudge, from the Isle of Wight, to 
Clifton in the north of England, a distance of about 206 
miles. Several years were occupied in this survey. An- 
other arc passing near Paris, has been carried quite through 
France, and even across a part of Spain to Barcelona. In 
measuring this, several distinguished mathematicians and as- 
tronomers were engaged for a number of years. These two 
arcs have been connected by a system of triangles running 
across the English Channel, the particular object of which 
was to determine the exact difference of longitude between 
the observatories of Greenwich and Paris. Besides the me- 
ridian arcs, other lines intersecting them in various directions 
have been measured, both in England and France. With 
these, the most remarkable objects over the face of the 
country have been so connected, that the geography of the 
various parts of the two kingdoms is settled, with a precision 
which could not be expected from any other method. 
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141. The exactness of the surreys will be seen from a 
comparison of the lines of verification as actually measured, 
with the lengths of the same lines as determined by calcula- 
tion. These would be affected by the amount of all the er- 
rours in measuring the base lines, in taking the angles, in 
computing the sides of the triangles, and in making the ne- 
cessary reductions for the irregularities of surface. A base 
of verification measured on Romney Marsh i» England, was 
found to differ but about two feet from the length oi the same 
line, as deduced from a series of triangles extending more 
than 60 miles. A base of verification connected with the 
meridian passing through France, was found not to differ one 
foot from the result of a calculation which depended on th$ • 
measurement of a base 400 miles distant, A line of verifi- 
cation of more than 7 miles, on Salisbury Plain, differed 
scarcely an inch from the length as computed from a system 
of triangles extending to a bass on Hoonslow Heath<* 



* See Nate R 
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Laying out and Dividing Lands*. 

A» 142 TT^ ^ose w ^° are f am ^ ar w *t Q the principles of" 
* A geometry, it will be unnecessary to give par- 
ticular rules, for all the various methods of dividing and lay- 
ing out lands. The following problems may serve as a spe- 
* cimen of the manner in which the business may be conduct- 
ed in practice* 

Problem I. 
To lay out a given number of acres in the form of a square* 

143. Reduce the number of acres to square rods or chains^ 
and extract the square root. This will give one sicte of the 
required field. (Mens. 7.)* 

Ex. 1. What is the side of a square piece of land con- 
taining 124£ acres. Ans. 141 rods. 

2. What is the side of a square field which contains 58 J 
acres f 

Problem IE. 

To lay out a field in the form of a parallelogram, when 
one side and the contents are given. 

144. Divide the number of square rods or chains by the 
length of the given side. The quotient will be a side per- 
pendicular to the given side. (Mens. 7.) 

Ex. What is the width of a piece of land which is 28<X 
rods long, and which contains 77 acres ? 

Ans. 44 rods. 

Cor. As a triangle is half a parallelogram of the same 
base and height, a field may be laid out in the form of a tri- 
angle whose area and base are given* by dividing twice the 
area by the base. The quotient will be the perpendicular 
from the opposite angle. (Mens. 8.) 
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Problem IH. 

To lay out a piece of land in the form of u purallelogram,Hhe 
length of which shall be to the breadth in a given ratio. 

145. As the length of the parallelogram, to its breadth; 
So is the area, to the area of a square of the same 

breadth. 

The side of the square may then be found by problem I, 
"and tbeiength of the parallelogram by problem II. 

If BCNM (Fig. 42.) is a square in the right parallelogram 
ABCD, or in the oblique parallelogram ABC'D', it is evi- 
dent that AB is to MB or its equal ISC, as the area of the 
parallelogram to that of the square. 

Ex. If the length of a parallelogram is to its breadth as 
7 to 3,* and the contents are 52% acres, what is the length 
and Breadth ? s 

Problem IV. 

The area of a parallelogram being given, to lay it out in mok 
a form, that the length shall exceed the breadth by a given 

DIFFERENCE. 

146. Let cr=BC the breadth of the parallelogram ABCD 

(Fig. 42.) and the side of the square BCNM. 
d=AM the difference between the length and 

breadth. 
a=rthe area of the parallelogram. 
Then a={x+d) x#=* 2 +dx. (Mens. 4.). 
Reducing this equation, we have 

^~a+\d 2 -\d=x. 

That is, to the area of the parallelogram* add one fourth 
of the square of the difference between the length and the 
breadth, and from the square root of the sum, subtract half 
the difference of the sides ; the remainder will be the breadth 
of the parallelogram. 

Ex. If four acres of land be laid out in the form of a 
parallelogram, the difference of whose sides is 12 rods, what 
is the breadth? 
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Problem V. 

To lay out a triangle whose area and angles are given. 

147. Calculate the area of any supposed triangle which has 
the same angles. Then 

As the area of the assumed triangle, 
To the area of that which is required i 
So is the square of any side of the former, 
To the square of the corresponding side of the latter. 
If the triangles B'CC and BCA (Fig. 43.) have equal an- 
gles, they are similar figures, and therefore their areas are as 

the squares of their like sides, for instance, as AC : CC . 
(Euc. 19. 6.) The square of CC being found, extracting 
the square root will give the line itself. 

To lay out a triangle of which one side and the area are 
given, divide twice the area by the given side ; the quotient 
will be the length of a perpendicular on this side from the 
opposite angle. (Mens. 8.) thus twice the area of ABC 
(Fig. 45.) divided by the side AB, gives the length of the 
perpendicular CP. 

148. 'this problem furnishes the means of cutting off, or 
laying out, a given quantity of land in various forms. 

Thus, from the triangle ABC, (Fig. 43.) a smaller triangle 
of a given area may be cut off, by a line parallel to AB. 
The line CC 1 being found by the problem, the point C ? will 
be given, from which the parallel line is to- be drawn. 

149. If the directions of the lines AE and BD, (Fig. 44.) 
and the length and direction of AB be given ; and if it be 
required to lay off a given area, by a line parallel to AB ; 
let the lines AE and BD be continued to C. The angles of 
the triangle ABC with the side AB being given, the area 
may be found. From this subtracting the area of the given 
trapezoid, the remainder will be the area of the triangle 
DCE ; from which may be found, as before, the point E 
through which the parallel is to be drawn. 

If the trapezoid is to be laid off on the other side of AB, 
its area must be added to ABC, to give the triangle D'CE'. 

150. If a piece of land is to be laid off from AB, (Tig. 
45.) by a line in a given direction as DE, not parallel to AB$ 
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let AC parallel to DE be drawn through one end of AB. 
The required trapezium consists of two parts, the triangle 
ABC, and the trapezoid ACED. As the angles and one 
side of the former are given, its area may be found. Sub- 
tracting .this from the given area, we have the area of the 
trapezoid, from which the distance AD may be found by the 
preceding article. 

151. If a given area is to be laid off from AB, (Fig. 46.) 
by a line proceeding from a given point D ; first lay off the 
trapezoid ABCD. If this be too small, add the triangle 
DCE ; but if the trapezoid be too large, subtract the trian- 
gle DCE'. 

FnOBiXM VL 

Yo divide the area of a triangle into parts having given ratios 
to each other, by lines drawn from one of the angles to the 
opposite base. 

152; Divide ike base* in the tame proportion as the parts re- 
quired. 

If the triangle ABC (Fig. 47.) be divided by the lines CH 
mnd CD ; the small triangles, having the same height, are to 
each other as the bases BH, DH, and AD. (Euc. 1. 6.) 

Problem VII. 
To divide an irregular piece of land into any two given part*. 

153. Run a line at a venture, near to the tru^e division line 
required , and find the area of one of the parts. If this be too 
large or too small, add or subtract, by the preceding articles, a 
triangle, a trapezoid, or u trapczimt, as the case may require. 

A field may sometimes be conveniently divided by redu- 
cing it to a triangle, as In Art. 125, (Fig. 35.) and then divi- 
ding the triangle by problem VJ. 
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SECTION IV- 

Levelling. 

A i^i ]Tis frequently necessary to ascertain how muck 
Art. lo*. X one g p Qt f g roun( j ; s higher than another. 

The practicability of supplying a town with water from a 
neighbouring fountain, will depend on the comparative ele- 
vation of the two places above a common level. The di- 
rection of the current in a canal will be determined by the - 
height of the several parts with respect to each other. 

The art of levelling has a primary reference to the level 
surface of water. The surface of the ocean, a lake, or a 
river, is said to be level when it is at rest If the fluid parts 
of the earth were perfectly spherical, every point in a level 
surface would be at the same distance from the centre. The 
difference in the heights of twe places above the ocean would 
be the same, as the difference in their distances from the 
centre of the earth. It is well known that the earth, though 
nearly spherical, is not perfectly so. It is not necessary, 
however, that the difference between its true figure and that 
of a sphere should be brought into account, in the compara- 
tively small distances to which the art of levelling is com- 
monly applied. iJut it is important to distinguish between 
the true and the apparent level. 

155. The true level is a curve which either coincides 
withy or is parallel to, the surface of water at rest 

The APPARENT LEVEL 15 STRAIGHT LINE which is a TAN- 
GENT to the true level, at the point where the observation is 
made. 

Thus if ED (Fig. 48.) be the surface of the ocean, and 
AB a concentric curve, B is on a true level with A. But if 
AT be a tangent to AB, at the point A, the apparent level, 
as observed at A, passes through T. 

156. When levelling instruments are used, the tevel is de- 
termined either by a fluid, or a plumb-line. The surface of 
the former is parallel to the horizon. The latter is perpen- 
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dicular. One of the most convenient instruments for the 
purpose is the spirit level. A glass tube is nearly filled with 
Spirit, a small space being left for a bubble of air. The tube 
is so formed, that when it is horizontal, the air bubble will be 
in. the middle between the two ends. To the glass is at- 
tached an index with sight vanes : and sometimes a small 
telescope, for viewing a distant object distinctly. The sur- 
veyor should also be provided with a pair of levelling rods, 
which are to be set up perpendicularly, at convenient dis- 
tances,, for the purpose of measuring the height from the sur- 
face of the ground to the horizontal Fine which passes through 
the spirit level. 

If strict accuracy is aimed at, the spirit level should be in 
the middle between the two rods. Considering D'ED'D as 
the spherical surface of the earth, and B'AB"fi as a concen- 
tric curve ; a horizontal line passing through A is a tangent 
to this curve. If therefore AT' and AT'' are equal, the 
points T' and T" are equally distant from the level of the 
ocean. But if the two rods are at T and T 1 , while the spi- 
rit level is at A, the height TD is greater than TD'* The 
difference however will he trifling, if the distance of the sta- 
tions T and T' be small. 

157. With these simple instruments, the spirit level and 
the rods, the comparative heights of any two places can be 
ascertained by a series of observations, without measuring 
their distance, and however irregular may be the ground be- 
tween them. But when one of the stations is visible from 
the other, and their distance is known ; the difference of 
their heights may be found by a single observation^ provided 
allowance be made for atmospheric refraction, and for the 
difference between the true and the apparent leveL 

Problem L 

To find the difference in the heights of two places by levelling 

rods. 

158. -Set up the levelling rods perpendicular to the horizon, 
and at equal distances from the spirit level; observe the points 
where the line of level strikes the rods before and behind, and 
measure the heights of these points above the ground; level in 
the same manner from the second station to the third } from the 
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third to ihe fburth, fyc. The difference between the sum oftk& 
heights at the back stations, and at the forward stations, wilt 
be the difference between the height of the first station, and the 
last 

If the descent from H tp H" (Fig. 49.) be required, let the 

Sirit level be placed at A, equally distant from the stations 
and H' ; observe where the line of level BF cuts the rods 
which are at H and H', and measure the heights BH and 
FH\ The difference is evidently the descent from the first 
station to the second. In the same manner, by placing the 
spirit level at A', the descent from the second station to the 
third may be found. The back heights, as observed at A 
and A', are BH and B'H' ; the forward heights are FH' and 
F'H". 

Now FH' - BH =tbe descent from H to H', 

And F'H"-B'H'=the descent from H' toH" ; 

Therefore, by addition, 

(Plp + F'H"^(BH+BH')=»the whole descent from HtoH". 

159. It is to be observed, that this method gives the true 
level, and not the apparent level. The lines BF and BT' 
are not parallel to each other ; but one is parallel to a tan- 
gent to the horizon at N, the other to a tangent at N'. So 
that the points B and F are equally distant from the horizon, 
as are also the prints B' and F'. The spirit level may be 
placed at unequal distances from the two station rods, if a 
correction is made for the difference between the true aod 
the apparent level, by problem IL 

160. If the stations are numerous, it will be expedient to 
place tbe back and the forward heights in separate column* 
m a table, as in the following example. 





Ba 


ck heights. 


Fore heights. 

fit. In. 


1st. 


Observation 


3 7 


2 8 


3. 




2 5 


3 1 


3. 




6 3 


5 7 


4. 




4 2 


3 2 


5. 




5 a 


4 10 




22 2 


19 4 




Difference 


19 4 






2 10 
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If the sum of the forward heights is less than the sum of 
the back heights, it is evident that the last station must be 
higher than the first 

. PROBLEM II. 

161. To find the difference between the true and the *** 
parent level, for any given distance. 

If C (Fig.. 12.) be the centre of the earth considered as a 
sphere, AB a portion of its surface, and T a point on an ap- 
parent level with A ; then BT is the difference between the 
true and the apparent level, for the distance AT. 

Let 2BC=D, the diameter of the earth, 

ATsscT, the distance of T$ in a right line, from A, 
BTscA, the height of T, or the difference between 
the true and the apparent level. 

Then by Euc. 36. 3, 

(2BC+BT) x BT= AT* ; that is, (D+A) xifc=<** 

and reducing the equation, 

Therefore, to find h the difference between the true and 
the apparent level, add together one fourth of the square of 
the earth's diameter, and the square of the distance, extract 
the square root of the sum, and subtract the semi-diameter 
of the earth. 

162. This rule is exact. But there is a more simple one, 
which is sufficiently near the truth for the common purposes 
of levelling. The height BT is so small, compared witti the 
diameter of the earth, that D may be substituted for D+A, 
without any considerable errour. The original equation 
above will then become 

DxA=d*. Therefore As=^l 

That is, the difference between the true and the apparent 
level, is nearly equal to the square of the distance divided by die 
diameter of the earth. 

Ex. 1. What is the difference between the true and the. 
apparent level, for a distance of one English mile, supposing 
the earth to be 7940 miles in diameter f 

Ans. 7.98 inches, or 8 inches nearly. 
N 
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In the equation Jl=— , as D is a constant quantity, it fe 

evident that h varies as d 2 . According to the last rule then; 
the difference between the true and the apparent level varies 
ns the square of the distance. The difference for 1 mile be* 
ing nearly 8 inches, 

In. Feet, In. 

For 2 miles* it is 8 x 2* =32=2 8 nearly- 
For 3 miles, 8x3*= 6 
For 4 miles, 8x4*= 108 
&c &c. See Table IV. 
Ex. 2. An observation is made to determine whether wa- 
ter can be brought into a town from a spring on a neighbour- 
ing hill* At a* particular spot in the town, the spring, which 
is 2£ miles distant, is observed to be apparently on a level* 
What is the- descent from the spring to this spot?* 

The descent is nearly 4 feet 2 inches for the whole dis- 
tance, or 20 inches in a mile ; which is more than sufficient 
for the water to run freely. 

Ex. 3. A tangent to a certain point on the ocean,, strikes 
the top* of a mountain 23 miles distant What is the height . 
of the mountain ? Ans. 352 feet. 

163* One place may be below the apparent level of an- 
other, and yet above the true level. The difference between 
the true and the apparent level for 3 miles is 6 feet. If one 
spot, then, be only two feet below the apparent level of an- 
other 3 miles distant, it will really be 4 feet higher. 

If two places are on the same true level, it is evident thai 
each is below the apparent level of the other* 

Problem IB. 

To find the difference in the heights of two places whose dis- 
tance is known. 

164. From the angle of elevation or depression, calculate 
how far one of the places is above or below the apparent levet 
of the other; and then make allowance for the difference be- 
tween the apparent and the true level. 

By taking, with a quadrant, the elevation of the object 
whose distance is given, we have one side and the angles of 
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* right angled triangle, to find the perpendicular height above 
a horizontal plane. (Art. 6.) Adding this to the difference 
between the true and the apparent level, we have the height 
of the object above the true level of vthe place of observa- 
tion. When an angle of depression is taken, it will be neces* 
sary to subtract instead ef adding. 

Ex. 1. - The angle of elevation of a hill, as observed from 
the top of another 4£ miles distant, is found to be 7 degrees, 
What as the difference in the heights of the* two hills ? 

Height of one above the level of the other 2917.3 feet* 
Difference of the levels 13.5 



Difference in the heights of the MHs 2930.8 

Ex. 2. From the top of a tower, the angle of depression 
ef .a fort 4 miles distant, is found to be 3£ degrees* 'What 
is the height of the tower above the fort ? 

Ans. 1189 feet. 

If the operation of levelling is meant to be very exact, . 
especially when extended to considerable distances, alloj*- 
aoce should be made for atmospheric refraction.* 



* See Note A* 
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The Magnetic Needle.* 

A* 166 TH^E direction in which a ship is steered, and thfc 
• A bearings of the aides of a field, are wnnnonly 
determined by observing the angles which they make with 
the magnetic needle. This is a bar of steel to which the 
magnetic* power has been communicated from some other 
artificial or natural magnet. When it is balanced on a pin, 
so as to turn freely in any direction, it points towards the 
north and south. 

The poles of the needle are iW two extremities ; and the 
vertical plane which passes through these, is called the mag- 
netic meridian. The astronomical meridian passes through 
the poles of the earth. These two meridians rarely coin- 
cide. The needle does not often point directly north and 
south. 

167. The inclination of the needle is the angle which it 
makes with a north and south line ; or the angle between the 
magnetic and the astronomical meridians. It is said to be 
east or west, according as the north pole of the needle points 
east or west of the north pole of the earth. 

The Variation of the needle is properly the change of its 
' declination. The term, however, is frequently used to signi- 
fy the declination itself. 

The declination of the needle is very different in different 
|>arts of the earth. In some places, it is 20 or 30 degrees ; 
in others, little or nothing. In the Variation charts given by 
writers on magnetism, the declination is marked, as it is 
found by observation on different parts of the globe- Lines 
are drawn connecting all the points which have the same de- 
clination. Thus a line is drawn through the several places 
in which the declination is 10 degrees; another through those 

* Carallo on Magnetism, Rees' Cyclopedia, Transactions of the 
Royal Society of London, the Royal Irish Academy, the American Phi- 
losophical Society, and the American Academy of Arts and Sciences. 
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in which it is 5 degrees, be. These lines are very winding ; 
yet they never cross each other, though they extend all over 
the globe. One of the lines of no declination passes through 
the middle parts of the United States. The declination is 
towards this line, in places which are on either side of it. 
Thus in New-England the declination is west, while on the 
Ohio it is east, ft increases with the distance from the line 
of no declination. 

. 168. The declination is not only different in different pla- 
ces, but different in the same place at different times. At 
London, about 230 years since, it was 1 1£ decrees east. It 
gradually decreased till 1657, when the needle pointed di- 
rectly north. . From that time it deviated more and more to 
the west, till in 1800 the declination became about 24 de- 
grees. At present, it appears to be nearly stationary, both at 
London and Paris. 

In New-England, the declination has been generally de- 
creasing, for many years. At Boston, it was about 9 degrees 
in 1708, 8 degrees in 1742, 7 degrees in 1782, and 6| de- 
grees in 1810; the rate of variation being about 1J' in a 
year, or a degree in 40 years.* 

The variation in the declination is by no means uniform. 
If the needle moves two minutes from the meridian in one 

fear, it may move a greater or less distance the next year. 
ts progress is different in different places. In some it is 
moving east, and in others west ; in some it is coming nearer 
to the meridian, in others going farther from it. 

169. There is also a diurnal variation, vrfiich appears to 
be owing to a change of temperature. During the fore part 
of the day, the north end of the needle frequently moves a 
few minutes of a degree to the west. In the evening, it re- 
turns nearly to the same point from which it started. This 
diurnal variation is found to be the greatest in the summer 
months, when the action of the sun is the most powerful. 

In addition to these various changes, there are local per- 
turbations of the needle, occasioned probably by the attrac- 
tion of ferruginous substances beneath the surface of the 
ground. \ 

* See the observations of Mr. Bowditch, in the Memoirs of the 
American Academy of Arts and Sciences, Vol. III. Part II. p. 337. 
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170. So many irregularities must render the magnetic 
compass an inaccurate instrument, unless the state of the de- 
clination is ascertained by frequent observations. This is 
particularly necessary at sea, where the declination may be* 
-changed by a few hours sail. 

The astronomical meridian is determined by the positions 
•f the heavenly bodies. The situation of the sun at rising 
or setting being known, its distance from the magnetic me- 
ridian may be observed with an azimuth compass, which is a 
mariner's compass with the addition of sight vanes for taking 
the direction of any object. 

171. Oo land, a true meridian line may be drawn by ob- 
servations on the pole star. If this were exactly in the pole, 
it would be always on the meridian. But the star revolves 
round the pole, at a short distance, in a little less than 24 
hours. In about 6 hours from its passing the meridian above; 
the pole, it is at its greatest distance west ; in. about 12 hours, 
it is on the meridian beneath the pole , and in about 18 
hoars, at its greatest distance east. If the direction of the, 
•tar can be taken, at the instant when it is on the .meridian, 
either above or beneath the pole ; a true north aqd south 
line may be found. This method, however, requires that 
the exact time of passing the meridian be known, and that 
the observations be made expeditiously. 

172. But as the star comes very gradually to its greatest 
distance east or west, it is easy to observe these limits ; and 
as the revolution is made in a circle round the axis of the 
earth, it is evident that the pole must be in the middle be- 
tween the two extreme distances. To draw a true meridian 
line, then, take the direction of the pole star when it is farthest 
west, and also when it is farthest tost; and bisect the angle 
made by these two directions. 

When a meridian is once drawn, it may be rendered per- 
manent, by fixing proper marks ; and the declination of the 
needle may then be ascertained at any time, by the survey- " 
or's compass, or more accurately by the variation compass, 
which has a long needle, and a graduated arc of so large a 
radius as to admit of very accurate divisions. 

*SeeB[otel-. 
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Note A. Page 10 and 91. 

A RAY of light, in coming from a distant object to the 
**• eye, through the air, is turned from a straight line into a 
curve which is concave towards the earth. The effect is to 
elevate the apparent place of the object, as each point ap- 
pears in the direction in which the light frooi that point en- 
ters the eye. This change in the apparent situation is call- 
ed astronomical refraction, when the heavenly bodies are con- 
cerned ; and terrestrial refraction, when the objects are oa 
the earth. The measure of the latter is the angle at the 
eye, between a straight line drawn to the object, and a taa- 
gent to the curvilinear ray, as TAT 1 , (Fig. 59.) T being the 

Jilace of the object, and T' hs apparent place as seen 
roiri A. 

The refraction is very much affected by the state of the 
atmosphere; changing with the temperature, as well as with 
the density indicated by the barometer... In the delicate Ob- 
servations made in the trigonometrical surveys in England 
and France, the terrestrial refraction was fouqf) to vary from 
\ to ?*? of the angle at the centre of the earth subtended by 
the distance of the object. The mean is T ' 7 : thus if an 
object at T (Fig. 50.) as seen from A in the mean state of 
the atmosphere, appears to be raised to T' ; the angle TAT* 
h about T V °f & e *ugle ACT subtended by the distance 
AT. This angle is easily found from the arc AB, which is 
nearly equal to AT ; the whole circumference of the earth 
being to the arc, as 360 degrees to the angle required. The 
mean terrestrial refraction, as thus calculated, is 3" .7 for a 
mile, and increases as the distance nearly; the elevation of 
the object being supposed to be small in comparison' with jta~ 
distance. In measuring altitudes, the terrestrial refraction is . 
tp be subtracted from the observed angle of elevation. 
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The alteration in tbe height of the object, by the mean 
refraction, is equal to -f of the curvature of tbe earth for tbe 
given distance, or of the difference between the true and ap- 
parent levels, as calculated by the rule in Art. 162. If the 
angle of refraction were equal to half the angle at tbe centre 
of the earth subtended by the distance, the change in the 
height of the object would be just equal to tbe correction 
for the curvaturei. If an object at B (Fig. 12.) were raised 
by refraction, so as to be seen from A in the direction of the 
tangent AT ; the change in the altitude would be equal to 
BT, which is the difference between the true and the appa- 
rent level of A. In this case, the angle BAT would be half 
ACB. (Euc. 32, 3 and 20. 3.) But as the angle of refrac- 
tion is in fact only T \ of the angle at the centre, the change 
in the altitude is only \ of the correction for curvature. The 
latter is about $ of a foot for a mile, and varies as the square 
of the distance. If then d be the distance in miles ; the 
correction for the curvature will be ■§ d* 9 and the correction 
for refraction -fad*. See Table IV, 

Tbe greatest distance at which an object can be seen on 
the surface of the earth, as calculated by the rule in Art. 23, 
depends on tbe apparent altitude. This being to the real 
altitude as 7 to 6, and the distance being nearly as the square 
root of tbe altitude ; the distance at which an object can be 
aeen by the mean refraction, is to the distance at which it could 
be seen without refraction as y/7 : ^6, or as 14 : 13 nearly. 
See Piayfair's Astronomy, Sec. II. Vince's Astronomy, Chap. 
VII. and the accounts of the Trigonometrical Surveys in 
England and France. 

Note B. p. 20. 

The method of calculation in plane sailing is sometimes 
spoken of as inaccurate, as only approximating to the truth, 
in proportion to the smallness of the difference between a 
plane and that part of the ocean to which the calculation is 
applied. This view of the subject appears not to be -strictly 
correct. It is true, that plane sailing is incomplete, as it does 
not ascertain the longitude. This belongs to middle latitude 
or Mercator's sailing. It is also true, that if a ship sails on 
several courses, the sum of the departures is not equal to the 
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departure for the same distance on a single course, as would 
be the case on a plane. (Art 79.) It is farther to be ob- 
served* that the departure, as calculated by plane; sailing, is 
neither the meridian distance measured on the parallel of 
latitude from which the ship sails, nor that measured upon 
the parallel upon which she arrives. But the departure for 
a single course, as defined in Art, 40, and the difference of 
latitude, are as accurately calculated hy plane sailing, as if 
the surface of the ocean were a plane. Let. the whole dis- 
tance be divided into portions so small, that one of the arct 
shall differ less from its tangent than by any given quantity. 
Each of these portions is to the corresponding departure, as 
radius to the.sine of the course ; and to the difference of. lati- 
tude, as radius to the cosine of the course. Therefore the 
whole distance is to the whole departure, as radius, to th$ 
sine of the course ; and to the whole difference of latitude* 
as radius to the cosine of the course. These proportions 
are exact, even for a spheroid, a cylinder, or any solid of 
revolution. 

If there were any incorrectness in plane sailing, it would 
extend to Mercator's sailing also ; for one is founded on the 
other. Jn Mercator's sailing, the proper difference of lati- 
tude is to the meridional difference of latitude, as the depar- 
ture to the difference of longitude. Now the departure is 
calculated by plane sailing ; and any errour in this must pro- 
duce an errour in the longitude. Or if the longitude be 
found by the theorem in Art. 72, without previously calcu- 
lating the departure ; yet the table of meridional parts which 
must be used, is founded on the ratio between the departure 
and the difference of longitude. Art. 65. 



Note C. p. 27. 

It is here supposed that the direction of the ship is at 
right angles with every meridian which she crosses. A num- 
ber of curious questions have been started respecting sailing 
on a sphere ; such as whether a due east and west line coin- 
cides with a parallel of latitude, &c. Most of these points 
are easily settled by proper definitions. But. this is not the 
place to consider them, ap they belong to spherical ge- 
ometry. 

O 
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Note D. p. 34. 

As tbe length of a minute of Mercator's meridian, is equal 
to tbe secant of tbe latitude, it will be a little more exact to 
take the latitude of tbe middle of tbe arc, rather than that of 
one extremity. On tbe extended meridian, the first minute 
wiH then be made equal to the secant of £', the second to 
tbe secant of 1 |*, the third to the secant of 2j',&c. 

The method of calculating by natural secants, though use* 
ful in forming a table of meridional parts, is subject to this 
inconvenience, that to obtain the meridional parts for any 
number of degrees of latitude, it is necessary to find sepa- 
rately tbe parts for each of the minutes' contained in the 
riven arc, and then to add them together. There is a dif- 
ferent method, by which the meridional parte for an arc of 
any extent, may be calculated independently of any other 
arc. A portion of Mercator's meridian, extending from the 
equator to a given latitude, the semi- diameter of the earth 
being 1, is equal to the hyperbolic logarithm of the cotangent, 
of half the complement of the latitude. See the London Phi- 
losophical Transactions, Vol. xix. No. 219, Vince's Fluxions, • 
Art. 190, and the Introduction to Hutton's Mathematical Ta- 
bles. 

Note E. p. 39. 

The distance Which a ship sails, in going from one place 
to another on a rhumb line, is not the nearest distance ; for 
this would be an arc of a great circle.. To sail on a great 
circle, except on a Meridian or the equator, she must be con- 
tinually altering her cour&e. If it were practicable to steer 
a vessel in this manner, the departure, difference of latitude, 
&ec* might be calculated by spherical trigonometry. 



N Note F. p. 41. 

A traverse may also be constructed like the plot of a field 
in surveying, either by drawing parallel lines, ag in Art. Ill, 
or from the angles given by the rules in Art. 112, or more 
simply, as in Art. 1 23, by departure and difference of latitude, 
when these have been found by calculation or inspection. 
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Note G. p. 46. 

Plane sailing is sometimes represented as a ttettartPof 
calculation founded on the principles of the plane chfcrt. Bui* 
in the construction of this chart, a principle is assumed which* 
is known to be erroneous. That part of the surface of the" 
earth which is represented on it, is supposed to be a plane: 
This renders the construction more or less inaccurate. But 1 
in plane sailing, the calculations are strictly correct. The' 
principle assumed here is not that the surface of the earth; 
is a plane ; but that, from the peculiar nature of the rhomb' 
line, the distance, departure, and difference of latitude, where* 
the course is given, hare the same ratio to each other which 
they would have upon a plane. 

Note H. p. 51. 

The quadrant of reflexion has received the name of Had* 
ley's Quadrant, as the description of it, which was first made- 
public, was given by John Hadley, Esq. But he has not aiv. 
undisputed claim to the first invention. His description of 
the instrument was communicated to the Royal Society of 
London, in May, 1731. It appears that the principle on 
which it is constructed had been suggested by Dr. Hooke, 
several years before. But the form' which he proposed was 
not calculated to answer the purpose, as it admitted of only 
one reflexion. Sir Isaac Newton, however, who died in 
1727, left among bis papers a description of a quadrant wjth 
two reflexions, which is substantially the same as Hadley'g. 
This was published in the Philosophical Transactions for 
1742. 

It is also stated that a auadrant similar to ftadley's had 
been contrived by Mr. Thomas Godfrey, of Philadelphia, 
bad been carried to sea, in one voyage at least, add had even 
been shown to Mr. Hadley, before the description was com- 
municated by the latter to the Royal Society. . 

Hooke's Posthumous Works, Hutton's Dictionary, Trans- 
actions of the Royal Society of Lopdon for 1731, 1734, and 
1742, 
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Note I. p. 56. 

Tb# proportion, in Art. 99, on account of the smallness of 
the height BT compared with the semi-diameter of the 
earth, is not very .suitable for calculating the depression with 
exactness.*. The. following rule, which includes the effect of 
refraction, is better adapted to the purpose. If A be the 
height of the eye, and D an arc on the circumference of the 
earth subtended by an angle at the centre equal to the de- 
pression ; then D=V V**- This give* 59" for one foot in 
neight. Therefore the depression, which varies as y/h, is 
found by multiplying 59" into the square root of the height 
in feet. See Vince's Astronomy, Art. 197, and Rees' <Dy- 
clopedia. 

In taking the altitude of a heavenly body with Hadley's 
Quadrant, when" the view of the ocean is unobstructed, the 
reflected image is made to coincide with the most remote 
visible point of the water. But when there is land in the 
direction in whicn the observation is to be made, the image 
is brought to the water's edge ; and the dip is increased, in 
proportion as the distance of the land is diminished. See 
table III. 

NoteK. p. 81. 

This is not the place for a detailed account of the various 
trigonometrical operations which have been undertaken, for 
the purpose of determining the length of a degree of lati- 
tude, in different parts of the earth. • The subject belongs 
father to astronomy, than to common surveying. It may not 
be amiss, however, to give a concise statement of the mea- 
surements which have been made in the present and the pre- 
ceding century. 

f About the year 1700, Picard measured a degree between 
Paris and Amiens ; and the arc was extended by Cassini to 
Perpigiian, about 6 degrees south of Paris, and afterwards to 
the northward as far as Dunkirk. These measurements were 
made in the middle latitudes. To compare a degree here, 
with the length of one near the pole, and another on the 
equator, two expeditions were fitted out from France about 
the same time, one for Lapland, and the other for South- 
America. The latter sailed in May, 1735, for Peru, and af- 
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ter a series of the most formidable embarrassments, (hey 
succeeded, at the end of 8 years, in. accomplishing their ob- 
ject They measured an arc of the meridian, crossing the 
equator from 3° T north latitude to about 3|° south. The 
other party, in 1736, under the direction of Maupertius, pro- 
ceeded to the head of the gulph of Bothnia, and measured 
an arc of the meridian extending along the river Tornei, and 
crossing the polar circle. The difficulties which they expe- 
rienced, in this frozen and desolate region, were scarcely in- 
-feriour to those with which the other adventurers were at the 
same time contending in South-America. 

The determination of these three arcs, one in France, one 
io Peru, and one in Lapland, were sufficient to satisfy astro- 
nomers, that a degree of latitude near the poles is greater 
than one on the equator, and consequently that the equatorial 
diameter of the earth is longer than the polar. But it does 
not necessarily follow from this, that there is a regular in- 
crease in the length of a degree, from the lower to the high- 
er latitudes. On the contrary, according to the survey which 
had been made by Picard and others, a degree was found to 
be greater in the south of France, than in the north. The 
zeal of astronomers was therefore excited to take farther 
measures, to determine what is the exact length of a degree, 
in various parts of the earth, and to ascertain whether in the 
influence of gravitation, there are local inequalities, which 
affect the astronomical observations. 

La Caille, about this time, measured an arc of the meri- 
dian at the Cape of Good Hope. He was not, however, 
provided with such instruments as would insure a great de- 
gree of precision. Boscovich, a distinguished philosopher, 
measured an arc of two degrees in Italy, from Rimini to 
Rome. Between the years 1764 and 1768, Messrs. Mason 
and Dixon, under the direction of the Royal Society of Lon- 
don, measured an arc of the meridian of about one degree 
and an half, crossing the line between Pennsylvania and Ma- 
ryland. As the country here is very level, the whole dis- 
tance was measured, not by a combination of triangles, but- 
in the first place with a chain, and afterwards with rods of 
fir. A degree was also measured in Piedmont, another in 
Austria, and a third in Hungary ; the first by Beccaria, and 
the two latter by Liesganig. 

But the most perfect of all the trigonometrical surveys up* 
<m a great scale^ are those which have been made within a 
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few years in England and France. The instruments used 
Jo* taking the angles, particularly the theodolite of Raasden, 
aad the repeating circle of Borda, have been brought to » 
surprising degree of exactness. The re-measurement of the 
Ene from Dunkirk to Barcelona, a part of which had been 
several times surveyed before, was commenced in 1792, un- 
der the direction of the Academy of Sciences in Paris ; for 
tbe purpose of obtaining a standard of measure of lengths, 
weights, capacity, be. derived from a portion of tbe roeridL- 
Tbe northern part of the ace was measured by Delam- 



aa. 



bre, and the southern part by Mechain, who lost his life in 
1805, in attempting to extend the line beyond Barcelona, to 
tbe Balearic Islands in the Mediterranean. This line was af- 
terwards continued by Biot to Formentera, the southernmost 
of these islands, which is in Lat. 38° 38' 56". The latitude 
of Dunkirk is 51° 2' 9\ The whole arc is, therefore, more 
than 12 degrees, and is nearly bisected by the 45th parallel 
of latitude. This is connected with the line carried through 
England to Clifton in Lat. 53* 27' 31"; making the whole 
extent nearly 15 degrees. 

Tbe arc which had been surveyed by Maupertius, on the 
polar circle, was re-measured by Swanberg and others, in 
1802. There is a difference of 230 toises in the length of a 
degree, as calculated from these two measurements. Jn In* 
dia, an arc of the meridian was measured, on the coast of 
Coromandel, in 1603, by Major Lambton. . 

According to these various measurements, we have the fol- 
lowing lengths of a degree of latitude in different parts of the 
earth. 

Latitude 



I. In Peru, by Bouguer, 
3L In India, by Lambton, 

3. At the Cape of Good Hope, ) 

by Le Caille, y 

4. In Pennsylvania, by Mason fa > 

Dixon, $ 

5. In Italy, by Boscovich, 

6. In Piedmont, by Beccaria, 

7. In France, by Delambre and 7 ^ fl 

Mechain, y 

8. In Austria, by Laesganig, 48 
& In England, by Boy and Mu^ge, 52 
10. In Lapland, by Maupertius, 66 

Do. by Swanberg, 



0. 
11° 30' 



Toite*. 
56,750 
56,756 



Fatkomt. 
60,480 
60,487 



33 16 57,687 60,780 

39 12 56,890 60,630 

43 56,980 60,725 

44 44 57,070 «0,68» 

57,011 60,160 



43 

2 

20 



57,086 
57,074 
57,422 
57,192 



60£35 
60,827 
61 4 184 
60,952 
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On a comparison of all the measurements which have 
been made, it is found that a degree of latitude is greater 
oear the poles, than in the middle latitudes ; and greater in 
the middle latitudes, than near the equator. The earth is 
therefore compressed at the poles, and extended at the equa- 
tor. But it does not appear that it is an exact spheroid, or 
a solid of revolution of any kind. If arcs of the meridian 
which are near to each other and of moderate length be 
compared, they will not be found to increase regularly from 
a lower to a higher latitude. On the southern part of the 
line which was measured in France, the degrees increase ve- 
ry slowly 5 towards the middle, very rapidly ; and near the 
northern extremity, very slowly again. Similar irregulari- 
ties are found in that part of the meridian which passes 
through England. These irregularities are too great to be 
ascribed to errours in the surveys. It is concluded, there- 
fore, that the direction of the plumb line, which is used in 
determining the latitude, is affected by local inequalities in 
the action of gravitation, owing probably to the different den- 
sities of the substances of which the earth is composed. 
These inequalities nwist also have an influence upon the fig- 
ure of the fluid parts of the globe, so that the surface ought 
• jnot to be considered as exactly spheroidical. 

See Col. Mudge's account of ibe Trigonometrical Survey 
in England. Gregory's Dissertations, he. on the Trigono- 
metrical Survey. Kees* Cyclopedia, Art. Degree. Play fair's 
Astronomy. Philosophical Transactions of London for 1 768, 
1785,1787, 1790, 1791, 178S, 1797, 1800. Asiatic Research- 
es, vol. viif. Ptiissant " Traits de G£odosie." Maupertius, 
" Degr6 du Meridian entre Paris et A.miens." Do. " La 
Figure de la Terre." Cassini. " Expose des Operations, 
&c." Delambre. "Bases du systeme metrique." Swanberg* 
" Exposition des Operations faites en Lappunie." Laplace. 
"Tmitf ole Mccanique Cfleste." 

Note L. p. 94. 

Owe *tf the toost simple methods of determining when the 
pole star, is on the meridian, is from the situations of two 
other stars, Alioth and y Cassiopeia, both which come on to 
the meridian a lew minutes before the pole star, the one 
above and the other below the pole. Altotb, which is the 



Digitized 



by Google 



104 SURVEYING. 

star marked £ in the Great Bear, is on the same side of the 
pole with the pole star, and about 30 degrees distant. The 
star y in the constellation Cassiopeiae, is nearly as far on the 
opposite side of the pole. The right ascension of the latter 
in 1810 was Oh. 45m. 24s., increasing about 3£ second? an- 
nually. The right ascension of Alioth was 12b. 45m. 36s., 
increasing about 2J seconds annually. These two stars, 
therefore, come on to the meridian nearly at the same time. 
This time may be known by observing when the same verti- 
cal line passes through them both. The right ascension of 
the pole stat* in January, 1810, was Oh. 54m. 36s., and in- 
creases 13 or 14 seconds in a year. So that this star comes 
to the meridian about 9 or 10 minutes after y Cassiopeia*. 
In Very nice observations, it will be necessary to make allow- 
ance for nutation, aberration, and the annual variation in 
right ascension. 

About 10 minutes after a line drawn from AKoth to y Cas- 
siopeiae is parallel to the horizon, the pdle star is at its great- 
est distance from the meridian. As this is the case only once 
in 12 hours, the two limits on the east side, and on the west 
side, cannot both be observed the same night, except at cer- 
tain seasons of the year. But on any clear night, one obser- 
vation may be made ; and this is sufficient for finding a me- 
ridian line, if the distance of the star from the pole, and the 
latitude of the place be given. The angle between the me- 
ridian and a vertical plane passing through a star, or an arc 
of the horizon contained between these two planes, is called 
the azimuth of the star. And by spherical trigonometry, 
when the star is at its greatest elongation east or west, 

As the cosine of the latitude, 
To radius ; 

So is the sine of the polar distance, 
To the sine of the azimuth. 

The distance of the pole star from the pole, in §810, was 
1° 42' 19".6, and decreases 19£ seconds annually. 

To observe the direction of the pole star when its azimuth 
is the greatest, suspend a plumb line 15 or 20 feet long from 
a fixed point, with the weight swinging in a vessel of water, 
to protect it from the action of the wind. At the distance 
of 12 or 15 feet south, fix a board horizontal on the top of a 
firm post. On the board, place a sight vane in such a man- 
ner that it can slide a short distance to the east or west* A 
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little before the time when the star is at its greatest elonga- 
tion, let an assistant hold a lighted candle so as to illuminate 
the plumb line. Then move the sight vane, till the star seen 
through it is in the direction of the line. Continue to fol- 
low the motion of the star, till it appears to be stationary at 
its greatest elongation. Then fasten the sight vane, aid fix 
a Candle or some other object in the direction of the plumb 
line, at some distance beyond it. 

As the declination of the needle is continually varying, the 
courses given by the compass in old surveys, are not found 
to agree with the bearings of the same lines at the present 
time. To prevent the disputes which arise from this source, 
the declination should always be ascertained, and the courses 
stated according to the angles which the lines make with 
the astronomical meridian. 

It must be admitted, after all, that the magnetic compass 
is but an imperfect instrument. Tt is not used in the accu- 
rate surveys in England. In the wild lands in the United 
States, the lines can be run with more expedition by the 
compass, than in any other way. And in most of the com- 
mon surveys, it answers the purpose tolerably well. But in 
proportion as the value of land is increased, it becomes im- 
pprtant that the boundaries should be settled with precision, 
and that all the lines should be referred to a permanent me- 
ridian. The angles of a field may be accurately taken witlf 
a graduated circle furnished with two indexes. The bear- 
ings of the sides will then be given, if a true meridian line 
be d^awn through any point of the perimeter. 
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EXPLANATION OP THE TABLES. 

Table I contains the parts of Mercator's meridian, to eve- 
ry other minute. The parts for any odd minute may be 
found with sufficient exactness, by taking the arithmetical 
mean between the next greater and the next less. For the 
uses of thb table, see Navigation, Sec. III. 

Table II gives the depression or dip of the horizon at sea 
for different heights. Thus if the eye of the observer is 20 
feet above the level of the ocean, the angle of depression is 
4' 24". See Art. 99. This table is calculated according to 
the rule in note I, which gives the depression 59" for one foot 
in altitude ; allowance being made for the mean terrestrial 
refraction. 

In Table III, is contained the depression for different 
heights and different distances, when the view of the ocean is 
more or less obstructed by land. Thus if the height of the 
eye is 30 feet, and the distance of the land "2\ miles, the de- 
pression is 8'. See Note I. 

Table IV contains the curvature of the earth, or the differ- 
ence between the true and the apparent level, for different 
distances, according to the rule in Art. 161. Thus for a dis- 
tance of 17 English miles, the curvature is 192 feet 

Table V contains the distances at which objects of differ- 
ent heights may be seen from the surface of the ocean, in the 
mean state of the atmosphere. This is calculated by first 
finding the distance at which a given object might be seen, 
if there were no refraction, and then increasing this distance 
in the ratio of y/7 : ^/6. See note A. 
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Table VI contains the polar distance, and the right ascen- 
sion in time, of the pole star, from 1800 to 1820. Prom this 
it will be seen, that the right ascension is increasing at the 
rate of about 14 seconds a year, and that the north polar dis- 
tance is decreasing at the rate of 19| seconds a year* From 
the latitude of the place, and the polar distance of the star, 
its azimuth may be calculated, when it is at its greatest dis- 
tance from the meridian. The time when it passes the me- 
ridian may be ascertained, by finding the difference between 
the right ascension of (fee star and that of the sun. See 
Note b. 
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MERIDIONAL PARTS. 



M.0° 1* 2° 3° 4° 5° 6° 7° 8° 9° 1Q°11 12°^ 



10 
12 
14 
16 
18 

20 
22 

24 
26 
28 

30 
32 
34 
36 

38 

40 
42 

44 
46 

48 

50 
52 

54 
56 

58 




2 
4 
6 

8 

10 
12 
14 
16 
16 

20 
22 
24 
26 

28 

30 
32 
34 
36 

38 

40 

42 
44 
46 

48 

50 
52 

54 
56 
58 



60 
62 
64 
66 
68 

70 

72 
74 
76 
78 

60 
82 

84 
86 
88 

90 
92 
94 
96 

98 

100 
102 
104 
106 
108 

110 
112 
114 
116 
118 

1° 



120 



1221182 



124 
126 
128 

130 
132 
134 
136 
138 

140 
142 
144 
146 
148 

150 
152 
154 
166 
158 

160 
162 
164 
166 
168 

170 
172 
174 
176 
178 

2o 



180 



184 

186 



240 
242 



300 
302 



361421 



244*304365 



246 



188 248 



190 
192 
194 
196 
198 

200 
202 
204 

206 



210 
212 
214 
216 

218 

220 
222 
224 
226 

228 

230 
232 
234 
236 
238 

3« 



250 
252 
254 
256 
258 

260 
262 
264 
266 
266 

270 
272 

274 
276 

278 

280 
282 

284 
286 
288 

290 
292 

294 
296 
298 



306 
308 

310 
312 
314 
316 
316 

320 
322 
324 
326 
328 

331 
333 
335 
337 

339 

341 
343 
345 
347 
349 

351 
353 
355 
357 
359 

5o 



363 



367 

369 

371 
373 
375 
377 

379 

381 
383 
385 

387 
389 

391 
393 
395 

397 



423 
425 
427 
429 

431 
433 
435 
437 



439 500 



401 
403 
405 465 



441 
443 

445 
447 
449 

451 
453 
455 
457 
459 

461 

463 



407 
409 

411 
413 
415 
417 
419 

6° 



467 
469 

471 

473 
476 

478 
480 



482 
484 
486 
486 
490 

492 
494 
496 

498 



542 
544 
546 
548 
550 



502 
504 
506 
508 
510 



514 
516 
518 
520 

522 
524 
526 
526 
530 

532 
534 
536 
538 
540 

8° 



603664 



552 613674 



554615 



556 

558 
560 



562623 



565 
567 
569 
571 



513 573 



575 

577 
579 
581 

583 
585 
587 
589 
591 

593 
595 
597 
599 
601 

9o 



60* 
607 
609 
611 



617 
619 
621 



625 
627 
629 
632 

634 
636 
638 
640 
642 

644 
646 
648 
650 
652 

654 

656 
658 
660 
662 

10° 



666 
668 



725 
727 
729 



670 731 

672 734 



676 

678 
660 
662 

684 
687 
689 
691 
693 

695 
697 
699 
701 
703 

705 
707 
709 
711 
713 

715 
717 
719 
721 

723 

11° 



736 

738 
740 

742 
744 

746 

748 
750 
752 

754 




2 
4 
6 
6 

10 
12 
14 
16 
18 

20 
22 
24 
26 

28 



756301 

756 

760 

762 

764 



766 
768 
770 
772 

774 

777 

779 
781 
783 

785 

12° 



32 
34 



38 

40 
42 

44 
46 
48 

50 
52 
54 
56 

58 

M 
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M. 




13° 14° 

787 848 


15° 


16" 


17* 


18? 


19° 


20* 


21° I 22° 


M 


910 


973 1035(l098 


1161 


1225 


1289 


135). 





2 


789 851 


913 


975 


1037 1100 


1164 


1227 


1291 


1356 


2 


4 


791 


853 915 


977 


1039 1102 


1166 


1229 


1293 


1358 


4 


6 


793 


855 917 


979 


1Q42 1105 1168 


1232 


1296 


1360 


6 


8 


795 


857 


919 


961 


10441107 


1170 


1234 


1298 


1362 


8 


10 


797 


859 


921 


983 


104611109 


1172 


1236 


1300 


1364 


10 


12 


799 861 


923 


985 


HMffllU 


11741238 


1302 


1367 


12 


14 


801 


863 


925 


987 


10501 11 13 


1176 


1240 


1304 


1369 


14 


16 


803 


865 


927 


989 


10521115 


1178 


1242 


1306 


1371 


16 


18 


805 


867 


929 


991 


1054J1117 


118f 


1244 


1308 


1373 


18 


20 


807 


869 


931 


994 


1056'1119U83 


1246 


1311 


•1375 


2(1 


22 


809 


871 


933 


996 


1058*1121 


1185 


1249 


1313|13r7« 22 


2* 


811 


873 


935 


998 


106011123 


1187 


1251 


1315 1380! 24 


m 


813 


875 


937 


1000106.51126 


1189 


1253 


1317 


1382 26 


28 


816 


877 


939 


1002 


1065 


1128!1191 

1 


1255 


1319 


1384J28 


30 


818 


879 


942 


1004 


1067 


113011193 


1257 


1321 


1386 


30 


32 


820 


882 


944 


1006 10691132 1195 


1259 


1324 


1388 


32 


34 


822 


884 


946 


It)08ll071jll34ll98 


1261 


1826 


1890 


34 


36 


824 


886 


948 


1010 1073 1 1136 


1200 


1264 


1328 


1393 


36 


36 


826 


888 


950 


1012 


1075 


1138 


1202 


1266 


1330 


1395 


38 


40 


828 


890 


952 


1014 


1077 


1140 


1204 


1268 


1332 


1397 


40 


$2 


830 


892 


954 


1016 


1079 


1142 


1206 


1270 


1334 


1399 


42 


44 


832 


894 


956 


1019 


1081 


1145 


1208 


1272 


1336 


1401 


44 


16 


834 


896 


958 


1021 


1084 


1147 


1210 


1274 


1339 


1403 


46 


48 


836 


898 


9C0 


1023 


1086 


1149 


1212 


1276 


1341 


1406 


48 


50 


838 


900 


962 


1025 


1088 


1151 


1215 


1278 


1343 


1408 


50 


52 


840 


902 


964 


1027 


1090 


1153 


1217 


1281 


1345 


1410 


52 


54 


842 


904 


966 


1029 


1092 


1155 


1219 


1283 


1347 


1412 


54 


56 


844 


906 


969 


1031 


1094 


1157 


1221 


1285 


1349 


1414 


56 


58 

i 


646 
13° 


908 
14° 


971 
15° 


1033 


1096 


1159 


1223 


1287 


1352 


1416 


58 


16° 


17 o 


18° 


19° 


20° 


21 


22* 


M. 
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01419 
2,1421 

4J 1425' 
6J1425 
8.1427 

lOl 1430 
1$|14S2 
1411434 
16 1436 
18il438 



M. 23° 



24° i 25° 1 2d* 27° 28* 29° I 30° 31° I 32* |j\f. 



14841550 1616 
1486 1552 1619 
1488! 1554) 1621 
1491 J1557 1623 
1493|1559 1625 

1495|l*ri628? 
1497 15631 16S0 1 



1684 
1686 
1688 



169011758 



1499 
1502 
1504 



1506 
1508 
1510 



1565! 1632', 
1568*1634! 
1570 1637 



1693 

1695 
1697 
1699 
1701 
1704 



15724639 1706 

1574! 1641J 1708 

1577il643 1711 

1513 1579 1645! 1713 

15151158111648 1715 



2011440 
22:1443 
24(1445 

2611447 
28 1449 

3o!l451 1517»l5«3J1650fl7i7 1785 
32 145S:i519» 1585' 1652. 1720 1787 



1751 
1753 
1756 



1760 

1762 
1765 
1767 
1769 

1772 

1774 
1776 
1778 
1781 

1783 



34 1456 

36! 1458 
38| 1460 



1521 1583,1654 17224790 



40)1462 
42 • 1464 
1467 
1469 
1471 



1794 
1797 



m! 



46 
48, 



50| 



54 



1473 



521475 



1477)1543 



56 1480; 1546 

5811482 1548 



1524 1590)16571724 
1526 1592il659|1726 

1528 1594 1661|1729 
1530|1596ll663;i731 1799 
1801 
1303 

1806 

1808 
1810 
1813 
1815 
1817 



15321599,16661783 
15354601, 16681 1735 
1537! 1603*1 670j 1738 

1539ll605|l672!l740 
1541 1608il675|1742 



M| 23°|24° 



161011677:1744 

1612tl679|1747 

1681 



1614 



25o ! 26° 



1749 



27o 



28° 



1819 
1822 
1824 
1826 
1829 



1888 
1891 
1893 
1895 
1898 



1831 1900 
1333 1902 
18851903 
1SS81907 
1840 1909 



1842 
1845 
1847 
1849 
1852 



1912 
1914 
1916 
1918 
1921 



18541923 
1856:1925 
1858; 1«8 



179211861 



1863 



1930 

1932 



19582028 



1960 
1963 
1965 



2031 
203.S 
2035 



1967 2038 



1970 
1972 
1974 
1977 
1979 

1981 
1984 
1986 
1988 
1991 



1865 1935 
1868 1937! 



1870 
1372 
1875 

1877 
1879 
1881 
1884 
1886 



1939 
1942 
1944 

1946 
1949 
1951 
1953 
1956 



29° 30° 



1993|2064 
199512066 
1998|2069 
200012071 
2002 



2005 
2007 
2010 
2012 
2014 

2017 
2019 
2021 
2024 




2 

4 
6 
8 

10 
12 
14 
16 
18 

20 

22 
24 
26 

28 

SO 
32 
34 

36 

207S|S8 

2076U© 

2078*42 

2080! 

2083 

2085 



2040 
2045 
2045 
2047 
2050 

2052 
20*4 
2057 
2059 
2061 



2088 
209o 
2092 
2095 
2026t2097 



31° 



32« 



44 

46 



48 
50 
52 
54 
56 
58 



M. 



Digitized 



by Google 



TABLE I. 
MERIDIONAL PARTS. 



M. 33* 



10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 
48 

50 
52 
54 
56 
58 



J. 



2100 
2102 
2104 
2107 
2109 

2111 
2114 
2116 
2119 
2121 

2123 
2126 
2128 
2131 
2133 

2135 
2138 
2140 
2143 
2145 

2147 
21501 
2152 
2155 
2157 

2159 
2162 
2164 
2167 
2169 



M. 33o 



34o 35° 36* 37* 



2171 
2174 

2176 
2179 
2181 

2184 
2186 
2188 
2191 
2193 

2196 
2198 
2200 
2203 
2205 

2208 
2210 
2213 
2215 
2217 



2222 
2225 
2227 
2230 

2232 
2235 
2237 
2239 
2242 



2244 

2247 
2249 
2252 
2254' 

2257 
2259 
2261 
2264 
2266 

2269 

2271 
2274 
2276 
2279 

2281 
2283 
2286 
2288 
2291 



2220 2293 



34 c 



2296 
2298 
2301 
2303 

2306! 
2308 
2311 
2313 
2316 



2318 
2320 
2323 
2S25 

2328 

2330 
2333 
2335 
2338 
2340 

2343 
2345 
2348 
2350 
2353 

2355 
2358 
2360 
2363 
2365 

2368 
2370 
2373 

2375 
2378' 



239312468|2545 26&3|2702 

9 



23952471 



2398 247312550 $628 2707 2787 
2400 2476 2553J2631 2710.2790 
240324782555|26332712 ! 2792 



255a263627152795 



S8* 



25482625 27042784 



39° 40* 41* 42* M; 



24052481 

2408 2484 2560;2638|271 $2798 

241024862563264127202801 

24 i 3 2489 2566-2^4457232803 

24 152491 2568i2646;27262806 



24182494 



2420 2496 2573j265 



2782 




2 

4 
6 
8 

IQ 
12 
14 

16 
18 



257112649^7282809120 
112731281 1|22 
2423 24992576i2654 ! 27332814;24 
2425 2501 2578|2657:27362817j26 
242825042581126592739*2820,28 

2430250625842662,27422822,30 
2433 2509j2586j2665 | 2744:2825 , 32 
2435 25 12 2589&667|2747J2828!34 
24385514259126702750.2830136 



244025172594 



2443 2519 2597 2675|2755!283640 

24452522 

24482524 



2S802456 

2383 ! 2458 

2385 

2388 

2390 



35* 36* 



2599{2 < 578|2758!283942 



37* 38* 



W3.27522833 



2602 26B0 2760,2841 



2451 25272604268327632844.46 
24532530260726862766284748 



53526122691 



24612537261526942774 
2463^540 261 7 2696 2776 2858 56 
346625422621026992779286058 



38 



532 2610&688 2768 2849 50 



2771 



39* 40* 41* 42* 1M. 



44 



285252 

285554 
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by Google 



* TABLE I. 
MERIDIONAL PARTS. 



M.J 43° 44 Q 45° 46° j 47° • 48° , 49° ; 50° 51° 52° M- 



0;2863 
2*2866 
4'2869 



2946*3030 



2949 
2951 



8 



2871*295* 



3033 



2874 29573041 



31163203 

311813206 
3036^312113209 3298 
3038 3t24 , 3212 

3127 3214 



3292 5382 3474 



32951338513478 



35693665 
357213668! 



2877 2960 3044(3130 
2880 , 2963j3047!3133 



32173306 
322013309 
3223J3312 
3226'3316 
18'2888l29?'l 3055 31423229 3319 



14j2882|2965 3050,3136 
16 2885J2968;3053;3139 



,3301 
,3303 



20i2891 2974 3058 
221289312976 3061 
24^2896|3979i3064 
26 2899 



3144'3232 
3147)3235 



3388.3481 3575 3672 
3391J3484 3578J3675 
3394;3487|3582:3678 

3397[3490 3585 S68I1IO 
3400|3493|s5883685!l2 
3403 3496|3591j3688114 
3407|34&9 3594 ! 3691 16 
3410 3503 S598!3695il8 



3322 3413 
3325 3416 



28 

30 
32 
34 
36 
38 

40 



2982 l 3067|3153i3241 



3150!3238;3328 

3331 



2902)2985 3070 3156 3244 



2904 
2907 
2910| 
2913 
2915 



2988 3073 
2991 3075 
2993(3078 



3419 
3422 



2918, 
42J2921 
44,2924 
46 2926 
48 2929 



299613081 
2999 3084 J 



3002 
3005 
3007 
3010 



3159 3247 
3162:3250 
316513253 
31681325,6 
317113259 



3334J3425 

3337J3428 



3506 
3509 
3512 
3515 
3518 

3521 



3087 1 
3090 
3093 
30951 



3013 3098 



2932 
2935; 
2337 



5612940 
58 f 2943 

M.143 



3016 
3ol9 
3021 
3024 
3027 



3101 
3104 
31 07 
3110 
3113 



3173 
3176 
3179 
3182 
3185 

3188 



3262 
3265 
3268 
3271 

3274 



3340'343i;3525 

3343;5434'3528 
3346 3437 3531 



S601!3698;20 
3604 3701122 



3607 
3610 
3614 



3617 
3620 



3704j24 



3708 
3711 



3349 

3352 

3355 
3358 
3561 
3364 



44* 45° 



3191'3280 
3194J3283 
31973286 
32003289 



3277 3367 
3370 
3373 
3376 
3379 



46° 



4*< 



48« 



3440 

3443 
3447 
3450 



3534 

3537 
3540 
3543 



34533547 
S456'3550 



3714,30; 

371732 

5623'S721|34 

3724 1 36 

3727-38 



3626 
3630 



3633 
3636 
36o9 



373140 

3734,42 
3737 144 
3643|374146 
3646 3744;48 



3459 
3462 
3465 
3468 
3471 



3553 
3556 
3559 
3562 
3566 



49° ! 50° 



3649 
3652 
3655 
3659 
3662 

51° 



3747 j 50 
375052 

o754j54 
3757 56 
3760 58 



52° .M. 



Q 
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TABLE L 
MERIDIONAL PARTS. 



M.j53'.}54* 



10j3780 



1^.3784 ._... 

14,3787:3889^992 409^4208 4321 

4325 
4328 



1613790 3892*3996 41034212 
183794 



ao 

22 



24 

26)3807 3909J4014 



Oj 3764 3865 



55*1 56*] 57° 



58* l 59* I 60* 



4294 4409 



_______ 3968,407414183 , 

?|3767i3868l3971 4077,41864298 4413 
f ! 3770 | 387lJ39r5!40814190 ) 4302!44ir 
6|3774!3875i3978 40854l94:4306;4421 



8 377 



.*« 



4527 
4531 
4535 
4539 



6l« 



4649 
4653 



62* 



4775 
4779 



4657 4784 



4662 



3878139824088,4197 

3882 3985I40924201 
3885!3989;4095 ; 4205 



43Q9 

43 f 3 
4317 



3895J3999 
38994003 



4106 
4110 



4216 
4220 



3797 

3800 3902 4006 41 134223 



4425 

4429 
4433 
4436 
4440 
4444 



28 
30 

n 

34 
36 

38 

40 
42 

44 
46 
48 



52 
54 
56 
58 

to. 



3811 



3913 4017 



4332*4448 
433614452 

4576 t 
4121 423li4344!4460!45«0 



3804i3906j4010J4il7 | 4227|4340;i456 



4543j4666479£ 



4788 



MJ 




2 
4 
6 

8 



45474070 
4551*4674 
455514678 
4559J4682, 
45G4J4687 

4568J4&9J 



4124 
4128 



42344347 
42384351 



4468 

41321424214355,4472 



44644584 



3814 391614021 

3817i£9l9|4Q24 

382ll3923i4028i4l35!4246!4359!4476 , 

3824 

3827 



3831 
3834 
3838 
3841 
3844 



3926 4031 J4139J4249 
3930 4035!4142|4253 



43634480 
4367J4484 



3933-4038 41464257 4370 4488 
39374042:4 l?0 f 4260 4374J4492 



3940.4045 4153 
39444049 4157 
3947 4052J4161 



30i3848 



3851 
3854 
3858 
3861 

53* 



4264 
4268 
4272 



39^1 405614164 14275 



39544060,4168 



437814495 
4382J4499 
4386 4503 



4572!4695 
4699 
4703 
4707 

47*2 
4716 
4720 
4724 



4538 
4592 
4596 
4600 
4604 4728 



4279 



3958 4063|4172|4283 
39614067)41754287 



3964 



54* 



4070-4179 
55* ! 56* 



4291 



4390 
4394 
4398 
4401 
4405 



57° I 58* 



4507 
4511 
4515 
4519 
4523 

59° 



4608 
4612 
4616 
4620 
4625 

4629 
4633 
4637 
4641 
4645 

SO* 



4796)10 
480112 
'480SJ14 
4809.16 
4814J18 

48ttUo 
483*22 
4&£624 
4i83ip6 
483££8 

4839[30 
4844fS2 
4848(34 
485* 36 
485?; 



4733 1 
4737 
4741 
4745 
4750 



4881 
4885 

4870 
4874 
4879 



475^4883 
4758 4887 
4762 
4766 

4771 



38 

40 
42 

44 
46 
48 

50 
52 
54 



489ft 
*896i56 

490 1W8 



61* 6a°iM4 
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TABJJS I. 
MERIDIONAL PARTS. 



Ikf. 



63° 



4905 



4?09504f $184 



49145049 
49185053 



4923 



10 4927^5062,5203 
12 4931 5067 
14 4936,5071 
16 4940 5076 
18 4045 5081 



301.4049 #)8$i 
5090 



234954 

24,4958 
26 4963 
4£67 

30)4079 
324976 
34 4961 
36,499* 
38 4990 

40W994 

42,4999 



44 
46 



5003 
5008 



48 5012 



5017 
5021 



545026 
565030 
5&I5035 



* 65° 66° 



503915179 



5058 



5095 
5099 
5104 

5108 
5113 
5118 
5122 

5127 

5132 
5136 
5141 
5146 
5151 

5155 
5160^ 
5165 
5109 
5174,5319 



5g26 5?73 
5£3i ! 5378 
523615383 
5244 5388 
5246 5393 



5188 



5324 
5328 
5333 



5193 5338 
51935343 



5207 
5212 
5217 
5222 



5348 
535315505 



5358 
5363 
5368 



5250, 
5255 
5260 
5265 
5270 

5275 

5280 



5396 
5403 
5408 
541. i 

5418 

5423 

5428 



52S9 
5294 

5299 
5304 
5309 
5314 



5284 5433 



5438 
5443 

5448 
5454 
5459 
5464 
5469 



67» | 63* 



5474 
5479 
5484 
5489 
5495 

5500 



5510 
5515 
5520 

5526 
5531 
5536 
5541 
5546 

5552 
5557 
5562 
5567 
5573 

5576 

5583 
5588 
5594 
5599 

5604 
5610 
5615 
5620 
5625 



5631 
5636 
5642 
5647 
5652 

5658 
5663 
5668 
5674 
5679 



5795 
5800 
5806 
5811 
5817 

5823 
5828 
5834 
5839 
5845 



5685 58516025 



TOol 



5966 
5972 
5978 
5984 
5989 

5995 
6001 
6007 
6013 
6019 



71**72* mi 



61466335 
61526341 



6158 



5690 
5695 
5701 
5706 

5712 
5717 
5723 
5728 
5734 

5739 
5745 
5750 
5756 
5761 

5767 
5772 

5778 
5783 

5789 



5856'6031 
5862)6037 
58686043 
5874|6049 



5896j6073|6256;6453 
59026079 



ML! 63* 64° 65° 66° | 67° 68° 69* 70° 7J°]72* 



61646354 
6170*6361 

61776367 10 
6183637412 



6195 
6201 



6348 



61896380! 



6.387 
6394 



62086400 



62146407 
62206413 
62266420 



14 
16 
16 



flO 
22 

24 

26 

623316427 128 

5879J6055 62396433fsd 
5885,6061 |6245i6440!32 
5891i6067 6252!6447 34 
36 

38 

40 

43 
44 
46 



5908 
5914 
5919 
5925 
5931 

5937 
5943 
5948 
5954 
5960 



6085 
6091 
6097 



6127 
6133 
6140 



■*U 



6264j6460 

6271,6467 

6277|6473 

62836480 

6103 l 6290;6487 

6l09p296J6494 48 

6115 6303,6500(50 
6121 630916507 



6315*6514 
63226521 
63286528 



52 
54 
56 

58 



M 
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TABLE II. 



TABLE III. 



Depression of 
the Horizon 
of the Sea. 



Dip of the Sea, at different Distances 
from the Observer. 



Height of 
the Eye 
in feet. 


Depress 

sioru 


1 


0'59" 


2 


1 24 


3 


1 42 


4 


1 58 


5 


2 12 


6 


2 25 


7 


2 36 


8 


2 47-. 


9 


2 57 


10 


3 7 


11 


3 16 


ia 


3 25 


13 


3 33 


14 


3 41 


15 


3 48 


16 


3 56 


17 


4 3 


18 


4 10 


19 


4 17 


£0 


4 24 


22 


4 37 


24 


4 49 


26 


5 1 


28 


5 13 


30 


5 23 


35 


5 49 


40 


6 14 


45 


«6 S6 


50 


6 57 


60 


7 37 


70 


8 14 


80 


8 48 


90 


9 20 


100 


9 50 


120 


10 47 


140 


11 39 


160 


12 27 


180 


13 12 


200 


13 55 



Dist. of 


Height 


of the Eye above the Sea, 


and in 


in feet 


.)»>«. 


5 


10 15 


50 25 30 35 40 


o* 


11' 


22 ,! 34>|45' 56'J68'79' 


90' 


<o \ 


6 


11 Sir 122 .28 


34 


39 


45 


« i 


4 


8 ! 12 ;15 19 !23 


27 30 


1 


4 


6 9 12 15 17 


30 !23 


li 


3 


5 


7 


9 12 14 


16 119 


1 1 


3 


4 6 


8 !l0 ;111 


[14 115 


2 2 3,5 


6 18 10 11 


12 


*i 


2 


3l 5 


6 


7 


8 


9 


10 


3 


2 


3| 4 


5 


6 


7 


8 


8 


** 


2 


5! 4. 


5 


6 


6 


7 


7 


4 


2 


3 


4 


4 


5 


6 


7 


7 


5 12 


3 


4 


4 


5 


5 


6 


6 


6 i 2 


3 


4 


4 | 5 


5 


6 


6! 



TABLE IV. 

Curvature of the Earth. 



Dist.io 
mites. 


Height 


i>i»t. in 
miles. 


Height 








Inches. 




Feet 




i 


15 


149 




2 


16 


170 


1 


8 


17 


192 




Feet. 


18 


215 


2 


2.a 


19 


240 


3 


6. 


20 


266 


4 


10.6 


25 


415 


5 


16 6 


30 


599 


6 


23.9 


35 • 


814 


^r 


32.5 


40 


1064 


' 8 I 


42.5 


45 


1346 


9 


53.8 


50 


1662 


10 


66.4 


60 


2394 


11 


80.2 


70 


3258 


12 


95.4 


80 


4255 


13 


112. 


90 


5386 


I 14 


130 


1Q0 


6649 



R 
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by Google 



TABLE V* 

Distance* at which Objects can be 
seen at Sea. 



Height 


Distance in 


Height 


Distance in 


in feet. 


,£ng. miles* 


in feet. 


Eng. mfles. 


1 


1.3 


60 


- 10.2 


2 . 


1.9 


70 


11.1 


3' 


2.3 


80 


•11.8 


4 


2.6 


90 


12.5 


5 


2.9 


100 


13.2 


6 


3.2 


200 


18.7 


7 


3.5 


300 


22.9 


8 


3.7 


400 


26.5 


9 


4. 


500 


29.6 


10 


4.2 


600 


32.4 


12 


4.6 


700 


35, 


14 


4.9 


800 


37.4 


16 


5.3 


900 


39.7 


18 


5.6 


1000 


41 8 


30 


5.9 


2000 


59.3 


25 


6.6 


• 3000 


72.5 


30 


7.3 


4000 


83.7 


35 


7.8 


5000 


93.5 


40 


8.4 


10000 


133 


45, 


8.9 


15000 


163 


50 


9.4 


20000 


188 
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TABLE VI. 

The Polar Distance and Right Ascension of the 
Pole Star. 





Polar Distance. 


Ann. Var. 


Right Ascension. 


Ann. Var. 










b. m. 


s. 


s. 


1800 


lc 


> 45' 35" 


-19".5 


52 


24 


+ 12.9 


1801 


1 


45 15 




52 


37 




1802 


1 


44 56 




52 


.50 




1803 


1 


44 36 




53 


3 




1804 


1 


44 17 




53 


16 




1805 1 


43 57 




53 


29 




1806 


1 


43 38 




53 


42 




isor 


1 


43 18 




53 


55 


' 


1808 


1 


4? 58 




54 


9 




1809 


1 


42 39 




54 


22 


8. 


1810 


1 


42 19 




54 


36 


+ 13.6 


18111 1 


42 




54 


50 




1812! 1 


41 40 


_ 


55 


04 




1813J 1 


41 21 




55 


18 




18141 1 


41 1 




55 


33 




1815 


1 


40 42 




55 


47 




1816 


1 


40 23 




56 


02 


• 


1817 


1 


40 04 




56 


17 




1818 


1 


S9 45 




56 


32 




1819 


1 


39 25 




56 


46 


•« . 


1820 


1 


39 05 


-19".4 


57 


01 


+ 14.3 



Digitized 



by Google 



4 9 



Digitized 



by Google 



To 




-flffedby 



Digitized 



by Google 







^Google 



Digitized 



by Google 



XAVXCAT 





Digitized 



by Google 



Digitized 



by Google 



Digitized 



by Google 



Digitized 



by Google 



